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+LOINOI PAU

Péng luc hoc céng trinh la phéan chuyén dé clia Co hoc cong trinh nghién
ctu cde phiong phdp tink todn céng trink chiu cde tde dung déng. Trong thic té,
ta thuong phdi gidi quyét cde bai todn vé Pong luc hoc cong trinh nhu: Cac cong
trinh nha céng nghiép chiu tdi trong dong; cde cong trinh nha cao tdng, cdc cong
trinh céu... chiu tdc dung dong clia gié bdo va dong ddt; cdc cong trinh cdu chiu
tdi trong dong di déng, cdc cong trink thuy chiu tée dung dong clia song bién...

Tai lidu nay sé trinh bay cdc néi dung rét co bdn ctia li thuyét dao déng cong
trinh: Dao déng hé mot bac tu do; Dao déng hé hitu han bdc tu do; Dao déng hé
v6 han bac tu do; Trén co s6 dé ¢é thé vén dung dé€ gidi quyét cdc bai todn dong
Iuc hoc cong trinh trong thuc t& vdi cdc hé két cdu khdc nhau: Dém, khung,
dan... chiu cdc tdc dung dong khde nhau; Tdi liéu cing dé cdp dén bai todn dao
déng clia két cdu khung cao téng chiu tdc dung déng dat. O tai liéu nay, chi yéu
gidi quyét cdc néi dung trong pham vi cta li thuyét dao dong tuyén tinh; vdi bai
todn dao déng phi tuyén mdi chi dé cdp dén bai todn dao dong dan déo hé mét
béc tu do.

Tai liu duge bién sogn nhdm phuc vu cho ede doi tugng dao tao bac dai hoc
nganh xdy dung cong trinh, déng thoi déy cing la tai lidu tham khdo cho cdc
cdn b6 ky thudt va cde hoc vién cao hoc nganh céng trinh co lién quan.

Tuy ¢6 rét nhidu c¢é gdng trong bién soan, nhung khé tranh khoi nhing thiéu
s6t, cdc tde gia rdt mong nhén duge sy gop y cua ban doc.

Téc gid chan thanh cam on Nha xudt bin Xdy dung, cdc dong nghiép da gitp
dd dé cudn sdch som ra mdt ban doc.

Cac tac gia
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MO PAU

$1. NHIEM VU CO BAN CUA BAI TOAN PONG LUC HOC CONG TRINH

G phén tinh hoc cong trinh clia gido tinh Co hoc két cdu, ta dd nghién ciiu cic
phuong phép tinh todn céng trinh chiu tdc dung cla tai trong tinh. Trong thuc t&, phan
16n cic cong trinh x4y dung déu chiu tic dung cua tai trong dong.

Khéi niém vé dong tuc hoc 13 khdi niém gan lién v6i khai niém vé luc thay déi theo
thdi gian; nghién ctu dong luc hoc cong trinh 14 nghién ciu cong trinh chiu tac dung
cua tai trong thay déi theo thoi gian.

Nhiém vu ¢o ban clia bai todn doéng luc hoc céng trinh 1 xdc dinh chuyén vi va noi
luc trong két cau cong trinh khi céng trinh chiu tic dung clia tai trong thay déi theo thoi
gian: Trén co sd d6, s€ xdc dinh dugc cic bién dang va ting suit cuc dai dé tinh toan kiém
tra cdc cong trinh thuc, dong thdi lua chon duge kich thudc két cau hop Ii dam bao bién
dang va ing sudt nho dé thiét ké cdc cong trinh méi, tranh cdc hién tuong cong hudng.

Dudéi tdc dung dong cila tai trong thay doi theo thdi gian, hé s& dao dong va dao dong
d6 duoe biéu thi dudi dang chuyén vi clia két cdu. Do d6 khi phan tich va gidi quyét baj
todn dong luc hoc cong trinh s& cho phép xdc dinh duge sy thay ddi cla chuyén vi theo
thoi gian tuong dng véi qua trinh thay déi cia tai trong dong. Cac tham s6 khdc nhu noi
luc, (g sudt, bién dang,... n6i chung déu duge x4dc dinh sau khi cé su phan bé chuyén vi
cua hé. Tit ca cac tham s d6 déu 1 cac ham thay déi theo bién thdi gian phit hop véi
téc dung dong bén ngoai. Tuy nhién, doi khi viéc gidt quyét bai todn dong luc hoc cong
trinh con duoc tién hanh bang viéc dua vao cdc hé s6 dong. Khi d6, noi luc chuyén vi va
moi tham s& cha hé déu duoc tinh todn thong qua hé s6 dong véi cdc két qua tinh todn
tinh. Tat ca cdc dai luong d6 déu 1a cdc gid tri cuc dai tng v6i mot thai diém xdc dinh.
khong phai la cdc him theo bién thdi gian.

§2. CAC DAC PIEM CO BAN CUA BAI TOAN PONG LUC HOC CONG TRINH

Vige tinh todn dong lyc hoc cong trinh khdc véi viée tinh todn tinh hoc cong trinh ¢
nhing dic diém co ban dudi day.

Trude hét, dusi téc dung cla tii trong dong thay déi theo thdi gian, trang théi ung
suat bién dang cla h¢ cling s& bién ddi theo thai gian. Nhu vay. bai toan dong s& khong
6 nghiém duy nhat nhu bai todn tinh. Do dé, cdn phai tim su lién tuc cta nghiém tuong
tng v6i moi thai diém thoi gian biéu thi trang thdi thuc ciia hé. Chinh vi theé ma viéc tinh
todn déng phiic tap va khé khin hon nhiéu so vé6i viéc tinh todn tinh.



Mat khéc, dac diém co ban cha bai todn dong dugce phan biét 1 so véi bai todn tinh o]
chd: O bai todn tinh, dudi tic dung cla tai trong tinh la tdi trong tdc dung cham lén cong
trinh, su chuyén déng ctia hé la cham va luc quén tinh rdt nhé cé thé bd qua duge. O bai
toan dong, tic dung cua tai trong dong lén cong trinh gay ra sy chuyén dong ctia hé véi
gia t6c 16, va lyc qudn tinh phu thudc vao gia 16¢ chuyén dong (dao ham bac hai cua
chuyén vi theo thdi gian) 12 khong thé bo qua dugc. Sy can thiét phai ké dén luc qudn
tinh 1 su khéc biét co ban nhat clia bai toin dong luc hoc v6i bai toan {inh hoc.

Ngoai ra viéc xét dén anh hudng clia lyc can cling 1a mot dac diém co ban phan biét
bai tosn dong v6i bai todn tinh. Ban chit clia luc can chuyén dong (luc tat dan) rat phic
tap va da dang. Vi vay, viéc tinh luc can phitc tap hon so v6i tinh luc quén tinh. Trong
tinh todn, doi khi khong xét dén anh hudng cha luc can, doi khi lyc can duge tinh mot
c4ch gan ding véi nhimg gia thiét phit hop. Nhung phai luén thay ring luc can ludn luén
cé mat va tham gia vao qud trinh chuyén dong cla he.

§3. CAC DANG TAI TRONG PONG TAC DUNG LEN CONG TRINH

Bat ki mot két cau xay dung ndo trong qud trinh sir dung déu phai chiu téc dung clia
tai thng dong & dang nay hay dang khac. Tai trong dong 12 tai trong bat ki c6 do 16m,
phuong, vi tri thay déi theo thoi gian. Tai trong dong tdc dung lén cong trinh rit da dang
va phuc tap. Theo céc dic trung cla nod, tai trong déng véi mot quy luat bat ki nao do6
dugc phan ra 4 tai trong ¢6 chu ki va tai trong khong ¢6 chu ki.

1. Céc tai trong c6 chu ki

T4i trong c6 chu ki 1a t3i trong lap di 1ap lai theo thai gian qua céc chu ki. Chu ki clia
tai trong ¢ thé 1a lién tuc ma ciling ¢ thé 13 gidn doan. Néu tai trong tdc dung c6 quy
luat hinh sin hodc cos véi chu ki lién e thi goi 12 tai trong diéu hoa don gian, hay tai
trong rung dong (hinh M.1a). Tai trong nay phét sinh khi dong co mo tg c6 phdn quay
khong can bing vi khéi lugng dat 1ech tam (hinh M.1b). M6 to dat trén hé s sinh ra luc

quén tinh li tam:

P=Mrp (M-1)
Trong dé:
M - khoi lugng phéan quay;
p - dd léch tam;
r - van té¢c gdc clta mo 1o
=22 1) (M-2)

n - 6 vong quay trong 1 phit.



, Hinh M.1

Luc 1 tam s& gay ra tdi trong dong tdc dung 1én hé theo phuong ding va phuong

ngang. Tai trong dong tac dung Ién hé theo phuong ding s€ la: '
‘ P(t) = P.sin rt (M-3)

Cic dang khdc cua tai trong ¢6 chu ki thudng phic tap hon. Su phic tap biéu hién &
quy luat thay déi ciia (ai wrong trong mbi chu trinh (hinh M.2a). Vi du nhu dp lyc thuy
dong hoc do su quay cla canh quat tdu thuy (hinh M.2b).
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a) b)
Hinh M.2

2. Tai trong khong ¢6 chu ki

Tai trong khong ¢6 chu ki cé thé [a céc loai tai trong ngan han va cic tdi trong dai
han dang tong quat:

- Tdi trong ngdn han: Nguén kich dong dic trung cia tai trong ngan han Ia cdc vu né.
Mot s dang tai trong ngan han cho ¢ hinh M.3. Cic dang tai trong hinh M.3aq,
(M-3b) la dang rat dic trung va thudng gap trong tinh toan cac ¢ong trinh quan su.

AP § Py

Pit) P(t) P,
Pn Pole— P,
3 | .
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HHinh M.3



& hinh (M-3a) biéu thi dp luc clia séng va cham (con goi 12 séng xung kich) tic dung
vao cong trinh do cac vu nd trong khong khi. Séng né s& truyén 4p luc truc ti€p vao cic
cong trinh trén mat dat, hoac vao cdc mdi cong trinh ngam c6 chiéu day 16p dit 1ap nho.
Pac trung clia 1ai trong nay 12 tai trong duoc tang tdc thdi dén gid tri cuc dai, sau do
giam ngay theo quy ludt tuyén tinh. & hinh (M-3b) biéu thi 4p lyc cha séng nén tac dung
vio céc cong trinh vili sdu trong dat do céc vu nd trong dat gay ra. Song nd s& truyén 4p
lyc vio cdc mit ddy va tudng ngoai cua cong trinh ngdm. Pac trung cla tai trong nay la
14 trong dugc tang nhanh theo quy luat tuyén tinh dén gié tri cyc dai, sau dé lai giam
cling theo quy luét tuyén tinh.

- Tdi trong déng dai han: Ton tai sau nhiéu chu ki dao déng, 1a dang tai trong thudng
giip, thi du nhu tic dung cia dong dat d6i véi cac cong trinh xay dung déu thude loai 1ai
trong nay. Trén hinh (M-4) mé ta so d6 tai trong do cdc vu dong dét gay ra. Tai trong
dong dit duge dac trung bdi gia t6c ngang 16n va tuong tng xudt hién luc quan tinh
ngang lon.

a) b)
Hinh M4

Ngoii ra cdn ¢6 nhiéu i trong dong phiic tap nhu tai trong gié bao, sy thay déi dot
ngdt clia nhiét dd moi trudng, tac dung ca séng bién... va céc tai trong nglu nhién khdc.

§4. PHAN LOAI DAO DONG

Tuy theo su phan bé khéi lugng trén hé, cdu tao va kich thuéc cla hé, tinh chat cua
céc loal tai trong va céc tdc dung dong bén ngoai, anh hudng va sy tuong tac clia mol
truong dao dong, cling nhu sir lam vige clia hé v.v.. ma ngudi ta c6 rét nhiéu cich phan
loai dao dong khac nhau. DE thuan tién cho viée phan tich dao dong cua céc he, ta dua

ra mot s6 cach phén loal sau:

1. Phan theo s6 bac tu do caa hé dao dong

Bac tu do coa hé s& dugc xét & phan duéi. Céch phan theo 56 bac tu do dua hé v¢ ba
Joai dao dong sau:

- Dao dong cha hé mot bac w do;

- Dao dong ciia he hitu han bac ty do (2 2);

- Dao dong ctia hé vo han bac w do.



2. Phan theo tinh chat va nguyén nhan gay ra dao dong

- Dao déng tu do: La dao déng sinh ra do chuyén vi va téc do ban ddu cla hé. Diéu kién
ban ddu duoc tao nén do téc dong cha cdc xung luc tic thoi va tdch hé ra khot vi tri can
bing, néi cich khic dao dong wr do 1a dao dong khong 6 tai trong dong duy tri trén hé.

- Dao dong cudng bitc: La dao déng sinh ra do cic tai trong dong (dé xét & §3 - md
diu) vi cic tic dung dong bén ngoai khic. Dao dong cudng biic bao gom rat nhiéu loai
nhu; Dao dong ciia hé chiu tai trong ¢6 chu ki, hé chiu tai trong ngin han, hé chiu tai
trong di dong, clia cdc cong trinh va nha cao tang chiu tic dung cla gio, cua cac cong
trinh chiu tai trong dong dat xung nhiét v.v...

3. Phan theo su tén tai ciia hue
- Dao dong khong tit dan: La dao dong bd qua anh hudng cua lye can.

- Dao dong tat dan: La dao dong cé xét téi luc can.

4. Phan theo kich thudc va ciu tao cia hé: Theo cdch phan loai nay, dao déng cia
hé s& bao gom:

- Dao déng cia hé thanh (ddm, dan, vom, khung...);

- Dao dong cua tam;

- Dao dong cua vo;

- Dao dong cuia cdc khoi méng;

- Dao dong cua hé treo;

- Dao dong cla cic két cau cong trinh dac biét v.v...

5. Phan theo dang phuong trinh vi phan mo ta dao dong

- Dao dong tuyén tinh: L dao dong ma phuong trinh vi phan moé ta dao dong la
phuong trinh vi phan tuyén tinh.

- Dao dong phi tuyén: La dao dong ma phuong trinh vi phan mo ta dao dong la
phuong trinh vi phan phi tuyén.

§5. BAC TU DO CUA HE DAO PONG
Bac tu do ciia hé dao dong 13 s6 cic tham s6 doc 1ap can thiét dé xdc dinh day du vi
tri cha tat ca cdc khéi luong cda hé khi dao dong.

Trudc hét ta xét hé véi cdc khai luong tap trung. Trong cdc hé ndy c6 thé bd qua cic
luc quan tinh cda thanh va chi tinh dén luc qudn tinh phét sinh do cic khoi lugng tap
trung. D¢ tinh bac tu do, ta dung céc gia thiét sau:

- Coi cdc khéi lugng tap trung chia hé 12 cdc chit diém.

- B6 qua chiéu dai co ddn do bién dang udn.



Xét vi du hé cu thé cho & hinh M.5.

Hé ¢
q . [ ]

- N .
a) N o b) ¢
| |

Y2
=

6 mét khoi lugng tap trung.

Hinh M.5

Néu khong xét téi gia thi€t trén, thi d€ xdc dinh vi trf cta khoi lugng M cdn phai c6
dd 3 tham s6 12 y;, Y, VA ¢. Vay hé s€ c6 3 bac ti do. Vi céc gia thiét trén, d& x4c dinh
vi tri cfia khéi lugng M thi chi cdn mét tham s 1a y (hinh M.5b). Vay hé chi c6 mot bac
tw do.

Ta c6 thé x4c dinh s& bac ty do bang cich: Dat vao céc khdi luong cha hé céc lién ket
loai mot vira dit dé sao cho tit ca cdc khéi luong cia hé tr& thanh bat dong, xem
(hinh M.5b).

Chu §: S3 bac tu do ciia h¢ dao déng c6 thé nhé hon, bing, hodc 16n hon s& khoi
lugng cha hé. Diéu nay dé dang dugc minh hoa trén hinh M.6.

—

P &

Hinh M.6

" 3 he hinh M.6a s& bac ty do bing s6 khi lugng tap trung va bang 2. & hé hinh (M.6b)
c6 mot khoi luong, nhung lai ¢6 2 bac tw do. & h¢ hinh M.6c ¢6 3 khéi luong, nhung chi ¢6
2 bac tu do.

Ta xét hé thanh v6i khéi lugng phan b6. O hé nay ta khong duge phép bd qua luc
quén tinh cha thanh va nhu vay hé s& ¢6 s6 bac tu do 1a vo cung. Peé tinh todn cac hé ¢o
khoi luong phan bé, cdn phai thiét 1ap va giai hé phuong trinh vi phan véi cdc dao ham
riéng, bdi vi trong trudng hop nay luc quén tinh phu thugc vao ca toa do va ca thoi gian.

S bac tu do ctia hé ¢6 thé dugc xem xét rén co s& viéc roi rac hod hé cé khéi luong
phan b lién tuc 1a hé v6 han bac tu do vé hé hitu han bac tu do. Viéc roi rac hoa 6 thé
duoc tién hanh bing céch tap trung khoi lugng, hay chia phén tir.
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§6. CAC PHUGNG PHAP XAY DUNG PHUONG TRINH CHUYEN PONG

Nhu da biét, nhiém vu co ban cla bai todn dong lyc hoc cong trinh 1a xdc dinh su
thay déi cta chuyén vi theo thdi gian clta mot hé da cho dudi tic dung céu tai trong
dong. Céc biéu thic toin hoc dé xédc dinh cdc chuyén vi dong dugc goi la cdc phuong
trinh chuyén dong ciia hé. N6 dugc biéu thi & dang cic phuong trinh vi phan, va phén
anh dic trung dao dong clia hé. Giai cc phuong trinh chuyén dong d6 ta s& xdc dinh
dugc cdc ham chuyén vi can tim theo thoi gian.

Viéc thiét 1ap va dua ra duge phuong trinh vi phan chuyén dong cua hé ]a giai doan
quan trong nhat trong tat ca sy phan tich dao dong ciia bat ki mét hé nao. Phuong trinh
vi phan chuyén déng clia hé 6 thé duge xay dung trén co s& phuong phap tinh hodc dua
trén cac nguyén i bién phan niing lugng. Dudi day s€ trinh bay mét sé phwong phép sau:

1. Phuong phéip tinh dong (phuong phap ap dung nguyén li Palambe)

Phuong phap tinh dong 13 phwong phép dp dung nguyén i Palambe d6i vé6i bai todn
dong luc hoc céng irinh. N6 dua vao diéu kién xét can bang luc clia phan finh hoc trong
dé cé bé sung thém céc luc qudn tinh dat vao cac khéi lugng.

Nhu vay, trén co s& nguyén li Dalambe, dé tim phuong trinh vi phan chuyén dong cla
céc khoi luong trén heé, ta chi viéc viét céc phuong trinh cén bang luc cha cdc khdi lugng
¢6 ké dén cic luc qudn tinh cha chiing.

Cic luc quén tinh clia céc khéi lugng duge viét mot céch téng quat nhu sau:

dX(t) .
F,=-M 2 =-MX(®)
2
Frg=-M dde( 2 My () (M-4)
{
da (t .
Ju.q = —J(,(u)—-ﬁ() =-Jo()a, (1)

Trong dé: M - khoi lugng tap trung cla hé;
X(1), Y(t) - chuyén vi tinh tién cla khéi luong M theo phuong clia truc X va y;
o, (t) - chuyén vi xoay cua khéi lugng M quanh truc u la truc vudng géc véi
mat phing xoy;
FogJ

F - ¢dc Iuc quan tinh clia khéi lugng M twong Gng véi cdc chuyén vi

tinh tién theo phuong X, y va chuyén vi xoay quanh truc u;

X.q° g

J (u)= jM p2 dm - mémen quén tinh clia khéi lugng M véi truc u, p, la

khoang cach tir phin t6 khéi luong dm dén truc u.

Il



Hé phuong trinh chuyén dong viét d6i voi hé phang sé la:
TX-ZMX()=0
TY-IMY(1)=0 (M-5)
21~ My ()i, (1) =0
Nhé ring ¥ X bao gébm khong chi tai trong dong tic dung vao khéi lugng M, ma chira
ca luc dan hoi va luc tit ddn dat vao khoi lugng M d6, tét ca céc lyc chi€u theo phuong
X, 2Y, 2J, cling tuong tu nhu vay.
D6i khi, phuong trinh vi phan chuyén déng cdia hé nhan dugc tir viéc tim biéu thic
chuyén vi ciia céc khdi lugng do cdc tai trong dong, luc tat dn va lyc quén tinh dat vao

céc khéi lugng gay ra. Lic ndy, ta hiéu ring toan hé dat trang thdi can bang sau khi d&
bd sung cdc luc can thiét vao cdc khai lugng clia he.

N&i chung d6i véi da s6 céc bai todn dong hoc don gian, phuong phdp tinh déng cho
phép thiét lap cdc phuong trinh chuyén déng cha hé rat thuan tién va don glan.

Vi du minh hoa cdc phwong phép s€ duoc trinh bay & chuong 1.

2. Phuong phip sit dung nguyén Ii chuyén vi kha di

Khi so dé két cau cong trinh khd phic tap, dac biét la hé c6 cdc khéi luong phan bo
va cac lién két dan héi.... thi phép ghi truc tiép diéu Kién can bang luc cla tat ca céc luc
tac dung 1én hé véi cdc dai luong vécto la rat kho khan. Khi dé cén phai thiét lap phuong
trinh vi phan chuyén dong tir cic biéu thic dai luong vo hudng ciia cong hay ning
lugng. Mot phuong phdp hop li dugc sir dung tién loi 1a phuong phép dua trén nguyén li
chuyén vi kha di. Pht hop v6i nguyén 1f nay, phuong trinh vi phan chuyén dong cia hé
duoc xac dinh tir biéu thiic cong cla tat ca cdc luc rén cac chuyén vi kha di bang khong.
Dé nhan dugc phuong trinh chuyén dong ciia h¢, ta ti€n hanh cdc budc sau:

- X4c dinh tt c& cdc luc dat vao cdc khdi lugng cla he, trong d6 ké ca luc quan tinh
duoc xé4c dinh phit hop vdi nguyén 1 Dalambe;

- Pua vio céc chuyén vi kha di twong tng véi cdc bac ty do cua hé;

- Tinh biéu thic cong clia tat ca cic luc trén cdc chuyén vi kha di va cho bang khong.

3. Phuong phdp ing dung nguyén li Haminton

V6i cac he phitc tap ngudi ta con sur dung phuong phép tng dung nguyén li bién phan
dong hoc Haminton. Phuong phap nay s€ dua ra phuong trinh vi phan chuyén dong tlr biéu
thitc bién phén céc ham nang luong ctia hé. Nguyén 1f Haminton ¢6 thé biéu thi nhu sau:

[28(T-Uyde+ [[?6Rdt=0 (M-6)

Hay: [8(T-U+R) dt=[*(BT-8U+38R) d =0 (M-6)
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Trong do:
8T, 6U - bién phan cla dong nang va thé nang ctia hé;

S8R - bién phan cong do cdc luc khong bao toan tic dung lén hé gay ra, bao gém
luc can chuyén dong va tai trong ngoai.

Phit hop véi nguyén 1 nay, bién phan ciia dong nang, thé nang cong Vvoi bién phén
clia cong do tij trong ngoai va lyc tat dén trong khoang thdi gian bat ki tir t dén t, phai
bang khéng. Sir dung phuong phép nay c6 thé cho phép nhan duge phuong trinh vi phan
chuyén dong chia bat ki mot hé da cho nao. Phuong phap nay khdc v6i phuong phap st
dung nguyén 1f chuyén vi kha di & ché: cdc lyc qudn tinh va luc dan héi déu khong c6
mat khi thiét 1ap phuong trinh vi phan chuyén dong, thay vao ching la céc gié tri dong
nang va thé ning tuong tng. V4i cdc hé phifc tap sir dung phuong phép nay cling rat tién
loi, boi vi (M-6) biéu thi céc dai lugng vo hudng.
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Chuong 1
DAO PONG CUA HE MOT BAC TU DO

§1. XAY DUNG PHUONG TRINH VI PHAN DAO PONG TONG QUAT HE MOT
BAC TUDO

1. Céc lire tac dong va céc tham so co ban ciia hé dong hoc

Xét mét md hinh don gian cho trén (hinh 1.1). Hé gém ¢ mot khai lugng M chiu tic
dung cia tai trong déng thay déi theo thoi gian P(t). H¢ dugc gin véi vat bat dong bang
mét 1o xo dan héi khong trong lwong véi do cling k, va mot bo giam chan ¢ biéu thi sy
ticu hao nang luong trong qué trinh dao dong. Cac con jan dam bao cho khéi lugng chi
c6 thé chuyén vi tinh ti€n theo phuong ngang.

K y P4l T
::—-—|:C GEaas M —"1,—=P{l) Pj(t): _ R —,-— PO
— |
ﬁ C 777‘9777977 777'59777%77
3 b)
Hinh 1.1

Cdc tham s& vdt li co bdn cia hé déng hoc cho & hinh 1.1 ciing nhu d6i v6i bat ki hé
két cdu dao dong tuyén tinh khdc déu bao gém: khi luong clia he, cdc tinh chat dan hoi
ctia hé nhu do cing, d6 mém, c6 dac trung ti€u phi nang lugng trong qua trinh dao dong
va cdc ngudn kich dong ciing nhu cac tdc dung dong bén ngoal.

Trong qué trinh dao dong, hé chiu tic déng cha cdc luc rat da dang. Céac luc tac dong
chil yéu bao gom:

- Tédi trong dong thay doi theo thoi gian va céc kich dong bén ngoai nhu da xét & phén
md dau.

- Ligc dan héi.

Luc dan héi xudt hién khi hé tach khéi vi trf can bang va c6 xu hudng dua hé vé vi tri
can bing ban dau. luc nay ludn luén twong ing va phu thude vao chuyén vi déng cla hé.
Ta ki hiéu luc dan hoéi 1a Py.

Py =P(y)
Su phu thuéc clia luc dan héi vao chuyén vi dong cta hé c6 the Ia yén tinh hodc phi

tuyén. O cdc hé dao dong dan héi tuyén tinh, ta cé:
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P, =Ky (1-1)
Trong d6 v 1a chuyén vi dong clia hé, k 14 hé s6 ciing, 1a luc do chuyén vi bing don vi
gdy ra tuong tng voi phuong cia bac tu do.

- Luc ma sat:

Luc nay thudng nguoc chiéu véi chuyén dong va c¢é khd nang khir dao dong cua hé,
vi vy ngudi ta con goi luc nay la luc can hay luc tat dian. C6 hai loal ma sdt: ma sat
trong (trong vat liéu) va ma sdt ngoai (ma sdt tai cdc gdc tua va luc can clia moi truong
cha hé dao dong). Ma sdt xudt hién rat 16n trong cac cong cu va thi€t bi giam chén dé
khir dao dong. Cic dic trung clia lyc ma sdt rat da dang va phic tap s& dugc xem xét cu
thé & nhiing phan sau. O day méi chi dua ra mé hinh can nhét tuyén tinh; trong dé luc
can phu thudc vio van téc dao dong cta hé. Néu ki hiéu lye can 1a P, thi:
P.=Cy (1-2)

trong dé: C - hé s6 tat dan;
y - van td¢ dao dong cla hé.

Tt ca cac luc tdc dung vao khéi lugng duge mo ta trén hinh 1.1b.

2. Xay dung phuong trinh vi phan dao déng tong quat hé mot bac tu do

Phuong trinh vi phan dao dong téng qudt c6 thé duge xay dung tit mot trong cdc
phuong phdp di trinh bay & phdn md& dau. Ta khao sét dao dong cla hé mét khéi lugng
tap trung dit trén ddm don gian. Dim
duoc xem 1a vat thé dan héi khong trong " ip(t)
lugng. Khoi luong chiu tic dung cua tai r)iw - r
trong trong thay ddi theo thdi gian P(t) RN Mt P -
hinh 1.2, hé c6 mét bac tu do, dd la — -
chuyén vi theo phuong dimg y(t), chuyén
vi nay xdc dinh vi tri cta khéi lugng M.

a) Phuong phdp tinh déng (Phuong Hinh 1.2

phdp ap dung nguyén li Dalambe)
Khi xét diéu kién cén bing luc finh hoc clia khéi luong, ta bé sung thém fic qudn tinh:
P, = -Mjy(1) (1-3)
Nhu vay céc luc dat va khéi lugng bao gom: Tai trong dong Py, luc dan héi Py, luc

can P, va luc qudn tinh P, Trén hinh 1.2 va hinh 1.1b d6i véi hé & hinh 1.1a da biéu thi
su tic dung cia tt ca cdc luc d6 vao khdi lugng M.

Phuong trinh chuyén déng biéu thi sy can bang lyc cla tit ca cdc luc dé viét theo
(M-5) s8 la:

Py+ P, - P =P(1) (1-4)

15



Thé cic bidu thic (1-1), (1-2), (1-3) vao (1-4), ta nhan dugc:
M§ + Cy + Ky = P(1) (1-5)
(1-3) 14 phuong trinh vi phan dao dong hé mdt bac tu do. Phuong trinh nay c6 thé
nhan duoc tir biéu thitc viét duéi dang chuyén vi clia khoi lugng nhu sau:
Né&u goi §,, 12 chuyén vi tai khéi lugng do luc don vi bang 1 gay ra, thi chuyén vi
dong tuong tmg vé6i su dao dong cla hé s€ la:

y()= 51 1P(t) + 8 qu - 611Pc

Hay: SLy(t)ﬂ— P, -P = P(t)
11

1 2
Thay: 5 =K, P_theo (1-2), Pq theo (1-3) vio biéu thifc trén ta s& nhén dugc (1-5)
1

nhu & trén.
b) Phitong phdp dp dung nguyén li Haminton

Pé thiét lap phuong trinh vi phan dao dong theo nguyén 1{ Haminton, ta cdn phai xdc
dinh céc biéu thifc bién phéan cua dong nang, thé nang, cong do lyc tat dan va tai trong
dong. V6i hé 1 bac ty do cho trén hinh 1.1 va hinh 1.2, biéu thitc déng nang ctia hé dé
dang dugc xéc dinh boi tich so giffa khéi lugng vé6i binh phuong van toc:

P
T=-M
5 VY
Suy ra: dT = 285/ = Mydéy
oy
Biéu thifc the ning chia hé dugc bicu thi boi nang lugng bién dang cia 1o xo dan hoi:
1., 2
U==-K
. 5 Y
U
Suy ra: U = — 38y = Kydy
oy
Ti trong dong va luc tit dan 13 céc luc khong bio toan cha hé, cong cua cic luc nay
R = P(t).y -Cyy
Vadodd SR = P(1)8y —cydy (©)

Thay céc bién phan (a), (b), (¢) vao phuong trinh (M-6) ta cé:
L‘f [My&y — cydy — Kydy + P(1)8y] dt=0 (1-6)

Lay tich phan timg phén s6 hang dau tién cta (1-6):
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b}
ff My 8y dt = My 8y —'[:ley Sy dt (1-7)
|
d(8y)
dt
Phit hop v6i nguyén Ii Haminton, s6 hang ddu tién & phan phai cla phuong trinh (1-7)
bing khong, bsi vi bién phan 3y bang khong tai cic gi6i han cua tich phén t; va t,. Vi
viy, thé (1-7) vao (1-6) ta s€ dugc:

j{‘f [- My—-Cy—Ky+P(t)] 8ydt=0 (1-8)

Trong dé: dy =

Bdi vi 8y 1a tuy ¥, nén trong trudng hop tong qudt, phuong trinh (1-8) s€ thod min khi
bidu thic trong ddu ngodc bing khong. Biéu thiic nay chinh la phuong trinh vi phan
chuyén dong (1-5) da nhin duogc & phuong phép tinh dong.

¢) Phuong phdp dap dung nguyén li chu yén vi khd di

Khi xay dung phuong trinh vi phan dao dong theo nguyén li chuyén vi kha d1 ta cho
khoi luong mot chuyén vi kha di 8y. Lic nay méi trong tat ca cdc luc téc dung vao khoi
luong cho trén hinh 1.1b hoac hinh 1.2 déu thyc hién mot cong tuong ling v6i chuyén vi
kha di 8y dé. Ta ¢6 thé bicu thi cong tdng qudt bang phuong trinh sau:

SA:Pq.Sy-PCBy-PL,6y+P(l) dy =0 (1-9)

Trong d6 ddu am biéu thi luc tdc dung ngugc véi phuong cua chuyén vi kha di: th&
cic biéu thac (1-1). (1-2), (1-3) vao (1-9) ta dugc:

[- My—-Cy—-Ky+P(1)] dy =0 (1-10)
Vi 8y 1 ty ¥, nén biéu thic trong ngodc phai biang khong, d6 chinh la biéu thic cla
phuong trinh vi phan chuyén dong (1-5).

d) Phutong trinh vi phdn chuyén dong khi xér dén trong luong ban than ctia khot hiiong

dén luc trong luc:
G=K.y,
i
: THU VIEN L
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Trong do: y, 1a do véng tinh - hinh 1.3. Phuong trinh can bang luc trong trudng hop
nay sé la:

My+Cy+Ky=Pt)+ G (1-12)

Chuyén vi toan phin y(t) dugc biéu thi biing 10ng clia chuyén vi tinh y, do trong

luong ban than gay ra va chuyén vi dong y(1):

y(=y, +y) (1-13)
Pua cdc biéu thic (1-11) va (1-13) vao (1-12), sau khi don gian ta dugc:
M5 +Cy + K3 = P(1) (1-14)

Vi do véng tinh khong thay déi theo thdi gian, nén: ¥, =y(D)va y(1) = y1), do d6 ta

c6 thé viét phuong trinh (1-14) nhu sau:
My +C¥(1) =Ky = P(1) (1-15)

So sdnh cdc phuong tinh vi phan chuyén dong (1-15) va (1-5) ta thay ring: cdc
phuong trinh vi phan chuyén dong nhan dugc tir diéu kién can bing tinh cla hé dong
hoc khong bi anh hudng béi trong lugng ban thin. Liic nay hé s& dao dong xung quanh
vi trf c4n biing tinh tng véi d¢ véng ban dau y,. Tu (1-15) ta s& tim dugc chuyén vi dong
J(1). Céc chuyén vi cling nhu ting suit toan phdn cia h¢ s€ la téng ctia cdc thanh phan
tuong Gng. '

¢) Plutong trinh vi phdn chiyén djng do sie kich dong clia nén

Su kich dong ctia nén do cdc vu dong dat, hodc cac vy nd 16n trong dat gay ra su dao
dong khong thé bd qua duge ddi véi nha va cong trinh. Dic trung co ban cla tai trong
dong dat 1a chuyén vi ngang rdt 16n cla nén cling véi gia t6¢ ctia né. M6 hinh don gian
vé su dao dong cla nha do téc dung cua chuyén vi & nén cho trén hinh 1.4.

Gia thiét ring thanh ngang ctia khung c6 do ciing bing vo cling, khoi luong clia todn
bo kél cdu tap trung & thanh ngang M. Chuyén vi ngang cla nén la y (1) (so véi mot

fruc tinh todn nio dé), s& gay ra sy dao déng cda khung bidu thi bing chuyén vi clia khoi

bl
' P
| !.—Y(j: M o d
| 7 - f ; %
| ,r ; | | !
! Kzl s Kz| 7/ Py P Py
\ / E——l C /) 2 ¢ 7
| ! ’
i / b)
J 7 77 7 7

Hinh 1.4
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lugng M theo phuong ngang. Hé ¢6 mot béac ty do 1a y,. Hai thanh ding dugc xem la
khong trong lwong va khong chiu nén doc theo phuong clia céc thanh. Luc can dan hét
d6i véi chuyén vi ciia thanh ngang dugc dic trung boi d6 cling dan hoi § méi thanh ding
K/2. Luc can tit dan dugc biéu thi bang bo gidm chéan C.
Phuong trinh can biing lyc clia hé duge viét ur hinh 1-4b:
Py+P -P =0 (1-16)
Chuyén vi toan phdn cia khéi lugng so véi truc tinh todn do kich dong cha nén gay ra
14 (xem hinh 1.4a):
¥y =y, (0 +y®) (1-17)

Trong d6 y(t) 1a chuyén vi clia ban than két cau tinh tai vi tri khéi lugng theo phuong
ngang. Nhu vay, luc quan tinh ctia khéi luong sé la:

=—-M(¥, 1)+ ¥(1)) (1-18)

Céc luc dan héi va luc can chi lién quan dén chuyén vi y(t) clia hé: Py = Ky(t);
P, = Cy(1) . Thay céc lyc ndy vao (1-16) ta nhan dugc:

Mii(t) + Cy()+ Ky(t) + My (1) =0 (1-19)

3 (1-19), ta xem P, (t) = -M§, (1) (1-20)

Nhu tai trong tdc dung 1én he va gay ra dao dong cta hé, tai trong nay bang tich cia
khéi luong véi gia toc cha nén. Dau 4m bidu thi tai trong d6 ngugc chiu véi gia t6c
cla nen.

Phuong trinh (1-19) dugc viét lai:
My (1) +Cy(t) + Ky(1) = B (t) (1-21)
g) Mot s6 thi du
Thi du 1-1 (4p dung nguyén li Dalambe va dp dung nguyén 1i chuyén vi kha di)
Xay dung phuong trinh vi phan dao dong cua hé cho ¢ hinh 1.5.

Hé 1 vat ciing c6 dang tdm chir nhat, chiéu dai a, chiéu rong b. He dugc lién ket véi
dat bdi mot khép bat dong va mot lién két thanh dan héi c6 do cimg 1a K. Hé chiu tac
dung cia tai trong dong P, theo phuong ngang dat tai géc A cua tam.

Cho kh&i lugng trén mot don vi dién tich cua tdm la y, mé men quan tinh cla tam ldy

a?+b?

véi truc qua tam cla tdm: J, = M[ J, trong dé M 12 khai lugng cla tdm, M = yab.

Khi bién do dao dong khong 16n, chuyén dong cla hé nay c6 thé duoc dac trung boi
mot chuyén vi ngang tai diém A la diém dat tai trong dong: Z(t), nghia la, hé nay cé mot
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bac tu do. (Pat mot lién két loai 1 vao A 1a he khong chuyén dong dugc). Nhu vay, tét ca
céc luc tic dung 1én hé déu dugc biéu thi qua chuyén vi Z(1) d6.

Luc dan héi dat tai lién két dan héi o gobi B:

Pd=K.f=K.(b.tgoc)=K-E Z{t) (a)
a

Luc quén tinh cha khoi lrong theo phuong ngang va phuong dimg tinh tai di€m gitta
két cau:
Z(ty 1

Py =-M="=~ (rab) Z(t) (b)
.. b - 1 .
Ppp =-ME()=—~(yab) —Z()=~7 (yb*) Z(1) ©
Luc quén tinh mémen (fng véi chuyén vi xoay):
212 5
. a“+b” Z(1)
g =101 (Yﬂ ™ 0 J (d)

z{Y) |

T, P
I / A Hj_h\l_'— ®

, /
Eﬁl‘ / y{t2

o
—
-

a2

e

| P
.
i

_{
¥

.
f *(t)\i\ et / c
° po°s
bi2
I,

Hinh 1.5
Cdch thit nhdt: Ap dung nguyen li chuyén vi kha dt:

=

Ta cho khi lugng mot vi kha di 8y tuong ling véi béac tu do cta hé. Tinh cong kha di
cila tit ca céc luc trén cac chuyén vi kha-di twong tmg; phil hop véi phuong trinh (1-10),

ta co:
b 8 b oz
- Pd(;&z}-!- qu (—2EJ+ qu (2—2152}-’-]([ ("a'—J'l‘ P([).BZ: 8]

Thay céc luc dai hoi va luc quén tinh theo (a), (b), (c). (d) vao (e), ta duoge:

(e)
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% b2 1 b2
SRS N | ]
{Ya {12[312 +1J+4a2 +4J JO+K—Sy(0) p(t)}BZ 0 ©

2
. +_yab (b~
bat M 3 (az +1
2
K =b_2.K (8)
a
P (1) = P(1)

Ta viét lai (f) nhu sau:
M2 +K'Z0 - P (0] 82=0
Vi 8y tiy ¥, nén biéu thifc trong ngoac phai bing khong, tir d6 ta nhan dugc phuong
trinh vi phan dao dong cla hé:
M'Z) +K'Z() = P  Z(1) (1-22)
Céch thit hai: Ap dung phuong phap tinh déng
Ta viét diéu kién can bing luc khi 14y tdng momen cia tat ca cdc lyc d6i véi diém C

ctia he: >M_ =0 ta ¢é:

a b
Pd'b-P(.]l 'E_qu 'E"_Jq=P(t).a (h)
Thay cdc luc qudn tinh va luc dan héi theo (a), (b), (), (d) vao (h), ta dugc:
1 {b? 1 b |- b? .
ab! — | —+1 [+—+— | Z(t)+ K— Z(t) = P(t) 63
, Maz 4 A ek Z0-7

Phuong trinh ndy chinh 14 phan trong ngodc cla biéu thic (f) cua phuong phap 4p
dung nguyén li chuyén vi kha di & trén. Nhu vay, phuong trinh vi phan dao dong cta hé
hoan toan triing véi két qua & phuong trinh (1-22)

Thi du 1.2: (ip dung nguyén li Haminton) khéi lugng phan bd.

Xay dung phuong trinh vi phan dao dong ciia c6t thap hinh 1-6. Cot thip 1a hé¢ dan
héi lién tuc cé do cting udn EJ(x) va khéi luong phan bd trén mot don vt dai la m(x).
Thép chiu tdc dung ciia dong ddt véi chuyén vi ciia nén la y, (1) va tai trong theo phuong
ding dat tai dinh thdp N.

Pay 1a hé cé khéi lugng phan bd, nén hé s& ¢6 v6 s6 bac tr do. Néu h¢ ¢6 1 bac tw do
v6i mot khéi luong tap trung chiu tdc dung cla dong dat, thi viéc thiét lap phwong trinh
vi phan chuyén dong 12 twong déi don gian nhu dd trinh bay & muc 4. Nhung & day, véi
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hé din hdi lién tuc ¢é vo $6 bac tu do, ta cling ¢6 thé tinh gin ding hé nhu hé mot bac w
do v&i gia thiét ring: Trong qud trinh chuyén dong cla hé, hé chi bi€n dang theo mot
dang uén duy nhat.

Gia st ham do vong dng véi chuyén vi theo phuong
ngang la ¢(x). va bién dd dao dong cua hé & dang
tdng quat Z(1) 12 chuyén vi tai dinh thdp. Nhu vay

y(x,t) = o(X) . Z(1) (1-23)

O vi du nay 1a s& dp dung phuong phdp Haminton
dé xay dung phuong trinh vi phan dao dong cla hé.
Ta € lan lugt xac dinh cdc dong nang va thé ning ¢d
trong hé. Dong nang cha cot thip dé dang viét dugc:

l
T= Em(x)[y(x.t)]z dx (1-24)
Thé nang bién dang udn bang:
! . 12
U=, EEJ(x)[y (x.0)]" dx (1-25)
. ] 3y (x,t
Trong do:  y (x,1) = L(j—)‘ Hinh 1.6

Pé xdc dinh thé niing gay ra do luc doc truc thdp N, ta cin phdi tinh dén thanh phan
chuyén vi theo phuong diing tai dinh thap e(t). Khi chiu bién dang udn y(x, t) thanh phan
ndy dugc tinh trén ca chiéu dai cla cot thap:

1 .
eV =3 0 Ly DT dx
Do dé, thé nang tng véi tai trong N s€ li:
N 1 2
U(N)=-N.e(t)= 5 o [v(x,0)] “dx (1-26)

Trong dé. dau trr biéu thi viéc giam thé nang cta lyc N khi tang chuyén vi e,,.

O hé di cho khong c6 cdc luc khong bao toan (luc cdn, i trong dong), nén dp dung
nguyén |{ Haminton (M-5) trong trudng hop nay s€ don eian hon:

[ 8(T-Uydt=0

Thé (1-24), (1-25), (1-26) vao phuong trinh trén, sau khi xdc dinh cdc bién phin ta

s& dugc:

Lnlz U:m(x)y' (x, 08y (x,0)dx - LiEJ(x)y"(x.t) 5y"dx+NJ’('}y’(x,[)5y'dx} dt=0 (1-27)

I~
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Tinh dén cic quan hé:
Voo =V +¥a ¥ =0"5Y'=0'2; y'=0'2: =02
Sy' =8y ; 8y''=0"8z; 8y'= ¢@'dz; 8y = @bz
va thay chiing vao phuong trinh (1-27) ta s€ duge:

[2[ 252 [} m(x)0tdx +82Y,q)(0) |y mGedx ~ 282 [, EIx)(o") dx+

Bt
+NZBZ ) (¢ dx | dt=0 (1-28)
Tich phan theo timg phin déi v6i hai thinh phan déu tién cha phuong trinh (1-28) ta
s& di dén:

ff [m*2+(K* —KE)Z~P§'@,]8 Zdt=0 (1-29)

Trong doé:

m’ = I(: m(x)p>dx - khéi lugng tdng quat;

K’ = [, EJ(x)¢")dx - do ciing tdng quét; (1-30)
K; = NE (¢')? dx - 4o ciing hinh hoc tong qua;

P (x)=-Vy" (x)_[:) m(x)(pdk - tai trong hiéu dung tong quat.

Néu ki hieu: K =K* -K - do cimg tdng quat tdng cong, thi phwong trinh
(1-29) s& la:

[ [m'Z+KZ-P, ©] 56 Zdt=0

Vi bién phan & Z 1a ty ¥ nén biéu thifc trong ngoac clia phuong trinh trén phai bang
khéng, ta s€ nhan duoc:

m Z()+K Z(t) =P, (1) (1-31)

(1-31) chinh 1 phuong trinh vi phan dao déng clia hé da cho.

Cic phuong trinh (1-31), (1-22) la phwong trinh vi phan chuyén déng chia hé mot bac
tu do phiic tap, trong d6 Z(t), duge goi 12 toa do tong quit duy nhit, né dac trung cho
chuyén dong clia hé mét bac ty do. Céc tham s6 ¢ ki hiéu dau hoa thi goi 1a tham s8
tdng quit ciia hé mot bac tu do tuong tng véi toa do tdng quat Z(t). D6 1a cdc tham s6
vat li d5i véi cac hé phite tap nhu hé ¢ cdc phan ciing, hé c6 khéi lugng va dé cing dan
hoi phan bd.
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§2. DAO PONG TU DO HE 1 BAC TU DO KHONG XET PEN ANH HUONG CUA
LUC CAN

Xét hé mot bac twr do cho & hinh 1.7. Néu

tach hé dan héi nay ra khoi vi tri can bing véi e T"o
chuyén vi ban dau cia khéi lugng y,, hodc taic 4 L d_,::_’::, - @ Ty,
dong 1én hé mot xung luc nao d6 dac trung bdi A T e~ .M

t6c do ban ddu cha khoi lugng v,, thi khéi Tl

luong sé dao dong. Cic dao dong chi sinh ra Te

do cac kich dong ban dau nhu viy dugc goi la Hinh 1.7

dao dong tu do. Cic dao dong nay ducgc thuc

hién bdi cdc luc dan héi phét sinh trong hé do cac kich déng ban dau. Véi céc dao dong
tu do, tai trong khong t6n tai trong qud trinh dao dong cua hé, vi vay ve phai cua phuong
trinh vi phan dao dong téng quat hé mot bac ty do (1-5) bing khong. Phuong trinh vi
phéan dao dong tv do trong trudng hgp nay c6 dang:

My+cy+Ky=0 (1-32)
Khi khong xét téi anh huéng clia lyc cén ¢ = 0, phuong trinh vi phan dao dong do sé la:
My +Ky =0 (1-33)

Phuong trinh (1-33) 1& phuong trinh vi phan cép hai khong c6 vé phai va cé hé s6
hing s6. D& gii phuong trinh vi phan nay, ta sit dung phép th€ Ole v6i nghiém:

y(t) = De* (1-34)
Thé biéu thifc niy vao phuong trinh (1-33) ta s&€ duoc:

(MS® +K)De*” =0 (1-35)
Pua vao ki hiéu:

K
2
= 1-36
w0 =¥ (1-36)

Ta viét lai phuong trinh (1-35):
(S* + 0?) De™ =0
¢ = 0 v6i t bat ki, do d6: 8 + ©° = 0, ta suy ra:

S= P =1 oi (1-37)

I+
I
g

i

Trong d6i = +—1 - don vi do.

Phii hop vé6i biéu thic (1-37), ta s€ nhan duge 2 gia tri S, = io» va §, = -io. Nghiém
téng quét cha phuong trinh vi phan cép hai (1-33) dac trung bing (1-34) s& phai phy
thuoc vao hai hang sé tiy ¥:

y()=D, "' +D, ™ (1-38)
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Thé cédc gid tri S, va S, vao (1-38) ta sé dugc:
y() =D, e + Dy e™™ (1-39)
Phuong trinh (1-39) ¢6 thé bidu thi & dang ham lugng gidc thuan lgi hon bang cich sir

dung phuong trinh Cle:

e = coset + isinot (1-40)
The (1-40) vao (1-39) ta dugc:
y(t)=(D, + D, )coswt+(D; —D,)imwcoswt (1-41)
y(t) =~ (D, + D,)osinwt + (D, -D,)ivcosot (1-42)
Céc hing $6 D, va D, dugc xdc dinh tir diéu kién ban dau: tai t =0 cd:
y(o)=y,. y(0)=v, (1-43)
Pua diéu kién ban diu (1-43) vao (1-41) va (1-42) ta dugc:
D, +D,=y,.D -D,=-2 (1-44)
i

Thé (1-44) vio (1-41) ta nhian dugc phuong trinh dao dong trr do clia hé mot bic ty do:

yit)y=y, cos ot +~Lsin ot (1-45)
o

Ta ¢6 thé viét gon hon phuong trinh dao dong (1-45) & dang mot ham lugng giac nhu

sau, ta dua vio cdc ki hiéu méi A va vy, vadi:

y, =Asiny

v (1-46)

—=Acosy

®
Luc nay (1-45) s€ c6 dang:

y(1) = Asin(ot +7) }
Vi v(t) = y(t) = Ao cos{ot +v) (1-47)
Trong dé A va y duge xdc dinh tix (1-46):

2
‘,
A= |yl + [JJ Y= arclg——wy“ (1-48)
(1) VU

Néu ki hi¢u:

y, =Acosd

(1-49)

Yo _ Asin®

©
Thi (1-45) s€ c6 dang:

y(t) = Acos(mt - 9) (1-50)
Trong dé: 0 = arctg o ‘ (1-51)
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Dudi day s& dua ra phuong trinh dao dong déi véi cdc trudng hop khédc nhau cha diéu

kién kich dong ban dau:

- Hé chi chiv chuyén vi ban dau: y(o) = y,, v(0) = 0.

Thay diéu kién ban dau nay vao (1-51) va (1-48) ta s&€ nhan dugc 6 =0va A =y,. Do
d6 phuong trinh dao dong trong trudng hop nay viét theo (1-50) s€ la:

y(t) =y, cosot

- Hé chi chiu td¢ d6 ban dau: v(o) = v,, y(0) =0.

(1-52)

Thay diéu kién ban ddu nay vao (1-48) ta s&€ nhan dugc y =0 va A = % Do dé,

phuong trinh dao dong trong trudng hop nay viét theo (1-47) sé la:

v, .
y(t) =—sinot
)

§oy(t)

: TS
bz ]
/

tn =&

T=2xle

Hinh 1.8

- Hé chiu ca chuyén vi ban dau va tdi t6c d6 ban dau: y(o) = y,, v(o) = v,. Liic nay
phuong trinh dao dong nhu da ghi & trén (1-47) hoac (1-50), trong do, A, y, 6 duoc xdc
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dinh theo (1-48) va (1-51). Ta ciing dé thdy rang: trudng hop ndy Ia t6 hop cla hai
trudng hop trén. Diéu d6 duoc thé hién & phuong trinh dao dong viét theo (1-45).

VO .
y(t)=y, cosot +—=sinot
®

Trong d6: (1-52) va (1-53) 12 hai dao dong thanh phan phii hop véi hai s6 hang & vé&
phéi cta phuong trinh (1-45).

Pudng biéu dién chuyén dong ciia khéi luong M theo thoi gian tuong tng v6i cdc
trudmg hop trén dugc mo ta 14n luot trén hinh 1.8a, b, c. Chiing la cac dao dong di¢u hoa
don gian.

Ngudi ta con biéu thi dao dong tu do cla khdi lugng M & dang véc to quay cho trén
hinh 1.9. Chuyén déng ca khéi luong duge xdc dinh bang phan thuc cua hai véc to

quay y, va (—VLJ , hay bing hinh chiéu clia chiing 1én phuong ngang. Bién do dao dong
®

2
12 d6 dai cha véc to hop ciia hai véc todé: A= y(z, + (&J .
®
Chuyén dong ciia khéi luong M thuc hién dao dong diéu hda don gian con cé thé biéu
thi dugc bang moét dudng cong trong hé toa dé y,, va v, Tu phuong trinh dao dong
(1-53) va phuong trinh vén téc.
v(t) = v cosmt
Ta sé dé dang di dén phuong trinh sau:

2 2
. E— (1-54)
Yimax (O max)

e
/

ot N N
A ~ N mymax ]I
\ - —

VO e __,____
(-E)") // I l Ymax
7 1
Hinh 1.9 Hinh 1.10

Pudng cong thdéa min phuong trinh nay chinh 1a dudng elip mota trén hinh 1.10.
Pudng cong d6 goi 1a quy dao pha, mat phing chita dudng cong niy goi 13 mat phing
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pha. Trong cdc phuong trinh dao dong tu do (1-47), (1-50), A nhu d3 biét 1a bién dd dao
dong, con y hoac 0 goi 1a do 1éch pha. D6 chinh 1a cac géc lech cha vécto dao dong toan

i K okt g s R N [V - . N ed o
phin A v6i cic véc to dao dong thanh phan (-—"] va ¥, . Dai lugng ® 1a tan s6 vong
o :
cliia dao dong.
Du6i day ta s& xét chu ki va tdn s6 ciia dao dong dicu hoa.

- Chu ki dao dong: ki hiéu 12 T, 14 thdi gian cdn thiét d¢ thuc hién mét dao dong toan
phan, nghia la: chu ki 1 thoi gian dé khéi luong lap lai qua trinh dao dong nhur trude. Dé
thay rang:

2
T=22 () (1-55)
®
- Tan s6 dao dong: ki hiéula f
L2 s& lan dao dong trong mot giay:
1 o
=—=— (1 -
f T 7n (1/s) (1-56)

- Tan s& vong, hay tin s6 dao dong riéng: ki hiéu la o.
N 1 . s . a1 N : N
Tir (1-55) ta suy ra: o = T .27, nghia la: © la s6 ldn dao dong trong 2m gidy, vi vay
@ goi la tdn s6 vong hay tdn s tudn hoan ciia dao dong riéng va goi tdt 1a tdn so dao
déng riéng.
Cong thitc x4c dinh tan s& dao dong riéng:

Tix (1-36) va bién déi cong thic nay ta dé& dang c6 dugc cédc cong thic xéc dinh tan sG

KL e )
‘”‘\/;‘ M.5,, \/: (1-57

Trong dé: K - hé s6 ciing cua he;
g - gia tdc trong truong;

dao dong riéng

y, - chuyén vi ctia khoi lugng M do luc G = M.g tic dung tinh tai vi tri khéi
luong gay ra.
Tir cong thiic (1-57) ta thdy rang: Tsn s6 dao dong riéng cia hé khong phuy thuge vao
cdc kich dong ban ddu, né chi phu thude viao khéi luong va do ciing cua heé.
C6 thé xéc dinh tin s6 dao dong riéng cia hé dan héi bat ki theo phuong phap nang
luong. Phuong phdp nay dua trén dinh luat bao toan ning luong: Trong qud trinh dao
dong téng dong nang va thé nang cla hé 1a mot dai lugng khong déi:

T+ U=C=const (1-58)
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Biéu thifc tinh déng ning clia hé:

T= %M)’/2 =%Mm2.yﬁm cos (@t +7) (1-59)
Trong do:
Yman = A =1]Y0 +(v—°]2
o)
Thé nang cua hé:
U= %Kf =-;—Ky§m sin’ (ot +7) (1-60)

Tir (1-59) va (1-60) ta thay: Trong qud trinh dao dong clia h¢, khi the nang bién dang
clia hé dat gi4 tri 16n nhat thi déng nang cda hé bang khong, va ngugc lai dong nang cla
hé dat gid tri 16n phat, thi thé nang cha hé bing khong. Do d6, phit hop véi bi€u thic
(1-58) ta co:

T +0=C
Va 0+U,,=C
Hay: Trax = Umnax (1-61)
Dé thay tlr biéu thic (1-60):

1

Umax ='2-Kygnax (1-62)

Tir biéu thic (1-59), ta dat:
T= %Myfm cos?>(wt+7) ; Tacé T,,, =% MyZ (1-63)

Do dé:

Tmax = (DZTITIHX
Thé biéu thiic trén vao biéu thitc (1-61) ta dugc:

o= D (1-64)

Tmax

Trong d6 U_,, dugc xdc dinh theo (1-62), T, dugc xéc dinh theo (1-63).

P6si v6i hé cé khéi luong phan bd, dang dao dong xay ra phit hop v6i dudng dan héi
X(x), ta ¢6 cac cong thiic x4c dinh dong nang 1én nhat va thé nang 16n nhat nhu sau:

U, = %Z LB X, ]zdx (1-65)
Trax = éz [ m, X2, ax (1-66)

Dau téng 2. 1a 14y véi tdt ca cdc thanh trong hé.
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Thidul3:

Xéc dinh tén s& dao dong riéng clia hé cho trén hinh 1.11a. Hé gom khéi luong tap
trung M dat tai gitta dam.

Trudc hét ta xdc dinh chuyén vi do luc don vi dat tai khéi lugng theo phuong dao
déng ciia hé (hinh 1.11b). Dé dang xdc dinh dugc:

13
8, =
' 48E]
Thé &,, vao (1-57) ta nhan dugc bicu thic x4c dinh tan s6 dao dong riéng:

oo \/ 1 48EJ
M511 M.I?

Hinh 1.11
(M) mm]]

Thi du 1.4: li4

Xac dinh tan s6 dao dong riéng cha hé cho trén hinh 1.12a, do cling cla lién két dan
héila K.

Cdch thir nhdt

X4c dinh tin s& dao dong riéng theo cong thic (1-57): Hé nay c6 hai khéi lugng
nhung chi cé mot bac tir do. Tham s6 déc trung cho dao dong ciia he c6 thé chon 1a géc
xoay tuong doi tai goi tua bén
phaji o, dé chinh 1a chuyén vi
téng qudt cua hé. a)

Pé xdc dinh &, trong trudng
hop nay, phit hop véi chuyén vi
1dng quit clia hé ta cdn dat vao
gdi tva B mot moé men don vi
M = 1 (hinh 1.12¢). M6 men nay b)

) R : 1
gay ra phan luc tai goi A bang 7

phan luc tai g6i A twong ing tao

nén chuyén dich th?mg theo ¢
phuong ding tai gdi la Ef Do
dé, chuyén vi don vi:
5 = |
= ”k]_g Hinh 1.12
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Moémen quén tinh khdi lugng trong trudng hgp nay dugc tinh nhu sau:

2 2
Jm(u)=M1(—§-lj +M2(%] =12[§M,+5~M2]

Cuéi cing phit hgp véi (1-57) ta c6:

1 K K
@= ST 1) oM, M
Jm'all (M]+—M2J i 2
4 4
Céch thir2:

Xac dinh tin s6 dao dong riéng theo cong thitc (1-64):

Trong trudng hop tdng quat, néu hé gom mot s6 khéi luong tap trung va mot sO cic
lién két dan héi thi U, va T,,, ducc xac dinh nhu sau:

1o .
—2_2 IY1m¢x ; 1=1L2,...,m
) m: S6 lién ket dan hoi
— I m
Tmax :5 ZMkYi,max : k=12,....n

n: S6 khéi lugng tap trung
Chuyén vi cia cdc khéi lugng duge biéu thi qua chuyén vi tai vi tri lién két dan hoi
cho trén hinh 1.12b.

Ta cé:

— 12 1 3 Y R
Tmax =§ ngyimax 25 [MI[EY} + MZ(EY} :|
Thay cédc gid tri nay vao (1-64):
(.02 — Umax _ K

Thnax (gM] +1M2J
4 4

Két qua nay hoan toan tring véi két qua clta cich tinh trén.

Khi ké dén anh hudng cla trong lugng ban than phuong trinh vi phan dao déng tw do
(1-33) dugc bé sung thém trong luong ban than G:

My+Ky=G (1-67)

Tir d6 ta c6: ymy:%
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Nghiém clia phuong trinh vi phan nay dugc bi€u thi & dang (1-13)
y(©) =y +¥(1)
Trong d6 ¥(t) 12 nghiém téng quét cua phuong trinh thudn nhat, con yt 1a nghiém
riéng clia phuong trinh khong thuan nhét. Nghiém téng quat duge xac dinh theo (1-47):
v(t)= Asin(ot + y)

Nghiém riéng chinh Ia chuyén vi finh do trong lugng ban than khéi luong gay ra.
' Diéu nay dé dang thay dugc, bdi vi, ta c6 theé xem nghiém riéng bang hang s6 C. The gia
trj nay vao phuong trinh vi phéan (1-67) ta nhan dugc:

G

C=
M.o?

=G.8;, =Y,

Vay phuong trinh dao dong tu do khi k€ dén trong luong ban than c6 dang:
y(t) = A .sin(ot+7y)+Y, (1-68)

Hinh 1.13

Nghia 1%, khi tinh dén trong luong ban than, dao dong cta hé s& xay ra xung quanh vi
tri can bang tinh.

Trén hinh 1.13 mo th dao dong cha hé khi k& dén anh hudng cia trong luong ban than
véi trudng hop su kich dong ban diu: y(o) =y,, v(0)=0.

$3. DAO PONG TU DO HE 1 BAC TU DO cO XET PEN ANH HUGNG CUA
LUC CAN

Bit ki mot qué trinh chuyén dong nao cia he dan héi trong thuc t& déu chiu anh
hudng cha luc can. Luc can xuat hién do nhiéu nguyén nhan khic nhau va anh hudng
ciia ching dén cdc qué trinh dao dong rat phikc tap. Trong tinh todn dao dong ké dén tic
dung ciia huc can, c6 nhiéu tic gia dua ra cdc gia thi€t khdc nhau vé lyc can. Cac gia
thiét nay phit hop véi nhiing diéu kién thyc t& nhat dinh va cho phép dam bao d¢ chinh
x4c cta cic két qua tinh todn. & day chi dua ra mot s6 gia thiét co ban nhu gia thiét luc
can ti 1& véi van t6c chuyén dong clia Phoi, gid thiét luc can ma s4t kho cia Culéng, gia
thiét vé luc can trong phi dan héi chia Xorokin: Trudc hét ta s& nghién ciu dao dong tu
do chiu anh hudng cta luc cin.
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1. Dao dong tu do ké dén anh hudng ciia luc can theo gia thiét cia Phoi

Gid thiét cia Phéi xem rang: luc can cdc qué trinh chuyén dong i [& voi van téc
chuyén dong. Nhu di trinh bay & phdn ddu chuong nay, cong thitc (1-2) xéc dinh luc can
theo gia thiét cuia Phoi:

P, =cy (1-69)
Phi hop véi gia thiét ny phuong trinh vi phan dao dong ti do dugc mo ta theo (1-32)
M§ +c§+ Ky =0 (1-70)
Dé giai phuong trinh vi phan nay, ta sit dung phép th€ Ole:
y(t) = D.e" (1-71)
(Ms” +cs +K)D.e* =0 (1-72)
Sau khi chia cho MDe*, phuong trinh (1-72) c6 dang:
sz+ﬁs+m2=0 (1-73)
Pat: 20 = ﬁ (1-74)
Thi (1-73) duge viét lai:
s? +2as+ 0 =0 (1-75)

Nghiém ctia phuong trinh dic trung nay la:

2
S, =—at Vol —0F =——1 ( © J — o (1-76)

oM~ {l2Mm
Nhu vay gid tri S phu thuéc vao rat nhiéu vao hé s6 tat dan ¢, do dé dang dao dong tat
dan dugc biéu thi bing phuong trinh (1-71) s& phy thudc vao hé s6 tat dan cha he. Cong
thitc (1-76) x4c dinh gid tri S phu thudc vio dau clia biéu thic trong cin sé cho ta ba
dang chuyén dong ctia hé khi xét dén anh hudng clia luc can, diéu dé tuong ing vdi bicu
thitc trong can c6 gid tri duong. am hay bang khong.
Dé thuan tién cho viéc nghién citu, ta xét trudng hop gi6i han 1a trudng hop biéu thic

trong can clia (1-76) bang khong, khi dé: EEI\Z =, (thc la oo = ©)

Heé s6 ¢ ting véi trudng hop gi6i han ndy goi 1a dai litong tdr dan t6i han va ki hiéu la
c*, ta cé:
c* = 2Mo (1-77)
Pé dé khao sit dao dong tit dan khi xét dén anh huéng ciia luc cén, ta biéu thi su tat
din ctia dao dong bing quan hé ti s6 gilta hé s& ¢ v6i dai lugng tit dan t6i han c*.

c c
“T* T 2Mo (1-78)
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& ditgc goi la tham ¢ tdt ddn. Khi € = 0 12 trudng hop khong xét dén luc can; € = 1
Ung véi trudng hop gidi han; € < 1 nghia la: -;m <,(o < ®) Gng véi trudng hop biéu
thic trong cén cha (1-76) mang ddu am, trudng hop nay la trudng hop luc can nho; € > 1
tuong Ung ﬁ > ; (o > )12 trudng hop bi€u thifc trong can mang ddu duong, va

trudng hop nay 13 trudng hop luc can 16n. Dudi day ta s€ 14n lugt khao sédt cdc trubng
hop dé. '

a) Trieong hop luc can nho (g <1)
Thé biéu thitc (1-78) vao (1-76) ta dugc:

S =-wz * J(0e) —o°

Khie< 1tacd:

S=-wetw, (1-79)
Trong dé: o, = ovl-g? (1-80)
o, dugc goi 12 tan s¢ dao dong ty do khi tinh dén lyc can. Tir (1-80) ta bién ddi va
nhan dugc phuong trinh sau:
o )2
[ ] +ef =1 (1-81)
©

Biéu thitc (1-81) cho ta su phu thudc clta quan
hé cdc tin s6 dao dong riéng tinh dén va khong P

. A .. PSR
tinh dén su tat déan ( LJ v6i tham s6 tat dan . =
©

Biéu dé mo ta phuong trinh (1-81) 13 vong tron ¢
ban kinh bing don vi cho trén hinh 1.14.

Dé&i véi cdc két cau xay dung thong thudng,
tham s& tit dan: € < 20% do dé su khdc biét giita
tdn s6 dao doéng riéng khi tinh dén va khong tinh Hinh 1.14
dén luc can Ia khong ddng ké.

2 1

Thé (1-79) vao (1-71) ta nhan duge phuong trinh dao déng ty do khi xét téi anh hudng
cla lyc can:

y(t) — D]e(—ms+icoc)l +Dze(—ms—io)c ) - e—(usl (D] eic)ct +D26—imct) (1-82)

Bidu thic trong ngodc ciia (1-82) biéu thi dao déng diéu hoa don gian twong ty nhu
(1-38). Ta c6 thé viét phuong trinh nay & dang ham luong gidc:

y(1) =e ™ (Bsinw,t +Ccosw,t) (1-82")
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Céc hang sd tich phan B va C duogc xdc dinh tir diéu kién ban dau:

Tal? =0, y0)=y, ¥(0)=v, (1-83)
Bi€u thiic van téc ctia chuyén dong:
v(t) = y(t) = —oey(t) +e .0, (-Csinw t + Bcoswt) (1-84)

Pua (1-83) vao (1-82) va (1-84), ta s€ dugc:

Coy., p Vo T OEY,

0)(.3

Vay:

y(t)=e " {MCD_-SY_O- Sin o t+ yO-coscoct:I (1-85)

Tuong tu nhu & §2. Ta c6 thé viét biéu thitc (1-85) & dang véc to quay:

y(t) = Ae” " sin(w t+7.) (1-86)
Trong dé: )
2
A= \/yz . (J{EJ_J
@ s (1-87)
w
Yc = arc[g_._yo—
V(l +(D8yll

Tir biéu thiic (1-83), hoac (1-86) ta thay dao dong cé luc can la dao dong tat dan.
Trén hinh 1.15 m6 t& chuyén dong cta khéi lugng M theo thoi gian cla hé 6 lyc can
phit hop véi bigu thiic (1-86). Chu ki ciia dao dong c6 luc can la:

27 27
=" 28 () (1-88)
)

Tan sd dao dong:

(1-89)

a)

Hinh 1.15
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Ki hiéu bén dudi khéi lugng & hinh 1.15a 1a ki higu quy udc d6i v6i hé dao dong cé
luc can phit hgp véi gia thiét Phoi.

Qua dé thi hinh 1.15b ta thdy dao déng tu do c6 xét dén anh hudng cua luc can 1a dao
-EL =

dong diéu hda, nhung bién do giam dan theo thdi gian véi quy luat sé mit am A.e™  va
n6 tiém can din dén khong.

Ban chit ctia tham s& tat dén déi véi cdc hé két cdu xay dung thong thudng rat phifc
tap. va viéc xdc dinh né khéng don gidn. Tuy nhién, ta c6 thé biéu thi su tit din dao
déng cua céc hé thirc dudi dang cac hé s6 tuong duong, cic hé s6 nay s& xac dinh 16 do
tat dan cla cac bién do dao dong. Mudn vay, ta xét ti sé gifta hai bién dd mang gia tri
duong cich nhau mot chu ki T, trén hinh 1.15by, vay, ..

©

v, 3 Ae-‘ﬂﬁl B Zﬁe.a
Yol Ae T (199
T (1-90) ta suy ra:
§=In-t =2ns — (1-91)
yn+| ('Dc
& 1a hé s6 biéu thi toc do tit dan va dugc goi [a do suy giam 16 ga. Tinh dén (1-80), ta ¢6:
5 — 2ne (1-92)

\{I—sz

Khi luc can nhd, ta c6 thé tinh gin ddng (1-92) nhu sau:

8 = 27e (1-93)
Tir (1-93) ta dé dang nhéan duge:
b

- 1-94

& 27 (1-94)

V&i su gin ding cia do suy giam 16 ga xdc dinh theo (1-93), ta ¢6 thé biéu thi quan
hé (1-90) 6 dang chudi sau:
2me)’

In _eb ™ 4 2ne+ >

yn-‘rl
Khi cdc gid tri tham s6 tat ddn la nho ta chi can giit lai hai s6 hang ddu cta chudi trén
van c6 thé dam bao do chinh xde. Khi d6 ta nhan dugc:

+ ...

e — Yo = ¥ou (1-95)
2‘R'yn+l

Trén hinh 1.16 biéu thi quan hé ciila ti s6 giifa tham s¢ tat dan chinh xdc theo cong
thic (1-91) vi tham s6 tit din gin dting theo cong thitc (1-95) vé&i tham s6 tit ddn gén
diing. Tir biéu dé nay ta ¢6 thé sira duge két qua tinh gdn ddng theo (1-95).
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Tham s¢ tat dan c6 mot ¥ nghia quan trong, vi thong qua gi4 tri chia né duoc xac dinh
bing thuc nghiém ta s& tim duoc hé s& tit dian C.

Thidul-5:

Xic dinh cdc déc trung dong hoc va bién do dao dong sau 5 chu ki clia hé tat dan cho
& hinh 1.17. Khéi luong M chiu téc dung cta luc kich dong P, sau d6 bé di mét cach tic
thdi. Trong thoi gian duy tri i trong véi P = 90kN chuyén vi cha khéi lugng dat dugce
0,5cm. Khi tai trong mat di dot ngot, chuyén vi cuc dai ddu tién ctia khéi lugng bang
0,4cm. Thoi gian chia chu ki d6i véi hai chuyén vi nay T = 1,3 gidy.
ECX

Eqd
1

! p

NN,

0,75

— I

0,05 0.1 0,15 0,284

Hinh 1.16 Hinh 1.17

Day 12 dao dong tr do ¢6 tinh dén anh hudng chia luc can. Cic dic trung dong hoc clia
hé bao gém: khéi lugng, tinh chat dan héi, tin s6 dao dong, tham s6 tit dan v hé s6 tat ddn.

- Xdc dinh khéi luong cda hé:

Pl ” -~ 2
Ttr biéu thitc chu ki dao dong T= —(E— =2n 1/% , ta suy ra:

2 2 2
M=(1J K:[EJ .@.:7,7 kN.s
27 27 0,5 cm

- Tan s6 dao dong riéng:

W= -2;1?- = % = 4,833 (rad/s)
- X4c dinh tham s6 tit dan:
Do suy giam 16 ga: §=1In Yo _in 0> =(,223
Yo+ 0’4
& 0223

Tham sé tat dan: € = — = —— =0,0355
2 2n

- Xéc dinh tan s0 w_:
o, = oVl -€* = 4,833 /1-0,0355% = 4.829
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- Xdc dinh hé s6 tit dan:
C=s.C*=2Moe =2.7,7 .4,833.0,0355 = 2,642 (kNs/cm)

- Bién d06 sau 5 chu ki dao dong:

Vs —yo(y‘} -0, 5[0 4] = 0,1638(cm)
y 0,5

o L]

b) Tritemg hop e cdn lon (£ > 1)
Trong trudng hgp ndy, nghiém cla phuong trinh dac trung (1-76) khi stt dung (1-78)

s la:
S=—we+ovel —1=-wet+ i (1-96)
Trong dé: A=ovel =1 (1-97)
Thé biéu thitc (1-96) vao (1-71), ta dugc:
y(©=e (D" +Dye ) (1-98)

Biéu dién biéu thic trong ngoac ra him hypebonnic bang cich dat:

D, =—;v(Cl + C,)ta dugc:

y(1)=C, chit+C, sht) {1-99)
Ta ¢6 thé viét (1-99) ¢ dang khic nhau nhur sau.
y(1)=Ae “"sh(it+7) (1-100)

Cic hiing s6 A va y dugc xdc dinh tir diéu kién ban dau tai t = 0, y(0) =y, ¥(0)= V.,
khi dé:
y, =Ashy,v, =—-Awsshy+Akchy (1-101)
Giai hé (1-101), ta dugc:

A_\/—y2 [Vl)+w8yl) jz
' A (1-102)

Y = arctg

v, , TOEY,

Tir cong thic (1-99) hoac (1-100) ta thay ring: chuyén dong ctia hé trong trudng hop
luc can 16n la cdc chuyén déng khong tuan hoan. Céc chuyén dong ndy ¢6 thé xay ra &
nhiing dang khédc nhau, nhung dén tiém can dén vi uf can bang ban dau. Chung c6 thé
tiém can dén vi tri can bang hodn toan 1Ir mot phia, hoac tiém can ¢é mét lin déi ddu
diéu d6 phu thudc cu thé vao diéu kién ban diu. Cic dang chuyén dong ctia hé duoc md

ta trén hinh 1.18.
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Hinh 1.18

c) Truong hop tdt dan t6i han (g = 1)
Trong trudng hop nay, nghiém cila phuong trinh dac trung 1a thuc, am va bang nhau:
S, =S, = - we, khi d6, chuyén dong clia h¢ s& la:
y(ty=e“" (D, +Dyt) (1-103)

Céc hing s6 D,, D, dugc xéc dinh tir diéu kién ban dau:
Tai t = 0, y(0) = ¥, Y(0) = ¥, Khi do:

y, =Dy, v, =Dy - 08y, dodéD,=v,+0ey,

Thay céc gid tri D|, D, vao (1-103) ta duoc:
y(0) = [y (1 +oe)+ v t]e ™ (1-104)

Chuyén dong clia hé trong trudng hop nay ciing khong tudn hoan va nd ciing c6 thé
X4y ra & mot trong cac dang chuyén dong di gip & truong hop trén.

Y

Hinh 1.19
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Trén hinh 1.19 mo ta dao dong tu do khong xét dén anh huéng cta lyc can (g = 0) va
dao dong tu do khi xét t6i anh hudng cta lyc can véi cdc gid tri khdc nhau clia tham sO
tit ddn £ > 1; dao dong tu do dugc xét véi diéu kién ban dau; y, = 3; v, = 15; tan s6 dao
dong riéng ciia hé @ = 2 (tikc 13 : T = n). Dudng cong mod ta dao dong ty do khie =0
dugc so v&i hinh 1.8c. khi € < 1 dugc so v6i hinh 1.15, khi € > 1 dugc so v6i hinh 1.18a.
Dé& xay dung dudng cong mo ta dao dong tu do khi € = 1, ta sit dung cong thitc (1-104),
ta ciing gi4 thi€t didu kién ban ddu xem riing khoi luong bat ddu dao dong tir vi tri y,, véi

van t6¢ v, hudng ra ngoai vi tri can bang.

2. Dao dong tu do ké dén anh hudéng cia luc <an theo gia thiét Culong

Ta xét dao dong tu do cé tinh dén anh hudng cua lyc can ma sat theo gia thiét Culong,
trong d6 ma sdt 1a ma sdt kho, luc can ma sat F_, ti 1& v6i 4p luc vudng géc va co
phuong ngugc v6i phuong chuyén dong. Trén hich 1.20 mo ta m6 hinh ma sit ndy vdi ki
hiéu quy wdc clia ma sat kho. Ta thiét lap phuong trinh vi phan chuyén dong ctia h¢ theo
phuong phdp tinh dong, trong d6 céc luc dat vao khoi lugng bao gbm luc quan tinh, tuc
dan héi va luc can ma sat khé:

My(t)+Ky(t)=£F | (1-105)
Suy ra: v
V+o'y=1* Fre (1-106)
), M 2 ,,,. Ty
Phuong trinh (1.106) ¢é dang tuong ty nhu 7 R I ¢ -
phuong trinh vi phan dao dong tu do ¢6 ké dén ~ LJ
trong luong ban than (1-67), & day, hr: & v& phai
cia (1-106) cé tinh chat thay doi dau khi phuong e
chuyén dong thay déi. Tuong tu nhu & phan truéc, Hinh 1.20
ta ¢6 nghiém cha phuong trinh (1-106). '
y(1)=Asin{ot+vy)x 8, F (1-107)

Xét trudng hop hé dao dong véi diéu kién ban dau: tai t = 0; y(0) = ¥, v(o) =0, cé:
y(ty=y,cos ot £ F, (1-108)

Khi khéi luong chuyén dong xudng dudi thi luc ma sét ¢ chiéu huéng lén trén. Dao
dong cha lyc s& xdy ra quanh vi i &), Fp, (hinh 1.21a). Bién do dao dong cua khéi
luong sé dat dugc gid tri bang y, - 28, F

Khi khéi lugng chuyén dong 1én trén, luc ma sdt s€ co chiéu hudng xudng dudi, dao
dong s& xay ra quanh vi tri &, F,., (hinh 1.21b). Bién d6 dao dong ctia khoi Iuong s€ dat
duoc gid tri bang y,, - 28, F .-
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Trén hinh 1.21¢ mo ta 1odn bd qua trinh dao déng cla hé.

y{l)
- —— — —— ]
Vs
Ve
P - JPH'IS [j’o
g T . o .Pms YO-SHPNS
R y(t)
a) T2
¥it)

T ~ T T Ty - yB-Bans
- ~ \1 Pms yn'ﬁnpms L j

b) T/4 ‘ T4

ST T T T T T T - Yo
2] - - - yg'z‘:‘npms I / { -
ﬁ -

Hinh 1.21
§4. DAO PONG CUONG BUC HE 1 BAC TU DO CHIU TAI TRONG PIEU HOA

1. Trudng hop khong ¢ luc can

Phuong trinh vi phin dao dong hé mét bac wu do chiu tai trong dicu hoa Pty = P_sinrt trong
trudng hop khong xét 161 anh hudng cua luc can 1a phuong tinh (1-5) trong do véi C=0:

My + Ky =P, sinrnt (1-109)
Trong d6: P, [a bién do cha 1di trong, 1: tdn s6 vong P(t) = Psint
cua luce kich thich. ;
. . S . . 7| ]
Nghi¢m thudn nhit cda phuong trinh vi phén chuyén 4 —@

dong (1-109) bicu thi dao dong tu do ¢d dung: Hinh 1.22
iin V-4

v ()= Bcose+Csinot (1-110)

<
Nohicm riéng cia (1-109) biéu thi dao dong do két qua tdc dong clia 1ai trong. C6 thé
xem dao dong didu hda xay ra do tai trong di¢u hoa cé pha cung véi pha cua tai trong:

y, (t)=Dsinrt {1-111)
The (1-111) vao (1-109) s nhan duge:
 -Mr’Dsinrt + KDsinrt = P_sinrt

Chia hai vé& phuong trinh nay cho sinrt, $& dan dén:

2 P
D[i—r ]=— (1-112)

0 k
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Do dé, bién do dao dong:

D="t——— (1-113)

Nghiém téng quét ciia phuong trinh vi phan dao dong (1-109) bang tdng cla nghiém
thuan nhat theo (1-110) véi nghiém riéng theo (1-111):

y(t)=ym(t)+yr(t):Bcosmt+Csinmt+B~“-- -sintt  (1-114)

1——
]

Cic gid tri B va C clia phuong trinh nay dugc xdc dinh tir diéu kién ban dau. Ti¢p nhan
didu kién ban ddu & trang thai yén {inh: tai t = 0, y(0) = 0; y(0) = v(o) = (; ta xédc dinh
duoc:

r
p r
C=-—-2. @2,13:0 (1-115)
K 1__1;_
0)2

Thay c4c hing s6 nay vao phuong trinh (1-114), ta duge:

! [sinrt—Lsinot (1-116)
X @

0.)2

(1-116) 1a phuong trinh dao dong cta hé mot bac ty do chiu tic dung cua tai trong
diéu hoa trong trudng hop khong xét dén anh hudng cia luc can. Ta thay phuong trinh
dao déng (1-116) gdm hai thanh phdn: mot thanh phan dao dong ting v6i tin sd cla 1ai
trong diéu hda r, va mot thanh phén tng véi tan s6 clia dao dong tr do . Ta di biét
trong thuc t€, cic dao dong déu chiu anh hudng ctia lyc can, mic du luc can gay anh
hudng khong dang ké dén tan s6 dao dong riéng, nhung khi da cé lyc cén, thi nhu dd
trinh bay & §3; lyc can di nho ciing s€ lam tht ddn phan dao dong tu do sau mot thot
gian ngan dao dong. Sau do hé s€ chuyén sang thdi ki dao dong n dinh c6 chu ki ing
véi chu ki cha tai trong diéu hoa:

P]Tl
y{) = f

sinrt (1-117)

P, ‘
Y(t)—‘i

- P N 2 . . e o ~ 2 7. L by '
Ta thay ?m =y, 1 chuyén vi tai khéi lugng do bién dé P cha tai trong dicu hoa tic

dung tinh gay ra, nén ta c¢6 thé viét (1-117):
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y)=y,- sin rt (1-118)

Trén hinh (1-23) mé ta dao déng cudng bic clia hé chiu tai trong diéu hoda trong
trudng hop tin s6 cua luc kich thich nhé hon tdn s6 dao dong rigng r < ®.

y(t

YMEX yl’

Hinh 1.23
Phuong trinh dao dong (1-118) c6 chifa chuyén vi tinh y- s& dat ra van dé vé su lién
quan giita chuyén vi dong v(t) v6i chuyén vi tinh y; d6. Su lién quan nay dugc xem xét
tir hé s6 dong luc theo thoi gian va hé s6 dong.
Hé s6 dong theo thoi gian: K(t).
Heé s8 dong theo thdi gian 12 ti s6 giita chuyén vi dong ting véi trang théi chuyén dong
clia hé v6i chuyén vi tinh do bién do cta tai trong déng téc dung finh gay ra:
t
k() =3 (1-119)
¥r
Hé so dong: K.
H¢ 56 dong 1a ti s6 gilta chuyén vi dong cuc dai cla trang thdi chuyén dong véi
chuyén vi tinh do bién dé clia tii trong dong tic dung tinh gay ra.

K= Jmat (1-120)
¥r
Puong nhién: Ko =K, (1-121)

Vi trudng hop hé chiu tic dung cua tdi trong diéu hoa, dé tinh hé s dong theo thdi
gian, ta thay (1-118) vao (1-119) s& duoc:

sinrt

K(t) = (1-122)
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Hé s6 dong img véi dang 1ai trong diéu hoa:

P& thi biéu thi hé s6 dong theo ti s6 (

8|'—-

r>w

Hinh 1.24
Qua d6 thi ta thay:
Khi £>1th‘1Kd<O

0< X<l thiK 21
w

dugc cho trén hinh 1.24.

(1-123)

Khi r ~ o, K, ¢6 su bién ddi rat nhanh, vi r = @ thi Ky = oo, liic nay xudt hién hién
tugng cong hudng: chuyén vi clia h¢ s& 16n vo ciing. Phai hét sitc trdnh hién tuong cong
hudng. trong thiét k€ ngudi ta thudng xac dinh sao cho su khdc nhau clia cdc tan sO 1 va

o khong duéi 25%.

2. Truong hop ¢6 luc can

a) Tinh luc cdn theo gid thiét ciia Phoi

Phuong trinh vi phan dao dong ctia hé mot bac ty do chiu tic dung cla tai trong di€u hoa
P(t) = P_sinrt c6 xét dén anh huong cia luc can phii hop véi gia thi€t cla Phoi ¢6 dang:

My +Cy+Ky =P sintt
Thay hé s6 C theo biéu thiic (1-78) vio (1-124), ta s& nhan dugc:

y +20ey(1)+ o’ y(t) = Pﬁ“‘.sin rt

(1-124)

(1-125)



Nghiém téng quét ctia phuong trinh vi phan (1-125) bing tdng cia nghiém thuan nhat
va nghiém riéng.
@ day xét véi trudng hop luc can nhé. Nghiém thudn nhét cda phuong trinh vi phan
(1-125) trong trudng hop luc can nhd chinh 14 phuong trinh dao dong tu do (1-82)
Yy, (1) = (Bsino.t +C.cos o 1) (1-126)
Nghiém riéng do tic dung ciia tai trong diéu hoa dugc xéac dinh bing biéu thic:

y (1) =D, sinrt + D, cosrt (1-127)
( (1-127) ta dua vao thanh phéan thi hai, boi vi dao dong clia h¢ ¢6 luc can thudng
khong cing mot pha v6i ham tai trong diéu hoa.
Sau khi 14y dao ham biéu thic (1-127), réi thay cic két qua tuong ing vao (1-125),
ta dugc:
P, .
[— D,r? —D,r (20e) + D,co2 ]sinrt +[- D,r? +D;r Qoe) +D,0?] costt = ﬁmsmrt

So sanh hai v& cia phuong trinh nay, ta co:

[-D;r’ —D,r (20t) + D,0? ] sinrt =Pﬁ”‘sinrt

[-D,r? -D,r (20¢) + D,@?] cosrt =0
2 1 2

Sau khi bo di cdc ham luong giac va bign déi cac phuong trinh trén, ta dugc:

D,0-p*)-D, (2 ﬁ):%; D,(1-B*)+ D, (2e)=0

Trong dé: B = é (1-128)
Suy ra:
_ P, 1-p*
b Pf (1—132_);:[3(28[5)2 (1-129)

27K (1-B2) +(2ep)

Thé cc hang s6 D,, D, vao (1-127) ta s& nhan dugc biéu thic nghiém riéng cla
phuong trinh vi phin (1-125) va cuéi cling ta ¢é nghiém tong qudt cia (1-125) la:

Pn
K

y() =" (Bsino_t + Ccoso t)+ [(1-PB?)sinrt —2eBcosrt] (1-130)

242 2
(1-B%)" +(2eB)

Thanh phan tha nhat cha vé€ phai chia nhan tr e biéu thi dao dong tu do tit dan da
khao sat & trén. Thanh phan thit hai ¢é cling tin s& véi tai trong diéu hoa biéu thi dao
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dong cudng bitc, n6 ddc trung cho qué trinh chuyén dong én dinh ciia hé. Ciing nhu &
phan trén, chuyén vi & qud trinh dn dinh ¢4 thé bi€u thi & dang hai vécto (hinh 1.25):

I Im
Re
P 2¢p
K (187 +(2ep) b
N AT K g e
\\ / P -
\
A
Hinh 1.25
Véc tg A biéu thi bién d6 dao dong clia qué trinh én dinh:
A s
(1_|3 ) +(28B) (1_131)
Dao dong 6n dinh clia h¢ duoc biéu thi & dang twong tu nhu da xét & phan trén:
Y (i) = Asin (1t - 6) (1-132)
Trong d6 0 1a d¢ léch pha:
6 = arctg 22[32
1-p (1-333)
Heé s6 dong duge tinh theo (1-120) s& bang:
K A ! (1-134)

d = =
P Ja =B + 2By’

Tir biu thic (1-134) ta thdy: Hé s6 dong phu thude vao ti s6 cac tan s6 cla tai trong
dicu hoa v6i tan s6 dao dong riéng f va tham s6 tat ddn €. Trén hinh (1-26) m6 ta biéu
d6 quan hé cia hé s6 dong v6i 1i s6 tuong d6i B va tham s& tat dén &:

b) Tinh lic cdn theo gid thiét ciia Xorokin

Gia thiét clia Xorokin 12 gia thigt vé lic can trong phi dan héi, hay con goi la gia thiét
vé do cing phic.

Luc can trong phi dan hoi la luc cdn tinh dén su tiéu hao ndng liwong trong hé, duoc
biéu thi trong viéc 1am t6n that tré ndng lugng bién dang trong qué trinh dao dong. NO
khong phu thude vao téc dg bién dang (Luc can theo Phoi phu thuée vao téc do bién
dang) ma phu thugc vdo gid tri bién dang. Trong d6, quan hé giifa cic bién dang chung
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=0
-+ £=01

g =015

N

>

0,3

l-.e=04

0 0.5 1 15 2 25 3
Hinh 1.26

(do vbng, géc xoay) vai tal trong ngoal la quan
hé phi tuyén. Quan hé nay khi tang tai va d& tai b
12 khac nhau. Trong qud trinh ting tai va do tai
cha mdt chu trinh tai trong, quan hé nay dugc
biéu thi bing mot dudng cong kin goi la vong
tr& (hinh 1.27).

Xorokin dua trén gia thiét vong tré ¢6 hinh Oy '
elip, va trong cdc dao dong cudng bic on dinh
duéi tic dung cha tai trong kich dong diéu hoa,
cic dao dong cua hé xay ra ciing theo quy luat
diéu hoa. Ong di di dén két luan ring:

\ ‘ Hinh 1.27
Luc can trong phi dan hoi ti 1€ véi luc dan hoéi

{Luc hdi phuc), nhung téch pha véi Iuc dan héi mot gée 1a g Biéu thic todn hoc cta luc

can trong dugc biéu thi bing cong thiic:

.y
P,=i-— P -
=15 Py (1-135)

Trong dé: P;la luc dan héi; i = +/—1 1a don vi 0. Viéc nhan thém véi don vi do tuong

tng véi viéc quay véc to luc dan héi di mot géc g— béng do léch pha cla P_. y 12 hé 56
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tiéu hao nang lirong. N6 duge do bang ti s6 tiéu hao nang lugng trong mot chu trinh bién
dang AW véi ning lugng toan phin clia h¢ W.
AW
Y= W (1-136)
Trong thuc t€ tinh todn, ngudi ta thudng sir dung gid tri gdn ding cua hé so tiéu hao
nang lugng va né duge cho boi cong thirc:
v =28, (1-137)
Trong d6: & 1a d6 suy giam loga:
Tir céc biéu thic (1-135) va (1-137) ta s& viét dugc bicu thitc luc can tonig hop bao
gbm luc can dan héi va lyc can trong phi dan héi nhu sau:

18
Pd—£l+n] P, (1-138)
Heé s6 clia luc can téng hop chiia thanh phdn phic, vi vay tua gia thi€t v€ luc can trong
phi diin héi clia Xorokin con duge goi 1a gia thit vé do cing phic:

Trén co s& nghién cttu két qui cdc phuong trinh vong tré nhan dugc bang phuong
phdp thong ké, Xorokin da dua ra biéu thitc chinh xac hon vé luc can tdng hop cé thé 4p
dung cho ca dao déng cudng bitc, cling nhu cdc dao dong v do diéu hoa:

P;=(u+iv) Py (1-139)
2
A Y
Trong do: u= 42 , v= 5
1+ L 1+ L
4 4
3
Vi =2
a Y=g
Tuy nhién, khi khdo sit cdc bai todn dao dong cudng bic sau nay, ta van ap dung
2 2
cong thic don gian (1-138) bang cdch bd di s6 hang YT xem %{— nhu mot dai lugng vo
cung bé.

D¢ khao sit phuong trinh dao dong cua hé mot bac tu do ¢6 xét dén anh hudng cta
luc can theo gid thi€t do cing phic cua Xorokin, 1a nén biéu thi luc kich dong diéu hoa

dudi dang phuc:
P()=P,_c" (1-140)

Phuong trinh vi phan dao dong clia h¢ phit hop véi gid thiét Xorokin la:

My+(1+i%] Ky=P_e™ (1-141)
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.. d P .
Hav: 1 P 2 — —m ir _
ay y+( +1 nJa) y M e (1-142)

Nghiém riéng clia phuong trinh vi phan dao dong (1-142) s€ xic dinh dao déng cudng
bitc ctia hé dugc tim dudi dang:
y(t) = A" (1-143)
Lay dao ham biéu thic (1-143) va thay cdc gid tri tuong g vao (1-142) ta dugc:

2(1,:9 )2 |=Pm
A[m (I-HTEJ r}—M

Suy ra: A=%;I"-- 16 (1-144)
o’ [1 +1 —] —r
T
Biéu thitc trén cé thé con biéu thi duge ¢ dang sau:
A=B.& (1-145)
Trong do:
1
B-1o. :
2 2 4
)+
@ )+ o’ | (1-146)
1*c(oo2 - rz) ]
Do d6, phuong trinh dao déng cudng bic cua hé co6 dang:
yy=Be"+? (1.147)
Ding phin thuc clia biéu thifc nay lam nghiém, ta c6:
P
y(t)=B<:OS(rt+<p)=ﬁrn L - cos (it +o) (1-148)
\ﬁz -+ 22_ o
T
. R , . . o1 T P, T
Hién tuong cong hudng xay ra khir= o, tic la ¢ =—=, va: B=-—"-- . Phuong
2 M 5.0°
trinh dao dong.
P, . T
y(t), = Mo . gsmrt =y —8-smrt (1-149)

Nhu vay, bién dé cong hudng bang chuyén vi tinh nhan vdi h¢ s8 (%)
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$5. DAO PONG CUGNG BUC HE 1 BAC TU DO CHIU TAC DUNG CUA TAI

TRONG CO CHU KI

1. Biéu thi tai trong ra dang chudi Fuarié

O phin trudce ta dd nghién ciu dao dong cudng bic cla hé mét bac ty do chiu téc
dung ctia tai trong diéu hda, trong thuc i€ ki thudt ta thudng hay gip dang 1ai trong 1dc
dung c¢é chu ki (hinh 1.28) khi xét dao dong ctia h¢ chiu tdc dung cua tai trong chu ki,

dé ap dung duoc cic két qua did cé o
phin truéc, ta cén phai bi¢u thi tai P,
trong c¢é chu ki ra dang chudi lugng
gidc (chudi Fuarié). Dao déng ung véi

mdi thanh phin clia chudi 1 dao dong 0
chiu tic dung cta tai trong dic¢u hoa.
Dao dong cua hé duge xic dinh bang

tong cic dao dong ng véi céc thanh
phin khai trién cta tai trong.

Ham tdi trong ¢é chu ki dugc khai
trién ra dang chudi Fuarié:

P()=a, + 3 a, cos —21-{{—11 1+ b, sin

n=l P n=I
Trong do:

T, - chu Ki ctia ham taj trong

‘)

dl

2 2
b, =— | P(l)sm%d[

LI g

Hinh 1.28

27n

T

p

a)

b)

c)

-1

(1-150)

(1-151)

2. Dao dong cba hé chiu tai trong bicu thi 6 dang chuoi Fuarié

Tai trong ¢6 chu ki 1oy ¥ Khai (rién chudi Fuarié xdc dinh theo (1-150), trong do bao

odm tai trong khong dér (1a i 110110 trung binh duoc biéu thi biang hé s& a, xdc dinh

theo (1-131) v chudi cdc tii trong didu hoa véi cic bion do a,,. b, va ciic 1an s6 1, . Nhu
di bidt & phan wen, khi xét duo ddng cudng buc hé mot bac (10 chiu tic dung cla tai
trong di¢u hda bé qua dnh huong cda luc can. phuong trinh dao dong ctia hé G ché do on
dinh ¢6 dang (1-117). Tir dé ta ¢6 thé viet duge phuong trinh dao dong tuong ting Vi
céc thiinh phin tdi trong sinrt va costt clia chudi (1-130) nhu sau:
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1 S
s1m HI'II = ——"75In ﬂl‘lt

b
n(t):_n 3
d k 1-B; k 1-B

a, !
Yn(t):?l_ - cos nyt

Dao dong wong ting véi thanh phin tai trong khong déi a, dugc biéu thi bang d¢

vong tinh:

Y(’u:T

Cuséi ciing, dao dong cla hé chiu tii trong c6 chu ki s& bing tong cdc dao dong ling
v6i titng thanh phén Khai trién clia chudi tai trong:

y(1) = {a + Z > (a, cosnnt+ b, sinngt) (1-152)
ﬁn

Trong trudng hop xét dén anh hudng cla lyc can, dao dong cudng bitc cia hé mot bac
tu do chiu tic dung cla tai trong c6 chu ki ciing duge tinh bing t6ng céc dao dong tuong
ting v6i cdc thanh phan khai trién clia chudi tai trong dugc xac dinh theo (1-150), nhung
biéu thitc dao dong ng véi méi thanh phan tai trong di€u hoa dugc tinh theo (1-130).
Dao dong toan phan ciia hé & ché do én dinh s& bing:

1 Z 1 2
yh=—|a,+ : — b, (1—=PB;)+a,.2eB,
k( Z] (1-8;)+(2eB,)" {[ P P ]
.
xsinnrlt+|:an(l B )—b,-2ef, Jcosnr] }I (1-153)

Thidul.6:
Viét phuong trinh dao dong ciia khoi lugng
M. Téi trong téc dung lén khéi lugng 13 tai g’“’ 3
" B M
wrong c6 chu ki cho & hinh 1.29b. Cho € = 0, it ,7:;,,

A’
:1:_[‘_:5{ Psmgl."l
T N
0 )

Trudc hét ta phai khai trién tai trong ra | T2 | T2 L %2 T2 |
chudi Fuarié. Cic hé s6 cua chudi duoc tinh
i Hinh 1.29
theo (1-31):
.
J l . 2wt P
a,=— | P()dt=—P, sin——dt=-"=
T, T, T, =
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T, (0 khinlé

2 2nn 2nnt '
i, = jP $in—--cos dt=<p .
tOT . P > - khin chan
¢t 1-n"
T, })
p 2 ) m R
2nt . 27t =
b, jP sin =—-sin T dt= < 1 khi n =1
P P P 0 khin>1

Thé céc hé s6 nay vio biéu thic (1-150) ta s& nhidn duge dang t4i trong gom cdc ham
dicu hoa:

P, T 2 2 . 2
Py = = I+ Ehm i'i1—~§ cosZr]l—E cos 41t -,%—éco.s 6 rnt...

S
A

Trong do: 1 = T
P

Phuong trinh dao dong cua khoi lugng tong trudng hop khong xét dén anh hudng cta
fuc can duge xdc dinh theo (1-152), rong dé:

o, r 2 T T 3
P o b o T, 2n T, 4
j 2, T 3
- (o)) T 2

Viy phuong trinh dao dong cta khot luong s¢ i

(D) 1+8ni 1+1 2 [+——1 4t \
vty = — —5in T — COs2r —Cosant + ...
il 7 Y15 60 0

Khi tinh dén anh huong cia lue cén. phuong trinh dao dong cia Khéi luong s€ duoc
vidt theo (1-133).

§6. DAO PONG CUA HE | BAC TU DO CHIU TAC DUNG CUA XUNG TUC THOI

I. Phirong trinh dao dong tong quat

Khi tai rong dong ngan han tic dung Ién cong trinh mi thoi glan duy i it rong
khong vuot qud 25% chu ki dao dong riéng ctia k&t cdu, thi i trong ngin han dé dugc
voi lit tdi trong xung tic tho.

Khi hé chiu tic dung cia xung tic thoi, nghia [a trén hé khong 16n tai sw ¢d mat cua
i trong dong. He dao dong duge la do hé da nhan dugc mot vin 16¢ ndo do ma tai trong
xung truyén cho hé. Vivay dang dao dong ciia he dudi tic dung clia cic xung tiic thoi 1a
dung dae Jong tr do. Nhu di biét ¢ phin trén, phuong trinh dao dong wr do trong cic
trudrz hop xét dén viw khong xét dén anh hudng cta luc cin dugc viél theo cong thic

A
I~



(1-86) va (1-45). Trong céc cong thifc d6, néu xem rang: tai thdi diém xung tic dung, do
vong tinh ban diu bing khong (y(o) = 0), thi van dé & day 13 phai di xdc dinh toc d6 ban
dau v(o) trong trudng hop nay nhu thé nao.

Thot gian duy tri tai trong rdt ngan, nén téc dung cla tii trong 1én hé s& thay bang tdc
dung clia xung luc S duge xéc dinh bang dién tich biéu dé tai trong theo thdi gian
(hinh 1.30a}

S= UjP(t)dt (1-154)

¥(t)
Pit) ~

a} [ - - b)
Pre
-
-
-~
.~
Hinh 1.30
Theo quy luat Niuton
.. dv(t)
P=My(t)=M
¥ ”
Suy ra: Mdv = P(t)dt (1-155)
Tich phan hai v&€ dang thic (1-155), ta dugc:
[PMdv=[°P@dt, hay: Mv(9) - Mv(o) =S (1-156)
Viv(o)=0, nén:
S
v(0) = —- 1-157
©) M ( )

Thay diéu kién ban dau, t =0, y(0)=0, v(o) = -I\SZ vao (1-45) ta dugc phuong trinh

dao dong cua hé moét bac tu do chiu tic dung cha xung tic théi trong trudng hop khéng
xét t6i luc can:

y(t)=-1\-/?-—sin0)t (1-158)
1)
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Phuong trinh (1-158) 12 phuong trinh dao dong di€u hoa véi bién do:
S
Ymax = m
Khi xét dén anh huong cla luc can vdi trudng hop luc can nhé, phuong trinh dao dong
chia hé dugc viét theo cong thifc (1-86) véi cic dicu kién ban dau nhu & trén, trong dé:

A=Jy§+(————v°+m8yﬂj Yo S
», o, Mo,

c [

t (DYU 0
= arc —_—
Y r g VO + (DSYD
Phuong trinh dao dong:
y(t)=e % -—l—sin ot (1-159)
Mo

[

Khi S = 1, biéu thic (1-159) ¢6 dang:

() =e . Ml : sin ot (1-160)
Biéu thiic (1-160) duoc goi la dao dong clia hé chiu tic dung cha xung don vi. Trén
hinh 1.30b mo ta d6 thi cita ham y,.
Néu xung tiéc dung vao hé khong phai thoi diém t = 0 ma tai thdi diém t = <, thi
(1-158) s€ ¢6 dang:

?(t)=%sinw(t—r) 16D

Trén hinh 1.31 mo6 ta d6 thi ciia ham y, nay

yit)

1 112 T

Hinh 1.31

2. Tai trong tinh tuong duong P,

Trong tinh todn dong luc hoc cong trinh dé x4c dinh cdc gi4 tri 16n nhat cla ndi luc va
chuyén vi trong két cdu, ngudi ta thudng phai tinh qua mot taj trong tinh tuong duong
véi tidc dung clia tai trong dong lén két cau.

Tai trong tinh tuong duong 12 tai trong gy ra bién dang bang bién dang cuc dai do tai
trong dong gay ra.
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Ki hiéu tai trong tinh twong duong P,,. Chuyén vi cuc dai ciia hé mot bac tu do duge
tinh qua tai trong finh tuong duong la:

P

Yaax =811 -Pa = (1-162)

Suy ra: P, =%m*:—* ,  Hay: Py=K.¥ma (1-163)
1

Sau khi xdc dinh dugc tai trong tinh tuong duong, bai todn duoc tinh nhu bai todn tinh
chiu tic dung ctia P,y Trang théi fing sudt bi¢én dang c@ia hé lic ndy tuong duong véi
trang thi ting sudt bién dang 16n nhat khi hé chiu tic dung clia cac dang tai trong dong.

Khi hé chju tic dung cia xung tic thoi, ta da bi€t: y ., = Mo Thay gia tri nay vao
(1-162) ta dugc:

p. S 1 __So
4T Mo 3, (Mo?).§,
Do dé: Py=5.0 (1-164)

Ciing cén thdy thém rang: Khi hé chiu tic dung cua xung tdc thoi, tai trong tinh tuong
duong chinh bing luc dan héi 16n nhat tinh theo (1-163), hoac bing luc quin tinh 16n
nhat dat vao khoi luong:

Luc quén tinh:
v S 5. ]
P (1) = -M¥y(t) = —o° sinot = Sosin ot
L (1) =-M(1) = ——

Do dé: P™ = Sw . Két qud nay diing véi cong thic (1-164)

3. Mot so thi du:

Thi du 1.7: Xé4c dinh m6 men uén 16n nhat trong ddm don gian cho trén hinh 1.32a.
Tai trong dong tac dung lén khéi luong cd quy luat thay ddi theo thoi gian cho trén hinh
1.32b. Cho truée: E = 2,1.10%kN/em?, J = 100cm®, [ = 2,5m, M = 0,01kNs’/cm,
P_ =50kN, 6 =0,05.s.

P(t)

i ”E:% | 0——°—-| l

-l
1

a} b)
Hinh 1.32

- X4c dinh tdn s6 dao dong riéng ciia hé
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1 1 48E]  [48.2,1.10%.107 1

® = = = = o =254 ¢

T EVIE Ml 2,5°.10%.10 S
48EJ

- Chi ki dao dong riéng cua hé:

21 2.31416

T=2"=
® 25,4

=0,247.S

]| D

- Tinh ti s6
8 _ 005
T 07247
- X4c dinh tai trong tinh tuong dwong t heo (1-164):
P,® _ 50.005

=0,202 <25%

Py=S.0= 5o 5 - 254 =1,25.254 =318 (kN)
- Gid tri mo6 men uén 16n nhét trong dam tai gilfa nhip:
_ Pyl 31825
M = R 159 (kNm)
Thi du 1.8:

Lap phuong trinh dao dong va moé t& qua trinh dao dong ctia hé Ian luot chiu téc dung clia
cdc xung luc bing nhau theo chu ki bang nita chu ki dao dong ri€éng ctia hé. Hinh 1.33a.

%sﬁs %S;FS Js3=s
a) | ; ‘ !

| T2 TiZ

A%
i

| z |
ShanPi
| | | |
oy~ >
~ s
| | "~ | |
o ! | | 1
| | | | |
y i : WWNE Ll
o | i
J |
I}

:

Hinh 1.33
Xét su dao dong cia hé & 3 khoang thdi gian sau:
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—

-Khoang 1: 0t < £X theo (1-158) ta ¢6:

S . :
y, (1) = ——sinwot =asinol;
Mo

- Khoang 2: ~F2£ <t < T, theo (1-158) va (1-161) ta cé:

- . T . . T
y,(1) =y, (1) +asinw (t —EJ = a[smmt +sn® (t—rz—ﬂ =

—a[sinot+sin(et-1)]=0
-Khoang 3: 12T

. . 2n .
y;(t) = y(t) +asimnw (1-T)=asinw (t ——5} =asmot

Tren hinh 1.33b, ¢, d bidu thi dao dong trong ting khoang thdi gian, toan bo dao ddng
ctia hé duge mo ta trén hinh 1.32c.

§7. DAO PONG CUA HE 1 BAC TU DO CHIU TAC DUNG CUA TAI TRONG
NGAN HAN

O phan nay ta s€ khao sdt tic dung cua loai tdi trong dong ngan han. Khi T <25%

thi tdc dung cla tai trong ngdn han duge xét nhu tic dung ctia xung tdc thoi. néi dung ta
dd nghién ctu & $6. Dudi day s& xét mot s6 dang tai trong dong ngan han trong dé

0 - C e L.
T > 25% . Khi chiu tac dung cua a1 trong ngan han, trang thai dng sudl bi¢n dang lén
nhat ctia hé ¢ dat duge trong mot khoang thoi gian rat ngan. so véi trudc kh; luc tat dan
¢é thé hap thy duge ph.m 16n ning lugng cla qué trinh dao dong. Vi vy khi tinh hé chiu

tdc dung clia tai trong ngin han s€ khong xét 16 anh hudng cua luc can.

1. Tai trong ngin han ¢6 dang hinh sin

Xét dao dong ctia hé mét bac ty do chiu tdc dung cua tai trong dong ngin han cé dang

hinh sin (hinh 1.34).
P(t)

P(t) = P, sinrt

Hinh 1.34




N6i chung khi chiu tai trong ngén han dao dong clia hé s& duge tinh & hai giai doan.
Mot giai doan cé su duy tri tai trong dong va mét giai doan hé dao dong ty do khong c6
su t6n tai cha tai trong dong bén ngodi.

-Xétkhoang 1: 0<t<0.

Phuong trinh dao dong khi hé chiu tic dung cha tai trong diéu hoa duge xac dinh bang
biéu thitc (1-116):

1
1-p2

P

y(t)= fm (sin it — B sin @) (1-165)

Xét 6 khoang 2:t>9

O giai doan nay hé s6 dao dong tu do, dao dong nay phu thudc vao chuyén vi 57(6) \Z]
t6¢c do V() & cudi giai doan 1. Phuong trinh dao dong dugc vi€t twong tu nhu: (1-45):

0) .
y(t)= Msm o(t—0)+ y(B)coso(t - 0) (1-166)
®

Dé x4c dinh gi4 tri 16n nhét cha chuyén vi theo thoi gian ta cén phai 1dy dao ham

phuong trinh (1-165) va cho bang khong:

dy® :5- (rcosrt—rcosm)=0
d K 1-p°
Suy ra: cos 1t = cosmt
Do dé: n=2mztot,n=0, £1,2,3,.. (1-167)

Ta cdn quan tam dén trudng hop tai trong téc dung cd tan s6 gan vdi tan s dao dong
riéng ciia hé (r — ©), nhu vay canlayn =149 biéu thiic trén, déng thoi tinh véi dau 4m
khi dé:

= (1-168)

Bien do cuc dai clia dao dong duge xdc dinh bing phép thé bicu thic (1-168) vao
(1-165). K&t qua chi thda man khi rt < 1 twong ting v6i truong hop B<l.

Khi B > 1 su cuc dai cha dao dong s€ x4y ra & khoang hai tng véi dao dong tu do.
Chuyén vi ban d4u va téc do ban dau & khoang nay dugc xdc dinh bang phuong trinh
(1-165) va dao ham phuong trinh ndy v6i phép thé 6 = =.

P 1
1-p°

K
P, T
v(0) = X 5 -(—l—cosﬁ-]

y(0) = (O—Bsin%)
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Bién do dao dong tu do cha giai doan nay dugc xdc dinh theo (1-48) s€ bang

Vi) 2 p - 1/2
2+ = = -B (2+2cos —J
Y ( © J K(I—Bz) B

Do d6 hé sé dong luc ndy s€ bang (khi B > 1,t> 0)
_ Ymax _ 2B T )
Ky= me = l—Bz COS—ZE (1-169)

K

2. Tai trong ngian han c6 dang hinh chir nhat

Xét dao dong cha hé trong trudng hop chiu

o o2 o ) P(t
tdc dung cula tai trong tang doét bién, sau do

gift nguyén gid tri trong mot thdi gian ngén 6 P
hinh 1.35:

P =P, khit<9

P(t)=0 khi >0 0

Ta ciing tinh hé & hai giai doan tng v6i hai
khoang thdi gian t S 6 Hinh 1.35

- Xétkhoang 1: t <9, P(t)=P_,
DE thdy ring nghiém riéng cla phuong trich vi phan dao dong khi chiu tai trong nay
chinh la d6 vong tinh:
P

m

YT=K

Tinh dén biéu thitc niy, nghiém téng quét chita cdc hang s6 dugc xdc dinh tir diéu
kién ban dau bing khong sé la:

y(t)=%"(1—cosmt) (1-170)

Biéu thiic (1-170) 14 phuong trinh dac déng clia hé & khoang ddu. Dé xdc dinh gid tri
16n nhét clia chuyén vi ta 18y dao ham bi€u thiic (1-170) va cho bang khong:

P
v(t) =—2.@sinwt=0
y(t) X i

. T .. T . ) Ne s
Suy ra: wt=nn, va t= HE’ viin=1;1 =§-; vi dang xét trong khoang mét, nén

t < 6 do d6 ta ¢6 diéu kién d¢ cuc tri xay ra ¢ khoing nay la: T =0,5.
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(ST

Ung v6i t = — dé thdy ring: y(t = %) = 2% =2y, nghia 1a h¢ s6 dong trong truong

hop nay bang 2.
- Xét trong khoang 2: 1> 6, P(1) = 0.
Phuong trinh dao dong tr do & khoang nay dugc viét twong ty nhw phan trén (1-166).

y(t)=y(9)cosm(t—6)+1(-9-)-sin0)(t—9) (I-17D)
®

Trong d6 y e, VA V(g 12 chuyén vi va t6c do chuyén dong clia h¢ & cudi khoang 1.

Bién do dao dong cla giai doan nay dugc xdc dinh theo (1-48):

2 2
Az\/[z@] +yz(e>=P_m\/smz[2_n.e}[1-mz_n.e) i
W K T T

= P}% \/2 [1 —COSZTRBJ

L. V.. .mo{ , 6
Do dé: K, = —™% =2sin— —= <05 1-172
o do: Ky Ve sin-— (vm T J ( )

Nhu vay he s& dong thay déi theo quy luat sin phu thude vao céc quan hé T nho hon
0,5. Tir cong thic (1-172) ta s& tinh dugc cdc hé s6 dong va cho trong bang 1.1.
Bang 1.1

0 0,01 0,02 0,05 0.1 0,167 0.2 0.3 04 | 205

0,618 I 1,175 | 1,617 | 1,902 2

= @

Ky 0 0,052 | 0,126 | 0,313

3. Tai trong ngan han cé dang hinh tam gidc v6i bién do giam dan
Xét dao dong ctia he khi chiu tic dung cla tai trong ting dot bi¢n sau d6 giam tuyén tinh

dén gi4 tri khong trong thdi gian ngan 6 (hinh 1.36).

P()=P, (1—% khit< 0
0 P

P(t)=0khit>0

Xét trong khoang 1:t < ©
Nghiém riéng cla phuong trinh vi phan giao dong o
cha hé chiu tic dung cla tai trong dong R |

l

t
Py=P. | 1-1]Ia:
" ( GJ Hinh 1.36

P(t)
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y"(t)_f[}_ﬁ] (1-173)

Tinh dén nghiém riéng nay, nghiém tdng qudt chifa cdc hing s& dugc xdc dinh tir diéu
kién ban dau bing khong sé la:

P_{smmot t
)= —cosot——+1 (1-174)
¥ K( 00 T ]

Tuwong tu nhu & phéan trén, dé xdc ddinh gid tri I6n nhét cua chuyén vi, ta ciing Idy dao
ham phuong trinh (1-174) va cho bing khong. Két qua ta nhan dugc nhu sau:

Thoi diém chuyén vi dat cuc dai la:

_ 2arctgwd (1-175)
o)
Ung véi chuyén vi cuc dai
P, arctgot
Yoo =2f[1— - ) (1.176)
Tir biéu thiic (1-176) ta suy ra hé s6 dong trong trudng hop nay:
K, = Imx =2 [1-ar°‘g°°e) (1-177)
yr 0

Diéu kién dé xay ra cuc dai trong khoang diu la thoi gian duge tinh theo biéu thiic
(1-175) s& nhd hon hoac bing thai gian duy tri tai trong 0. Tir diéu kién nay, ta xdc dinh

6
duoc: — = 0,371.
uoc T 371

- Xét trong khoang 2: t > 0.
Phuong trinh dao dong tr do dugc xdc dinh tir diéu kién ban dau ing v6i thdi diém
cudi giai doan mot, tic latai t= 0.

v(0)

y(1) = y(B)coso(t — 9)+—sm ®(t—0) (1-178)
Trong dé:
y(0) = P_m[smme — oS m@]
K o
v(0) = P_m{coswe _ 9]
K 0

Bién d¢ dao dong tu do cua giai doan nay dugc xac dinh theo (1-48)

o]
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Pn L A (sin® — b cos ®8)? + (cos 00 + wd sin O - )? =

—-m
T K
P, J(l —c0s©0)? + (w6 - sin @)’
=_K_ b
Do dé
K, = Ymax _ \/(lncosme)zge(me — sin 08)? (1-179)

¥t
- -~ T - 2 ~ ~ e - ’ -~ -
Diéu kién xay ra cuc dai trong khodng nay la T <0,371. Tir cdc cong thic (1-177),

(1-179) ta 13p dugc bang xac dinh hé s6 dong theo ti le T chia dang tai trong ngan han

nay (bang 1.2).

Bang 1.2
% 0 0.1 0,2 03 0371 | 04 0.5 0.6 0,7 038
K4 0 0,31 | 0,602 | 0,853 1 1,051 | 1,197 | 1,31 | 1.392 | 1,453
% 0,9 1 1,25 1,5 1,75 2 2,5 3 5 o0
K, | 1,506 | 1,552 163 | 1,689 | 1,73 | 1,763 { 1,809 | 1,839 | 1,908 2

4. Tai trong tinh tuong duong
Khi hé chiu tic dung cla tai trong dong ngan han ciing nhu khi chiu téc dung cla tai

trong dong c6 quy luat bat ki theo thoi gian, tai trong tinh twong duong dugc xac dinh tur
hé s6 dong k4 va gia trl 16m nhét coa tai trong dong P, nhu sau:
Ta d3 biét cong thic xac dinh tai trong tinh tuong duong tir (1-163):
Ptd = KYmax

Chuyén vi 16n nhét y,,, dugc tinh qua he s6 dong:
P,
Ymax = ¥T - Kd = _'k'_Kd

Thay gié tri ndy vio cong thic xac dinh P4 O trén, ta dugc
P[d:Kd‘ Pm (1'180)

Trén hinh 1.37 mo ta biéu dé céc hé so dong X, theo ti s6 T tng v6i mot s6 dang tai
trong dong ngan han khdc nhau.
Qua dé thi hé s6 dong vé trén hinh 1.36 cling nhu qua cic bang tra hé s6 dong ta

thdy rang:
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Hé s6 dong c6 thé 16n hon, bang hoac nhd hon don vi, K4 > 1 diéu d6 c6 nghia la: tai
<

trong tinh tuong duong cé thé 16n hon, bang, hoac nhd hon gia tri cuc dai cla tai trong
déng tdc dung lén hé.

Ks

24

m_

v
—
N

/

/

. 0.8 // ///
i/4

\\\\\\ N

hi

0.4 08 12 18 2
Hinh 1.37

Hé s6 dong 16n nhat 14 bang 2.

Hé s6 dong phu thudc vao dac tinh tai trong va ti s T

No6i chung véi tac dung tai trong dong ngan han (th&i gian duy tri tai trong rat ngan so
v6i chu ki dao dong riéng), két cdu c6é do cing cang 16n thi hé s6 dong cang 16n, hiéu
qua tdc dung ctia tai trong dong 16n két cau cang 16n.

5. Mot so thi du

Thidul.9:

V& biéu d6 ciia mé men udn dong trong ddm cho trén hinh 1.38a tii trong dong cé
quy luat theo thdi gian cho trén hinh 1.38b cho E = 2,1.10%N/cm?, J = 470cm®, / = 3m,
M = 0,01kNs*/cm, P, = 100kN, 6 = 0,03.s.
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Xéc dinh tan s6 va chu ki dao dong riéng cua he.

%F’(t)
2 4 R
! S

i

! -

P(t) }

71325  (kNm)

M Ll
Q

71,325

Hinh 1.38

o J 1 \/192EJ
M.&; M7

4
- \/192'2’1'10 470 _ 7018 =83,77-[l]
S

102.3%.100°

To2m 234 6095 )

) 83,7

, . 0 L gs . -
Tinh ti s6 —, hé s& dong, tai trong tinh tvong duong:

T

g 5)8)73 0.4, theo bang 1.1 ta tra dugc he s¢ dong: K, = 1,902, do dé tai trong

tinh tuong duong:
P,=K4P,=1902.100=1902. kN

- Gi4 tri mo men udn 16n nhat tai cdc vi tri hai ddu ngam va giita nhip:
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P.I 1892,
M=z 95; 3:71.325 (kNm)

8

Biéu dé mo men uén dong duge vE trén hinh 1.38c.

Thidul 10:

Xic dinh chuyén vi 16n nhai cla h¢ két cdu khung nha mot ting cho & hinh 1.39a hé chiu
tac dung cia tai trong séng nd cé quy luat thay déi theo thoi gian cho trén hinh 1.39b, cho
trude: M = 3kNs’/cm, do cting dan hoi cla céc thanh dimg K = 18000 (kN/cm),

P,=4500kN,0=005s.

0 -
2 I

& = 18.000 (kN/zm)

a)
JTITTT? STTTIT?
P(t)
P
b) o t
0 !
|
Hinh 1.39

- Tdn 56 dao dong riéng clia hé:
K i
o= Ko 1800 _ 75600 = 77.46( -
M 3 8
Chu ki dao dong riéng clia hé:
2rn 2,314

T=—= =0,081 (s)
w 77,46

Xic dinh heé s¢ dong va tai trong tinh tuong duong:

0 005
_=_‘—: .61 , ’ » o ) : _
T 0081 0.617, tra bang (1.2) duge: K, = 1,32

- Tdi trong (inh tuong duong:
P, =K, P, =1,32.4500=5940 kN
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- Chuyén vi 16n nhit ciia hé:

Py 5940

Ymax = —"K— = 1_8_@ = 0,33.Cm

$.8. DAO PONG CUA HE 1 BAC TU DO CHIU TAC DUNG CUA TAI TRONG
THAY HOI THEO THOI GIAN VGI QUY LUAT BAT Ki

1. Dao dong cta hé trong truong hop khong xét toi luc can

Trong trudng hop téng quét phuong trinh vi phan dao déng cla hé mot bac tu do chiu
tic dung clia tai trong thay doi theo thdi gian véi quy luat bat ki 1a phuong trinh (1-3)
véic=0.

My + Ky = P(t) (1-181)
Hay: y+m2y=f;/[i) (1-182)

Nghiém téng quét ctia phuong trinh vi phin trén bao gém nghi¢m thuan nhat va
nghiém riéng. Nghiém thudn nhét (ng v6i phuong trinh vi phan cé v& phai bing khoéng
nhu di biét & cong thitc (1-45):

Y = Yo cosmt+%sinwt (1-183)

Day chinh la thanh phan dao dong tyu do do céc diéu kién ban ddu y(o) # 0 va v(o) # 0
gay ra.

Nghiém riéng do téc dung cua tai trong ¢6 thé tim duoc trén co s& sir dung phuong
trinh dao dong cha hé chiu tic dung cla xung tic thoi (1-158). Ta xét tai trong dong
dang 16ng qudt v6i quy luat bat ki trén hinh 1.40, tai trong P, c6 thé dugc thay bing 16ng

cla cdc xung phén t3 vo cling bé:

ds=P(t).dr
Pt
pT
P —
/f
-
-
1
]
-
Z
e
0 o 1
T dt
t-z
1
Hinh 1.40
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Ta xem ring tai théi diém t trén hé chiu tdc dung ca xung phan t6 ds. D6 vong do
tac dung cia xung phan t8 ds nay gy ra la: theo (1-161).

P(t)dr

dy(t)=P(t)dry(l-v)= -sin@(t—1) (1-184)
Mo
D¢ vong toan phén do tai trong P(t) géy ra la:
1 )
YO =1 [ P(v)sino(t —T)dv (1-185)

Tich phéan (1-185) dugc goi la tich phin Duamen.

Viy nghiém téng quit ciia phuong trinh vi phan dao dong la:
y(t) =y, cos ot +~2sin ot +L [*P)sina(t-t)dt (1-186)
® Mo “°

Phuong trinh dao dong (1-186) ¢ thé tim duoc bing céch gidi truc ti€p phuong trinh
vi phan dao dong (1-82) theo phuong phip bién thién hing s6 Lagringio hodc cd thé tim

dugc nho phép bién déi Laplatxa. & day khong trinh bay cic phuong phap nay.

2. Hé s6 dong trong truong hop tong quit va biéu thirc lyre dan hoi
Dé tim hé s5 dong theo thdi gian ta cdn bién ddi phuong trinh (1-185) nhu sau:

=0y -

Néu thay P(t) = P,, . f(t), trong d6 f(t) 1a luat thay déi theo thdi gian clia tai trong
dong, thi ta s& viét lai phuong trinh trén:

y(t)=98,,.P,® I; f(t).sino(t—Tt)dr

Hay : y(t)=yr.0 _[; f(t).sino(t—1)dt (1-187)
Ta da biét biéu thic hé s6 dong theo thoi gian (1-119)
Koy =2Y
Y1
Thay y(t) & (1-187) vao biéu thiic nay ta dugc:
K(t)=o [ f(r).sino(t —t)dt (1-188)
Heé s6 dong: K; = Yomax , do do:
¥t
K, = K(t)max =(0) ‘[;f('c).sino)(t—‘c)d‘r) (1-189)
max
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Chuyén vi clia khéi luong néu vi€t theo h¢ s6 dong hoc theo thoi gian:
y() =y . K@© (1-190)

T4t ca cdc dang tai trong dong ngin han da xét & §6 va tai trong diéu hoa di xét 0 §4.
Péu 13 cdc ham c6 quy luat nhat dinh theo thoi gian. Cong thic xdc dinh h¢ s6 dong
(1-189) ¢6 thé 4p dung d6i véi tat ca céc dang tai trong d6. Duéi day chi xét tac dung
ctia mot s6 dang tai trong dong.

3. Tac dung cua tai trong dat dét ngot, sau d6 giir nguyén gia tri trén h¢ (hinh 1.41)
L P(t)

+P(Y) m

me e

Hinh 1.41 Hinh 1.42
Trong thuc t& khi cong trinh chiu tdc dung clia cdc séng xung kich do cac vu né hat
nhan c6 thoi gian duy trl tai trong 6 16n gép 15 l4n chu ki dao dong riéng cia ket cau, thi
biéu dé ti trong déng thay déi theo luat hinh tam gidc (hinh 1.42) ¢6 thé bd qua thdi
gian giam tai va tinh theo bidu dé trén hinh 1.41 bdi vi trong trudng hop nay, bién dang
cuc dai clia hé xay ra & ngay giai doan dau khi tai trong tic dung.

Chuyén vi cla hé tinh theo (1-185):

y(t) = Mlu; _[(: P .sino(t—1)dt=
P, p sine(t-t)do (t—1) P,
~ Mo L - o - M2
Bidu thiic lyc dan héi dugc xdc dinh tir tich cia d¢ cing va chuyén vi dong:
P,(t) = K.y()
Thay y(t) theo (1.185) vao biéu thifc trén:

(! —cos wt)

1
P,(1)=K.— [ P,,.sina(t—7)dt
a® M.m'[: ® )

Bién doi, ta dugc: P,(t) = P,.K(1) (1.191)
Vi K(t) 1a hé s6 dong hoc theo thoi gian duge xdc dinh theo (1.188)
Tai trong tinh tuong duong la lyc dan héi 16n nhat tdc dung 1én hé :

P,=P. K, (1.192)
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Hay : y(1) =y (1 - cosw t) (1-193)
Heé s6 dong hoc theo thoi gian xdc dinh theo (1-188), véi f(r) & day biang don vi: f(r) = 1.
. - t
Kit)=w j[ lsino(t-r)di=o l—cos—w- =]l-cosot
0 o

D& thdy rang he s6 dong: Ky =Ky =2 (1-194)

Néu viét bidu thitc chuyén vi cia khdi lugng theo cong thic (1-190) ta ciing nhan
dugc két qua nhu phuong trinh dao dong (1-193).

Dao dong ctia hé dugc cho trén hinh 1.43.

Tuong tu nhu xét dao dong tu
do khi ké dén trong lugng ban y(t)
than (1-67), & phuong trinh Vonax = 207
(1-193) va d6 thi trén hinh 1.43
ta thay: Dao dong cudng biic cia e bt T e
hé chiu tai trong dat dot ngot sau IyT

dé git nguyén trén hé la dao J
dong tu do quanh vi tri can bang |
méi, cdch vi tri can bang ban dau

mdt khoang y va véi bién dé Hinh 1.43
ciing bang y-.
4. Tac dung cua tai trong dot ngot, sau do gilf nguyén gid tri trong mot thoi gian
ngan hinh 1.35
lkhit<®

py= {Dm kLSO e g taco: £(1) =
- gungtaco BU=0 khit>6

0 khit>9

Khéc v6i cdch trinh bay & §7, & day s& tim phuong trinh dao déng cia hé va xic dinh
hé s dong tir hé s6 dong hoc theo thoi gian K(t).

- Xét trong khoang 1:t <0
He s6 dong hoc theo thoi gian duogc xéc dinh theo (1-188)
K=o J:f(r)sincn (t-tdr=w (: 1.sin w(t —1) dt = (I —cos )
Phuong trinh dao dong clia hé trong giai doan nay:
yi=yr K, = P?m (1 -cosot)
Két qua nay hoan toan ding véi cong thikc (1-170) & phan trén.
Dé tim he s6 dong K, ta tinh dao ham cda K(t) va cho bang khong:

K,(t) = osinot = 0 khi ot =nn
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L T

T .
Suy ra: Loay =R =0 + 140 thet nhat Homas =7

Vi dang xét rong khoang 1 nént,,, . <6 dodé

T 6
7S6.hdy. ?20.5

. T
Tal 4y, == Kl(t)=co2 coswt <0, nén K,(1) dat cuc dai

2
Quan hé TEO‘S chinh Ia diéu kién dé cuc dai xay ra ¢ khoang maét.
Uhe véi T o e 5
ng véi Iy =5 ta co: K=K =2

- Xét rong khoang 2 : 1> 0

Khi tinh tich phan hé s6 K(1) tr khong dén thdi diém t & giai doan nay, ta phan ra hai
tich phan: tich phan tir 0 dén 0 twong tmg v6i ham f(t) = 1, va tich phéan tr 0 dén t tuong
tng v61 ham (1) = 0.

K(t) = L; f(t)sino(t-t)dr=o J‘[? l.sino (t—7)dt+0=

6 .
= cos w (1 —-0)—coswt =2$in—%—smw[l—ij

K,(t)=0khi © [t—gj =T lan thé nhit:
} 2 2
+§. Véi gid tri nay K, (1) <0, vado do:

w - 8 0 .
= = 2¢in —¢j — e —— | =2sin—
K, (1) = 2sin 5 S ( 3 ) 4511 5

Gid tri hé s6 dong nay hoan todn ding vdi cong thife (1-172) dd ¢ & phan tuén.
Phuong trinh dao dong cia hé¢ trong giai doan nay:
P. . ol . 0
VoD =y Ks(0)=2 - sin — sine |(I -
B B K 2 2
Khi xét dao dong cla hé Xy ra & khodng 2 ngudi ta con tién hanh bang phép thém bot
tai trong. Tai thoi diém mat 1ai t = 0. s€ dat thém hai tai trong ¢6 gid bang P, nhung
neuoc chidu nhau (hinh 1.44) lic ndy dao dong clia hé s& buo gom: duo dong do tdc
dung cta tai trong P dd xét & khodng moét va dao dong do i trong - P, bt diu tai thdi

diem 0, két qua ta cling nhan duge ding vai cde biéu thidc & cic phin trén.
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I :
) =
: _________ H||!|ac

Hinh .44

5. Dao dong cuiia hé trong trudng hop cd cuc can
Trong trudng hop tong quét hé ¢ xét dén luc can, phuong trinh vi phan dao dong 12
phuong trinh (1-5): ;
My + ¢y + Ky = P(t}, chia ca 2 vé cho M:
P(1)

Y1)+ 20ey(1) + 0 y(t) = Ve (1-195)

Nghiém riéng cia phuong trinh vi phan niy dugc tim trén co s& sir dung dao dong cua
hé chiu tdc dung clia xung titc thdi twong ty nhu & muc trén. Tai thoi diém T trén bi€u dé
tai trong dong theo thoi gian P(t), ta téch ra mot phan té tai trong:

ds = P(T)dt

Phan 6 tai trong niy gay tic dung xung ién hé tai thdi diém 1. Do vdng do xung phén
10 dé gay ra dugc viét theo (1-161):

P(T)d‘[ . e—mz:(t-'r)

dy(t)=P(t)dt.y(1—-7) = v Sine (t—1)
D¢ vong 1oan phan do i trong Py, gay ra:
y(1) = l J'[I‘ P(t)e ™™ sin o, (1-1) dt (1-196)

Hé s6 dong hoc thay doéi theo thdi gian trong trudng hop nay Ia:

K(t) = o I: f(r).e "V sinm (1-1)dt (1.197)
o,
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Khi diéu kién ban diu khac khong y(o) # 0, v(o) = 0 ta phai ké dén thanh phan dao
dong tu do do diéu kién ban dau gay ra. Nghiém téng quat clha phuong trinh vi phén dao
dong (1-195) sé la:

_ et WEY,+V, .
yit)=e |:y0 cos ® t +——>—= sinot ]+
COC
1 t W —E(t—T) .
+M—- L) P(t)e .sin o, (t—1) dt
©

Phuong trinh nay tuong duong véi phuong trinh (1-186) khi tinh hé khong dén anh
hudng cia luc can.

6. X4c dinh tich phan s6 Duamen

O céc phan trén ta di xét céc truong hop dao dong cudng biic khi tai trong dong tac
dung P(1) ¢6 the biéu dién duogc dudi dang giai tich va da nhén dugc nghig¢m téng quat
duéi dang cdc tich phan truc 1iép (1-186) hay (1-197). Trong da s6 cac trudng hop thuc
1€ tai trong dong dugc xdc dinh tryc tiép tir két qua cha cde s6 liéu thi nghiem do duoc
vi dao dong trong céc trudng hop nay s€ dugc tinh bing cdc phuong phip so.

Str dung cong thiic luong giac:

sin (ot - ©T) = SINOICOSOT - COSMTISINGT

Ta s& viét lai tich phan Duamen (1-185) & dang sau (khi diéu kién ban ddu béng

khong):

y(t)=sinw t—l\t L; P(t)coswtdr—cosmt P [: P(t)sinwtdr
Hay:
y(0) = A(t).sinot—B(t)cosot (1-198)
Trong do:
A(t)=L Il P(r)cosmrd'r}
Mo Y0 F (1_199)

B(t) = —— f P(t)sin o Tdt
T Mo J0 ‘ }

Nhu vay viéc xdc dinh tich phan Duamen s& din dén viéc tim cdc tich phan A(t) va
B(t). D& xdc dinh céc tich phan nay ta diing cc phuong phip gan ding. Gia si can tich
phan A(t) cta (1-199). bat:

f(1)=P(1).cosot
. I
Thi: A== J, f(vdt (1-200)

Chia khoang cén 1y tich phan thanh nhi€u doan cé khoang cich déu nhau va bang At.

Gia tri cac dai lugng P(t), coswt va gid tri cha ham f(t) tng véi cic diém chia dugc xac
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dinh (hinh 1.45). Tich phan can tim _[; f(t) dt chinh 1a dién tich cla dé thi v& dugc trén

hinh 1.45c.

At | AT|AT|AT | AT At

COSMAT
cosmZAT

b)

AT |AT| AT [At] AT |AT | At

o
¢) Ty T Ty Ty |

Hinh 1.45

Néu xem ham s6 £ bién thién theo quy luat dudng thang song song véi truc t tit moi tung
do thi ta ¢6 thé diing cong thic gan diing don gian sau dé xéc dinh tich phan (1-200):

[ f(odT=At [f, + 1 + 6, + .t fy +1, ] (a)

Néu xem ham fi, bién thién theo quy luat dudng théng ndi gila hai tung d6 ta ¢6 thé
diing cong thirc hinh thang:

j:_f f(t)dt =%‘— [f, +2(f +f, +...+f,_)+1,] (b)

[+2 (f, +f, +...+f, )+, ]
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Néu xem ham f(t) bién thién theo quy luat parabol di qua 3 tung d¢ cha cic doan chia
ké ti€p nhau, 1a ¢ thé dung coéng thitc Simpson (v6i doan chia 1a chan).

b A
[= ?T[f“ FA(E, + Byt £ 426 + B, o4 )+, ] ©)

Ta

Trong cdc cong thiic gan diing trén cong thitc Simpson cho két qua chinh xdc hon, néu
ding céng thic Simpson véi s6 doan chia bing 2 ta sé ¢6:

d

[T £ :%(fn +Af, +1,)

Ap dung cong thitc nay vio biéu thiic (1-200) ta dugc:

An=G(f, +4f, + ;) (1-201)
At
Trong do: = -20
rong do Mo (1-202)

Biéu thdc tich phan ddy du khi tinh dén thai diém t bat ki bao gém bi€u thic Simpson
tinh véi hai doan chia ctia thot diém t, va gid tri tich phan trude dé, nghia la:
A1) = G[A(t =2AT) +{(f(t =2AT) +4f(t — A1)+ f(1)] (1-203)
Tich phan B(t) ctia (1-199) hoan toan dugc xdc dinh tuong ty nhu vé1 tich phan A ;.
Thidul.ll:

Tinh dao déng cla thap nudc chiu tic dung cla tdi trong do séng né cho trén
hinh 1.46. Xdc dinh cdc chuyén vi va luc dan héi tuong ting theo thoi gian. Cho trong luong
clia thap G = 43.7 kN, d6 cting din héi cia cot thap K = 402 kN/em, P, = 43.7kN.

3L} DU—
/\

t P
P(t)
6 | —
Pul _____
|
|
|
K = 402 kNiem I
I t
0
00256 | 00258 |
| |
a) b)
Hinh 1.46

Ta chia thdi gian ra 10 kKhoang véi A = 0,005.s. Két qua qua trinh tinh todn cho &
bang (1.3).
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Xdc dinh tan so dao dong riéng

K /K .
o= _=\/ 3:\/402 8l _ Joz.a3-30(1
M VG 437 s

Xic dinh hé s6 G theo (1-202)

At At _0005.30
3Mow 3K 3.402

=1.243.10"* (cm/kN)

G=

Pé tién lap bang ta dua vao ki hiéu:
A(l) = (1 — 2AT) + 4 (1 ~ AT) = £(1)
A1) = A(t—2AT) + A(1)

Nhur vay: A =G A(1)

Sau khi két thic su tdc dung ctia tai trong. hé s& chuyén sang dao dong tu do. Céc dai
lugng A(t) va B(t) tai thoi diém ket thiic tai trong téc dung chinh la cac hé s clla phuong
trinh dao déng tu do. Néu ki hiéu cac hé s6 ctlia gid tri tich phin d6 1la A* va B*, thi dao
dong tu do dudi tac dung chia tai trong né sé 1a:

y(t)=A*sinot—B*coswt, va bién d6 dao dong

Y s VIA®)T + (B¥)

Trong truong hgp xét dén danh hudng cua luc can, dé vong do tai trong gay ra duoc
xdc dinh theo (1-196):

! 1 GL(-1) -
y()=—— | P(De " Vsino(t-1)dt
MU)L_ .“(}
Viéc xdc dinh s6 tich phan Duamen dugc tién hanh véi céc tich phan A, va B, ¢6

dang sau:

Mt

t
A(t):L P{t) — cosw tdt
M(D . 0 ea.ml v
¢ (1-204)
coT

1 1
j P(r) £
Mo, Jo et

Ba) =

sin o _tdt

Né¢u dung cong thic Simpson tuong tu nhu bidu thite (1-203) véi trudng hop cé luc
cdn la ¢6:

A(l)= {A([ —2AT)+[P(1—2AT). cos o, (t—2A1)] e F028T

+ 4P(1- A1) . cosm, (t—AT)e ™ + P()cosw 1 } 35{1- (1-205)

10}

5
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Bang 1.3

T 0.00] 0,005 | 0,010 | 0,015 | 0,020 | 0,025 | 0,030 | 0035 | 0,040 | 0.045 ;0.050
P(7) 0 |8752| 175 | 2625 | 350 | 437 | 350 |26256| 175 | 815 O
sin @7 0 | 0.15 | 0255 | 0.435 | 0,564 | 0.677 | 0,783 | 0,870 | 0.932 | 0.976 |0.997
cos @1 1 10989 | 0955 | 0901 | 0,826 | 0,736 | 0,622 | 0493 | 0.363 | 0,220 [0.0715

P(t)cos ot | o | 86.56 | 167.1 | 236,56 289.1 | 321,6 | 217.7 | 1294 | 6352 | 1925 O

Hesse | 1 | 4 1 4 1 4 1 4 1 4 1

aP(1)cos 0| o l34624]| 167.1 | 94624 | 289.1 | 12864 | 217.7 | 517.6 | 63.52 ¢ 77 0
798.55 140,5

AQ) 513.3 1402.4 17932
AlD) 0 5133 1915.7 3708.9 4507 .4 4648
AQ) 0.0638 0,02381 0.461 0.56 0,578

P(Osinar | g | 1313 | 5163 | 11421 | 1974 | 29585 | 274,05 | 22843 | 163.1 | 854 | ©
Hesooo | | 4 1 4 1 4 1 4 1 4 1
aP sin©T | g | 5250 | 5163 | 4568 | 1974 | 1183.4| 7405 |913.72| 163.1 | 3416 | O

B(1) 104.15 705.83 1654.85 1350,87 504.7
B(1) 0 104.15 810 2465 3816 4321
B(1) 0.01295 0.1007 0.306 0474 0.537

A, sin ot | © 0.0188 001343 0.361 0.522 0.576
B(0), cos T 0.01237 0.0832 0.19 0.177 0.0384

y(t) cm 0.064 0051 0,171 035 0.537
Fd =Ky kN)| 0 2.57 20.54 63.74 140.7 216.11

Do chinh xdc clia nghiém phu thudc vao gid tri ciia bude thoi gian At; thong thudng

T e vt e e o .
chon At £ 10 s& cho phép céc két qua tinh todn thoa man do chinh xac yéu cau.

Tém lai, tir nhitng noi dung duoc trink bay & trén, ta cé thé dica ra trinh tie tinh toan
hé mér bdc it do chiu tdc dung ciia tdi trong dong nhie sau:

1. X4c diph tham s& cta tai trong dong, tic la ta phai biéu thi dugc quy luét cua tai
trong dong thay déi theo thoi gian, hoac ghi dugc cdc ¢ liéu tai trong dong theo céc

budc thot gian:

2. X4c dinh cdc dac trung dong hoc va tinh chat dan héi cla két ciu cong trinh: Tu so
dé ket cau va khoi lugng ta xdc dinh duge chuyén vi va do cing ciia hé, sau d6 xac dinh

duoc tan s6 dao dong riéng va chu ki dao dong riéng.

3. X4c dinh i trong tinh twong duong tac dung 1én hé: 3 trudng hop

- Vi tic dung clia xung tic thou:
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- Vi tai trong ngén han:
P4 =K, . P, ing vdi trudng hop khi _TG_ =225%;

Trong d6: He s& dong K, dugc tra theo bang 1.1, 1.2 hodc dé thi hinh (1.36).
- V4i tai trong déng ¢6 quy luat bat Ki:
P, =K, .P,, trong dé: K, = K(hmax
Va: K@= o [ f(t)sino(t-t)de
Khi hé chiu tic dung ctia tai trong diéu hoa:

— l -
1-p?’

d Trong dé: B

4. Tinh noi luc va chuyén vi trong hé chiu tdc dung cda tai trong tinh tuong duong Py
di xdc dinh & budc trén nhu hé chiu tai trong tinh thong thudng.

Khi tinh dao dong cia hé bing phuong phép s6, chuyén vi va luc dan héi cla hé s&
xdc dinh tuong ting véi cic budc thdi gian trong qué trinh hé dao dong duge tién hanh
theo céc budc cho trén bang (1.3) d6i véi hé khong xét dén anh hudng cta luc can; Khi
xét 161 lue can, cdc bude tinh cling tién hanh tuong tu.
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Chuong 2
DAO PONG CUA HE CO HUU HAN BAC TU DO

Trong thuc t€ tinh todn ki thuat ta hay gap bai todn tinh hé dao déng hitu han bac tu
do. Dé tién loi cho viéc biéu thi cdc phép tinh va dp dung dugce cong cu mdy tinh dién 1,
trong chuong nay s& trinh bay cac noi dung dudi dang ma tran. Viéc sit dung ngén ngit
ma tran trong co hoc da trd nén ngay cang rong rai, bi€u hién & viéc dp dung céc phuong
phdp tinh nhu phwong phap phan t hitu han, phuong phdp ma tran chuyén tiép va nhiéu
céc phuong phdp gan ding khac.

§1. KHAI NIEM VE MA TRAN CUNG VA MA TRAN MEM

Xét he dam hinh 2.1a tai céc vi tri 1, 2...n hé chiu tic dung tuong ing cta cdc luc P,
P, .. P,
Chuyén vi tai vi tri k dugc xdc dinh theo nguyén ki cong tic dung:
V=0 Py + 8Py + . + S P+ + 0, Py

k=1,2,..n

Hinh 2.1

Viét cho tal ca cac vi tri ta cé:
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¥y =6,P +8,,P, +

Yo =05 P +0,P, +...+8,,

y, =6.,P +8.,P +..+8,P,

Ta viét phuong trinh (2-1) & dang ma tran:

Yi 8y Oy
Y2 _ 81 Oy
¥a 8nl 6n2
Hay: {v}=[F]{p}
Trong dé:
¥
{Yp={0. {p}=
Yn
3 By
[F]= 8y Oy
6nl 6n2

{Y} - vée to chuyén vi;

{P} - véc to tai trong tic dung.

e+, P

In*n

P,

(2-1)
Pl
P2
Pn
(2-2)
(2-3)

[F] duge goi 1a ma tran mém. Céc phdn tlr clla ma tran d6 mém &, (k=1,2, .. n

m =1, 2, ... n) 1a cdc chuyén vi don vi dugc xdc dinh trén hinh 2.1b. Vi §,, = 8, nén

ma tran [F] la ma tran d6i xing.

Ngugc lai ta ¢ thé viét:

Hay:

Trong d6:

Py =1y, +10¥, ++1,¥,
Py =1y + 1y, +. 4 10,

Pn LY +rn2y2 +“'+rnnYn

)= [K] )

y Ty o Tpg
[K]= Dy By o Iy,
rnl rn2 I.nn

(2-4)

(2-5)
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Ma tran {K] duoc goi 1 ma tran ciing. Céc phdn tir cha ma tran do cling r,, (k=1 2, ., m;
m = 1, 2..... n} goi 1a hé 56 do cing, 1 luc tuong tng & toa dd k do chuyén vi don vi tai toa do

m gy ra. (Xem hinh 2.1¢). Vi, = r,, nén ma trin [K] 1a ma tran d61 ximg.

Dé thay ring ma tran do ciing 14 ma trin mém nghich dao va ngugc lat:

[K]=[FT". [F]=[K]"

biéu niy nhin duge do viéc nhan tri hai vé clia (2-4) vé [KT' 161 thé vao (2-2) hoac

nhan trdi hai v& clia (2-2) v6i [F]” 1éi thé vao (2-4).

$2. XAY DUNG PHUONG TRINH VI PHAN DAO DONG HE HUU HAN BAC TY
DO THEO PHUONG PHAP TINH

Xét hé dam c6 n khai luong tap
trung. Hé chiu tdc dung cia tai
rong déng P (1), Py(1)...P, (). Bo
qua trong lugng ban than dam khi
dao dong. vi tri cta moi khéi lugng
duoc xdc dinh bing mot thong s6
1a chuyén vi theo phuong ding. Vi
vay hé ¢6 n bac tu do (hinh 2.2a).

Trudc hét ta xét trudng hop bo
qua anh hudng cla luc can. Ta s¢
viét phuong trinh can bang lyc véi
viéc sit dung nguyén li Dalambe,
trong dé cdc luc dit vao khoi luong
bao gém: tai trong tic dung, luc
qudn tinh va lyc dan hoi hinh 2.2b.

Phuong trinh can bing luc doi
véi khoi lugng tha K:

P,(t) % Pt) i
e I
L __ﬁ7l y
Yl
a)

b) T

¥l
Hinh 2.2

- Py o+ Pr o= R0

Trong do:

Pk.q =-m, Yk(t)
Pog=rgy i oYz -+l Yn

Thay cdc biéu thic nay vao phuong trinh (2-6) ta duge:

m Vi (D + (1Y) + 1Yy + oY) = B ()

k=1,2,.,n)
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Phuong trinh (2-7) dugc viét cho tat ca cdc khoi lugng cta hé nhu sau:

m,§, +{1,y) +12¥, +o 1Y, ) =B
m, ¥, +(Iy, +1'22y2+...+r2nyn):P2(t) 2-8)

lnnyn +(rnlyi ThoYy Tt 1.nnyn): Pn(l)

Ta viét hé phuong trinh (2-8) ¢ dang ma tran:

fm, 0 .. O i g0 [, 1, L, Y, P](t)]
l 0 m, 0 ! Vs L Ly T o« I Yol _ P, (1)
L 0 m, ynJ T Taz - 1.nnJ ¥a Pn(t)

Hay c¢6 thé viét gon hon:
IMI{Y O} +[K]{Y(O} = {P)} (2-9)

Trong dé: [K] - ma tran d§ ctng xdc dinh theo (2-5); [M] - ma tran khoi lugng hay ma
tran qudn tinh ([M] la ma tran chéo):

{ml 0 .. 0 .‘
(M] = 0 m .. O (5-10)
_' 0 X
| O m, |
Va:
{y,m] v (D) P (1)
v (t >
{Y}: ¥a(t) {Y(t)}z y,(t) {P(t)}= P, (1) Q-1
|-
[Fa(0 LYol P, (1)

Phuong trinh (2-9) goi 1a phuong trinh vi phan dao déng cla hé n bac w do viét dudi
dang ma tran.
Khi ké dén anh hudng cta luc can, phuong trinh (2-9) s& la:

MY} +[C]{ Y@} +[K] {Y®)} ={PM)} (2-12)

Trong dé: [C] - ma tran can, hay ma trin tat dan:

Cy Cn Cln-l
Cs C [

[C] — | 22 2n (2_13)
Cni Cuo Cnn__!
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Cic phan tit cia ma tran tit din ¢, goi 12 cdc he s anh hudng tat ddn, 1a luc tuong
ting véi toa do k do t6c do chuyén dich don vi tai toa d6 m gy ra.

i (0
- YO . . s e e
{Y(t)} = la véc to toc do chuyén dich cia hé.
Vo (1)
Phuong trinh (2-12) chinh 12 diéu kién can bang tfinh hoc cla ca hé:
{-P,®} + {P(O} + {Py(D)} = (PO} (2-14)
Trong d6 luc quén tinh, luc can, luc dan hoi lan luot la:
{Pq of=M]{F o} (2-15)
.} =[]y (2-16)
{Ps)} = [K] {Y(D} (2-17)

Phuong trinh (2-12) con goi 1a phuong trinh vi phan chuyén dong & dang thuin. Viét
mot hang cta hé nay ta cé:

mkyk(t)"'zckjyj’(t)"'z rijj(t)=Pk(1) (2-18)
i=1 =1
Phuong trinh vi phan chuyén dong con viét dugc & dang nghich nhu sau:
YD+ Oy, ; +2 & Fic =2 3, P;(0) (2-19)
jIl j=1 j:]

Hay: yk(t)+5k,[m,y1(t)+Pcl(t)—Pl(t)]+8k2[m23f2(t)+PL_2(1)—P2(I)}+
+ ot Sy [m, ¥, (O +P ()-P (1)]=0
Khi xem luc can theo gid thiét luc can trong fi dan héi clia Xorokin (§4 chuong 1),
phuong trinh vi phan chuyén dong 2-18 s& c¢é dang:

. i3 )2
kak(t)'*[“'l?Jzi ry ¥;(0 =P (D (2-20)
J:

Trong do: & - do suy giam loga.

Viéc tinh luc cin theo gia thi€t Xorokin s€ tao nén luc can tong hop 13 ding thic
tuyén tinh véi luc dan héi. Diéu d6 cho phép khé nang tinh dao dong cudng bic cia hé
v6i luc can trong fi dan héi trong pham vi Ii thuyét tuyén tinh.

§3. XAY DUNG PHUONG TRINH VI PHAN DAO DONG HE HOU HAN BAC Ty
DO TUNGUYEN LI HAMINTON
C6 thé dp dung nguyén li bién phin déng hoc Haminton dé thi€t lap phuong trinh vi
phan dao dong cia h¢ hitu han bac ty do thong qua phuong trinh chuyén déng Lagring -
Trudc hél ta s& xay dung phuong trinh chuyén déng Lagrang tit nguyén li nay.
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1. Phuong trinh chuyén dong Lagrang
Bi€u thic ciia nguyén I[f Haminton nhu di biét & phdn m& ddu (M-6)

j['f 8(T-U)dt + j{‘f SRdt=0 2-21)

Trong dé: 8T, 8U 12 bién phan dong nang va bién phan th€ nang cilia he, 3R 1a bién
phan cong phén 16 clia tai trong va luc tat dan.

Déi véi da s6 cdc hé co hoc va nhit 14 cac hé két cdu xay dung, dong ning cla hé cé
thé biéu thi qua cic toa do téng quat va cidc dao ham bac nhit ciia chiing theo théi gian;
con thé nang ciia hé chi biéu thi qua cic toa do (chuyén vi) téng quét. Bién phan 8R ¢é
thé biéu thi qua céc ham tuyén tinh d&i véi cdc bién phan cla cdc toa d¢ tong quat:

T=T(y, ¥Yg:ees Y03 ¥i» Yauoee s ¥ a
U=U(y, . ¥s v Vo) b (2-22)
8R=R,8y,+R, 8y, +..+R dy, c

Trong dé cic hé s6 R, R,,... R, Ia cdc ham luc tdng quat tuong tng véi cdc toa do v,

Y2o-es Y-
Thé cdc biéu thiic (2-22) vio phuong trinh (2-21) ta dugc:

o[( aT aT ar aT .. aT _.
Sy 4L By, 4ot DBy, By, BYy +t
I K 8y + 5 -8y By OVn Ty OV 5B

T Dt Rty es o, )
ayn ayl ! ay 2 aYn
+(R, 8y, + R,8y, +.. + R_ 8y, |dt=0 (2-23)

- Lay tich phan timg phédn d6i v6i cac s6 hang phu thudce vao téc d6 & phuong trinh trén:

|| T a7, df(dr
— 8y, dt=—"20y,| - |? (—J dy, . dt (2-24)
I [(@E ! ay:

oy
Thanh phén ddu tién & v€ phai clra phuong trinh (2-24) bang khong vi: 8y, (t;) = 8y, (t,) =0.
Do dé phuong trinh (2-23) dugc viét lai sau khi thé (2-24) vao phuong trinh d6:

1] 6[

|

w | &| 8({aTy aT ou
2 g + 2R, sy bdi= -
'[” {E { at[aYiJ oy; Oy IJ YI} 0 @2
Vi tét ca cdc bién phan 8y, (i =1, 2, ..., n) |2 thy ¥ nén trong trudng hop téng quat

phuong trinh (2-25) s& thoa man khi biéu thic trong ngodc bing khong, nghia li:

g(arj 8T aU _r (2-26)
a\ay;, ) oy, 6y ’
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Phuong trinh (2-26) 14 phuong trinh chuyén dong Lagrang. Phuong trinh nay I ket
qué sir dung truc ti€p nguyén li bién phan dong hoc Haminton, trong dé cdc thanh phan
mo ta bién phan ham nang lugng va cong cla luc ngoai va luc giam chan dugc biéu thi
qua cdc 10a do tdng quét va cac dao him clia ching theo thoi gian.

Phuong trinh Lagrang dugc dp dung rong rai trong nhiéu Iinh vuc khoa hoc va ky
thuat, né dugc 4p dung véi tat ca cdc hé tuyén tinh va phi tuyén.

Thidu?l:

Xay dung phuong trinh vi phan dao dong cita hé cho & hinh 2.3. Hé¢ gom mot thanh
ciing ¢6 khdi lugng M, chiéu dai /, thanh nay duoc néi lién v6i mot thanh khong trong
luong c6 do dai / véi dau bi ngam chat. Khéi lugng chiu tac dung cla tai trong dong
phan bg déu c6 quy luat thay doi theo thdi gian f(1).

Ta xem chuyén vi theo phuong ding tai hai di¢m ddu thanh cing (diém [ va diém 2)

11 cic toa do tdng quét (chuyén vi y (1) va y,(1)).

AR EEEEE

20 j-V/////////////////////JM2
SV S
a)
2
%O T T/ ¥t
b) i

Hinh 2.3

Pong nang toan phan cta thanh ctng (khoi lugng M) bing 16ng dong nang cua
chuyén vi thing va chuyén vi quay:

1 .2
T=%Mj’§d(t)+-loa'{[) {a)

2
Trong dé:
2
yM(t):[é (v, +yz)l , J,=M-: i—z (la mo6 men qudn tinh cua thanh cing).

a (1) = %(y, —¥,). Thay cdc biéu thitc nay vao (a) ta dugc:

. PN 2 /. .n\2
el 4

Mo
2 ST T G ) (b)

6
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Ta coi cac chuyén vi y,(t), y,(t) dugc tinh tir vi tri can bang tinh ban dau bang khong,
vi thé thé nang chi duoc tinh do nang lugng bién dang tich 1fly trong hé. C6 thé x4c dinh
thé nang tir ma tran ciing va cdc chuyén vi nhu sau:

Luc dan héi: {P,}=[K]{Y}
Trong dé: K]= E: :‘: } )= {yl }

Thé nang cla hé:

1 1
U= ()T (R} =2 {¥} K1Y}
Hay:
1
U= %{Yl’ Y2 }{r” r]2:| {Yl } ) (r“yf +2r,y1Y2 + rzzyg) ©
I'21 r22 yz
Tinh bién phan 8R:

f..1
8R=(q.f({).l)(6y' zasz d- (2”

So sdnh biéu thiic nay véi (2-22c), ta dugc:
q./
R, (t)=R,(t)= —2_f(t) (d)

Thé cic biéu thife (b). (c). {(d) vao phuong trinh Lagrang (2-26) ta nhan dugc phuong
trinh vi phin dao dong ctia hé:

M .. |
— (2§, + Y)Y TIRY2 -3 f(t)
y 2 (e)

M . . 1
3 (¥, +2¥,) +12Y) T IY 12 :% f(©)

2. Phuong trinh vi phan dao dong tong quit

D6i v6i cdc he két cdu dan héi khi dao dong, dong nang va thé nang cia hé co thé
bi€u thi duge & dang toan phuong, trong d6 thé nang 12 dang toan phuong cla chuyén vi
(Ging véi cdc toa do tdng quit), dong ning 1a dang toan phuong clia téc doé:

i irij y;(©y; @

1
{ =_
® 25

e

1 & & .
T(t)—z > ijj yi(0y;
j=1 1=1

85



Pé nhan dugc phuong trinh vi phan dao dong hé n bac tr do dudi dang ma trén w
phuong trinh Lagrang ta biéu thi dong ning va thé nang & trén dudi dang ma tréan nhu sau:

U =% T [R] v} 2-27)

T :% () [K]{Y) (2-28)

V&i cdc hé ma dong nang c¢é dang toan phuong thi:
ar _
ay; -

Phuong trinh Lagrang lic nay s€ c6 dang:

o T | ou
—|—|+—=R, (2-29)
o\ 9y, ) oy,
Theé (2-27) va (2-28) vao phuong trinh (2-29) ta dugc:
[M]{¥}+[K] {} = {RV} (2-30)
Tur céc phuong trinh (2-29) va (2-30) ta nhan thay ring: luc dan héi chinh bang dao
ham cda thé nang theo chuyén vi, con luc quén tinh bing dao hiam cha dong nang theo
toc do lai dao ham tiép theo thoi gian.

0

) n
Bién phan cong phan t& clia ngoai luc va luc giam chan: 8R = 3 R;3 y; , trong trudng
i=1

hop téng quat khi hé chu tdc dung cla tai trong dong:
=
Trong d6: C;; 1a h¢ s6 cua ma trén tat dan [C].
Thé biéu thic (2-31) vao phuong trinh (2-30) ta dugc:
MYFO[c] {4 K] Yoy =P} @32
Phuong trinh ndy hoan toan tring véi phuong trinh (2-12) nhan dugc bang phuong
phdp can bang luc véi viéc sl dung nguyén I Dalambe.

$4. XAC DINH TAN SO DAO PONG RIENG HE HOU HAN BAC TU DO

Trudc hét ta xét dao dong cita hé khéng tinh dén dnh hudng cua luc can, phuong trinh
vi phan dao dong tu do cia h¢ hitu han bac ty do kht khong ¢6 luc can nhan dugc
phuong trinh (2-12), trong d6 ma tran tit dan va véc 1o tdi trong bang khong.

MY+ K] Y, } = {0} (2-33)
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Trong d6: {0} 1a vécto khong.
Tuong tu nhu & hé mét bac tu do, dao dong ty do clia hé hiiu han bac tu do ciing dugc
xem 1 dao dong diéu hoa don gian.

{Y(t)} ={A}sin (@t+7) (2-34)

Trong d6: {A} - 1a véc to biéu thi bién do dao déng ciia hé; @ - tan s6 dao dong
riéng; v - L& do léch pha.

Viéc phan tich dao dong tu do ctia hé hitu han bac tu do 1a viée xdc dinh cdc dieu kién
da¢ phuong trinh (2-33) cho phép h¢ tén tai dao dong. Tir diéu kién do ta s& tim dugc cac
tin s6 dao dong riéng cua hé.

Lay dao ham béc hai biéu thic (2-34) ta s& nhan dugc gia téc dao dong tu do.

(Y0} = —o? {A}sin(et+y) =-o" {Y(1} (2-39)

Thé cac biéu thiic (2-34) va (2-35) vao (2-33) ta nhan duoc:

-’ [M]{A}sin (o)t +y)+[K]{A}sin (ot +7y)= {0}

Suy ra:

([K]-o?[M]){Y(0)} ={0} hay ([K] - [M]) {A} ={0} (2-36)

Pé hé 16n tai dao dong { A} phai kKhac khong.

Diéu d6 din dén: Dinh thifc chia cdc hé s6 clia phuong uinh (2-36) phai bang khong:
nghia la:

|[K]-?[M]|=0 (2-37)

Phuong trinh (2-37) dugc goi 1a phuong trinh tin s& cGa hé hifu han bac tu do. Khat
trién dinh thic (2-37) ta s& nhan dugc phuong trinh dai s6 bac n déi véi w?.

Giai phuong trinh nay ta s& xdc dinh dugc n nghiém: (o] .0)% ,...(Di). Cac gid trl
nghiém ndy biéu thi gid tri binh phuong cdc tin $& cha n dang dao dong riéng. Véc 10 bao
o6m Al & cde tdn & dao dong riéng xép theo thit ng tdng din (@) < @y < @3 < .. < @)
duoc goi la vécto tan s6 dao dong riéng (va con g0i 1a pho tan s6).

W,
(‘]2

fo} = {0 (2-38)

]

©

.

Tin s6 dao dong riéng thip o, goi 14 tin 6 co ban.
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C6 thé thay thém ring: T4t cA cdc ma tran khoi lugng va ma trin citng cla hé két cau
bat ki déu 13 cdc ma tran déi xtng va xdc dinh duong. Vi vay, 14t ca cdc nghiém cla
phuong trinh tin s6 déu la thuc va duong.

Phuong trinh tdn s6 ¢6 thé viét dugc dudi dang ma tran mém. Mudn vay, ta nhan trdi

hai v& cta (2-36) véi ma tran LZ[F] ta s€ nhan dugc:
®

1
(GIGEEC) ST @39
Trong d6: [E] 14 ma tran don vi cdp n.

Phuong trinh tdn s6 ing v&i phuong trinh (2-39) s€ la:

[F][M] -—[E]

Céc phuong trinh tin s6 2-37) va (2-40) duoc viét dui dang giai tich nhu sau:

=0 (2-40)

(r“ —wzrn,) I, I,
L (rzz —‘Dzmz) Bn —0 (2-37)
I'nl rnz e (I'nn _(Dzmn)
Va
1
[‘511 ZJ 8,1, By,m,,
1
6211’11] 6121’1'12 _E s 62nmn _ 0 (2-40')
1
&,ym, & ,m, [Snnmn ——2)
®

§5. XAC PINH DANG DAO PONG RIENG HE HUU HAN BAC TUDO

Tuong tng véi cdc gid tri tdn s6 dao dong rieng w; (1 = 1, 2,...n) ta s€ xac dinh cac
dang dao déng riéng {A;} (hoic {Y;} tit phuong trinh (2-36) hoac (2-39). Viéc xdc dinh
céc tan s& dao dong riéng va cdc dang dao dong riéng déng vai trd rit quan trong trong
bai todn dao dong cta hé hitu han béc tu do.
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D¢ xdc dinh cdc dang dao dong riéng, ta dura vio ma tran [B,] tng véi tan s6 dao dong
riéng o;. Dang dao déng riéng Ung vdi tdn s6 dao dong rieng o, goi 12 dang dao dong
riéng thit i, hay dang chinh thif i.

[B.]=([K]-} [M]) 2-41)
Hay: (B1-{ 7] - 18] a1y
w;
Khi dé phuong trinh (2-36) vi€t Gng vdi tan s6 o, s&€ ¢6 dang:
[B]{viw}={o}  hay [B;}{A;}={0} (2-42)

Muén xdc dinh cdc dang dao dong riéng, ta khong nhat thiét phai tim truc ti€p cic gid
tri bién do cla cac khéi lugng, ma ta chi cin tim ti s6 bién do cda cdc khéi lugng so véi
bién do clia mét khoi luong nao dé, thudng 13 so véi bién do cha khéi lugng thit nhat. Ti

s6 dé ta goi la o.
Ay (2-43)
Ay

1

P =

Puong nhién ta dé thay ¢, = 1.
Nhu vy, dang dao dong riéng thit i chinh 1a vécto ¢é cdc phan tir 1a céc ti s8 ¢y; do:

(in (1
@2 P2i
{(Pi}z Y (=<(P3if (2-44)
(Pni (pni,
D€ tim cdc dao dong riéng, ta chia hai v& clia phuong trinh (2-42) cho hé s& A tacor
by b2 . B0 (AL} (o0
LY by by bE | Ay _ o F
A A R A
b9 b b bl Ao
o o W) (1) o)
(1) ) @ L
Hay: b D2 bai ban | 0ol O} (2-45)
by by by by Pi 0
- e | "
by bl bl bl | (Puf AP

nn |
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Trir phuong trinh dédu tién cha (2-45), ta giai hé (n-1) phitong trinh sau: ta sé dioc

dang dao déng riéng thir i:

foi}=-[e1]" {31}

Trong d6:

Pui

[B(llI]:| 13 ma tran [B™'] bd di hang mot cot mot.

M) (i) (]
bz?_ bz'{ e bzn
() (i (i)
[B(”J _ 32 b33 b?m
=
(i (i (i)
_bn?. bn3 bnn_

{Bi}} 12 0ot th nhit ciia ma tran By, bo di phin tir ddu tien.

tir]
2

L
o=

Lic nay:

(2-46)

(2-47)

(2-48)

(2-49)

(2-50)

Ma trin vuong bidu thi tat ca cic dang dao dong riéng goi 1a ma tran cac dang chinh,

ki hicu la [®].

—(Pll P12

Pay P22

[®]= [{‘Pl} ot st {(pn}] = Py P
AU P2

(pin
Pan

(p.’%n

Pun _

Cic chi s6 ctia @y; gém chi s6 thi nhat 1 chi so K chi khéi luong. v chi s thd hai la

chi s& i chi tdn s& hay chi dang dao dong riéng. Cic dar luong cla cic tic dung ngoal ¢4

hai chi $6 sau nay ciing dugc chi nhu vay.
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O dang giai tich, hé (n-1) phuong trinh sau cia hé phuong trinh (2-45) dé x4c dinh
dang dao déng riéng duge viét nhu sau:

. . 2
L+ (5 =0 M Q) + 13 Q3+ + 5,0, =0

? 3nPa =0
Ty + Py H{; — O M)+ 3,0, =

”
I‘nl +l‘n2 (PE +rn?-(|)3 +“'+(rnn —w mﬂ)(p“ =O

Hodc:

|
8,,m, +[823m2 -y }Pz +853M3Q5 + ...+ 85, m @, =0
o2

1
&4,m, +85,m50p, +[533m3 ——7}@3 + ..+ 8;,mp, =0
o2

i
6n]rnl + 8:\2In2(p2 + 8n3m3q)3 +... +(8nnmn - ;)_2— Py = 0
Cin thdy rang: Van dé xac dinh cdc i4n s6 dao dong riéng va cac dang dao dong riéng
cla bai todn dao dong hé hitu han tu do tuong tng véi bai todn xdc dinh cdc tri riéng va
véc to riéng cua dai s6 tuyén tinh. Gid tri binh phuong tin s6 tuong tng cdc gia tri riéng,
con cdc dao dong riéng s€ tuong (ng véi cdc véc to riéng. Tuy nhién, cdc tinh chat cua
cic dang dao dong riéng va cdc véc to riéng s& dugc xem xét cu thé & phan sau.
Thidu?l2?2:

Xidc dinh tan s6 dao dong riéng va dang dao dong riéng ctia dam lién tuc hai nhip ¢6

hai khoi lugng tap trung. Chom; =m, =M, a =% (hinh 2.4a).

my EJ = const My E
¢ L @ -0
7 a | a ’”;” a i, a ”)Iz” a)
[ | [ j |
///—- - -—:—1\\
(P1 // (Pm \\ QE
/7297\\\ 0= 1 //,E,, ”En b)
"-._-—- -__.‘4 —
Pa E
e pr: RG-S N 01 A
\\ // \\ ’//
Hinh 2.4
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Hé nay cé hai bac ti do, ma tran khéi lugng cia hé:

S o

81[ 612

Ma train mém: [F] = L‘)
21 O

} Céc chuyén vi don vi dugc xdc dinh theo cdch tinh &

phin Ginh hoc, & day chi dugc ra két qua:

23 P
& =0, = —— —
1T 7536 EJ

-3 P
85 =8y 2 B

| 9
[F]:152332;J [ lgj [ ]23]

Do dé:

23

Phuong trinh tdn s6 viél theo dang: (2-40)

1-u) -=
l 1oq 238 [T 23
]\[F][M]——Q[E]’=1536EJ 9 -0
[€)]
-~ (1-u)
23
Trong do: u=?1—;%gi2
Z @

Kha trién dinh thic ta ¢6 phuong trinh tan so:
9 2
(u-1y —(—1 =0
23
Gidi phuong trinh nay dé rang nhan dugc nghiém:

32 14

UI::_‘ U'_)_—
23 23

Ung véi u, 1a cé o, bing:

o _ [I536EJ _ [48ET _ ¢ g0y | B
by2aMiy, VM M7
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Ung vdi u, ta c6:

o, = [IS36E_ /768]53:10,4745 g
23MPu, N 7MF M/

Cac dang dao dong riéng dugc tinh theo cong thic (2-46)

o} =-[Bu] Bl 53

Thay u, vao biéu thifc ndy ta dugc: ¢, = -1, do d6 dang dao dong riéng thit nhat la:

: ¢ 1 . x .

{(pl } ={ P”}: { l} ta thdy dang dao dong riéng thi nhat c6 dang phan doi xdng
Pz -

(hinh 2.4b).

Thay u, vio biéu thic xdc dinh dang dao dong riéng & trén, ta duogc: (pz =]do dé
dang dao dong riéng thit hai ja:
Pra 1 . . s . .
{(P:} =q "= | Dang dao dong riéng ndy la dang doi xung (hinh 2.4c).
P22

Vay ma tran dang dao dong riéng va vécto tan 56 dugc viét nhu sau:
6.9282 1 | EJ [
fo} = B el-
10,4745j MLl -1 1
Thidu2.3:

Xac dinh tin s6 dao dong riéng va dang dao dong rieng ctia hé khung ba tdng cho ¢
hinh 2.5a.

Khai luong clia hé duge xem nhu cac khoi luong tap trung ¢ cdc thanh ngang va thanh
ngang ¢6 do cing bang vo cung. Cic thanh diing xem nhu khong ¢6 trong luo‘ng b6

clng cua cdc thanh ding cia méi tang cho rén hinh v& vd cho m, = L.78. kN.s 2Jem,
K, = 1070. kN/cm.

M,

=1 Y51 =K =1
T TRy, L . R BT
- K 2K, \\\ ;=0
m,=1,5m, L \
TITTTTTT T — Y2 7 | | s = -2
- ™~
K= 2K, ;= - Ky = 3K, AN
m,= 2m; 7 \\
TT77 7T 77777 Y3 . - Loy
K3= 3K1 r31 O r32 = ZK'E r33 = 5K
(@ 77777 J777777 J777TT7 /77
a) 5
Hinh 2.5
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Heé nay c6 ba bac tu do ing véi ba chuyén vi theo phuong ngang & moi ting. Ma tran
do cing duoc xéc dinh bing viéc cho cdc chuyén vi bang don vi & mdi tdng va x4c dinh
cdc phan luc din héi nhu trén hinh 2.5b. Vi cdc thanh ngang cia khung c6 do ciing bang
v6 cling nén cdc phén tif clia ma tran céng duge xdc dinh bang tong do cimg tuong ling
clia céc tang, ta c6:

Ny Nz I3 I -1 0
[K]=|t m ma|=|-1 3 -2|1070 kN/ecm
Iy T Is 0 -2 5

Ma tran khéi lugng cla hé:
m, O 1 0 0
[M]=| 0 L5m, =10 L5 0|78 kNs*/cm
0 0 2m| [0 O 2

0
0

Viét phuong trinh tin s6 ¢ dang ma tran cing (2-37)

(1-u)i -1 0
_ o _o-
[K]-o [M]| I PP 1070 =0;
0 j -2 (5-2u)
Trong do: u= L.780"
1070

Khai trién dinh thic ta nhan duge phuong trinh bac 3:
u-55u0+75-2=0
Nghiém ctia phuong trinh nay: uj =0,351; u; =1,61; uz = 3,54.

Tir d6 ta ¢6 phd tén s6 dao dong riéng ctia h¢:

o (14,5 |
{o}=qm,r=1311 (—}
o | (461 V7

Céc dang chinh dao dong dugc xédc dinh theo (2-46)

-1 [(5-2u) 2 }'—1}

{‘PT} - _[B'ﬂ {Bi}= (3 1,5u)(5—2u)—4\_ 2 (3-Lswj|

Véiu, =0,351 tacéd:

~1 ~(5-20,35D)] 1 [4,298] [0.648
{q"}"(3—1,5.0,351)(5—2.0,351)—4 -2 | 66311 2 | |0302

Tuong tu ta xac dinh duoc {(pZ} Uing v6i u,, {q)’:} ing véi us;
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{ *}_ ~0,602 ] { } ~2,58
P207| 6,678 " 1) 2,485
Ma tran céc dang chinh dao dong cia hé:

e Pz Py (1 1 1
[CD]: Py Py @3 |=; 0,648 0,602 2,58
Oy P O3 _0, 302 0,678 2,485

Cac dang dao déng rieng dugc v€ trén hinh 2.6.

1 1 1/
0,648
: 2
0,60 258
Dang 1 0,302 0,678 Dang 2 2,485 Dang 3
fT77777 777 777
Hinh 2.6
Thidu2.4:
Xdc dinh tan s6 dao dong riéng va cac dang dao dong riéng cuia hé cho & hinh 2.7.
. c)
EJ = const om o oW
™" 3 M= 3 M= g
& @ L ] = 4
? | 7 e
13 i3 | B ~
‘ 3338 T~. 6181
o (28] -
~ ] P 1
¥ =1 -l ,1=138a =362 4 i=2 e /I
ri;=138a 4 9 \\\‘I _.:’/ /
N 12 1 =132 r,=48a S — 0.959 1,368
b) “ad ~~

A
!
/
f
/s
/
S
*—9
\
AN
N
“
o |
o
-9

715362 l o rp=21a
7 e S l 0,448
2 T~ -~ l T ~ 1
yy= 1 r,s=48a ~ .
- -
Hinh 2.7
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Hé nay c6 ba bac tu do ting véi ba chuyén vi theo phuong diing tai cac khéi luong. Ma
tran khoi lugng cta hé:

0 0
m/
[M]=—3—0 1 0
1
0 0 —
L 2]

Pé xdc dinh ma tran cing, ta cho hé chiu céc chuyén vi don vi tat cdc khoi lugng theo
phuong clia bac tu do va xdc dinh cdc phan luc dan héi tai cdc khéi lugng. Cac phén tu
cla ma tran clng twong Ung vOi cdc trang thai chuyén vi don vi trén
hinh 2.7b.

Ta dugc:
n, T2 93 240 -138 36
[K]=|r m ns|=2|138 132 —48),
Trong do:
_27E]
137

Phuong trinh tdn s6 duge viét dudi dang ma tran cling (2-37) nhu sau:

(240-u) 138 36
[K]-o?[M]=al -138 (32-4) 48 =0
36 48 (21-0.5u)
4.2
Vi _DBmle
81 EJ

Khai trién dinh thitc trén ta nhan duge phuo’ng trinh.
-u® + 414u” - 21060u + 3604 =0
Giai phuong trinh nay ta c6 cac nghiém sau:
u = 1.7965;  u, =57.269; uz= 355

Do dé. véc 1 tan 56 duo dong ricng clia he s& 1a:

v, 3.346 5
{o} {o,; p=118.89 —
o, |47.031) "7
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Dé xac dinh cac dang dao dong riéng ta sit dung cong thic (2-46)

) o (132 -u) 48 ' (-138
{‘Pi}z‘[B“} {B‘}z'[ —48u (21—0,5u)} {36}

_ ~1 [(21—0,511) 48 }{—138}
T (132-u) 21-0,5u)—482| 48 (132 -u) 36

Thay cdc gia tri u,, u,, U3 O trén vao ta dugc:

o fon] (3.338) (. 0,969 4 [-0.714
{q)l}:{(pzi}:{&l&} ;{%}:{—1,368}; {%}:{ 0,448}

Ma trin cac dang dao dong riéng cla hé:
1 1 1
[©]=|3.338 0,969 -0,714
6.181 —1,368 0,448

Cic dang dao dong riéng duoc mo té trén hinh 2.7c.

$6. TINH CHAT TRUC GIAO CUA CAC DANG DAO PONG RIENG

Céc dang dao dong riéng cua hé hiru han bac tu do c6 mot tinh chat dac biét, d6 la
tinh chat truc giao. Tinh chat nay déng vai trd rit quan trong trong viéc giai quyét cdc
bai todn dao dong cudng bic cling nhu dao dong tu do cua hé¢ hitu han bac ty do. Biéu
thitc clia tinh chat truc giao gilfa cdc dang dao dong riéng duoc tim trén co s& dp dung
nguyén li cong tuong hd Betti d6i véi cic dang dao dong riéng.

Phuong trinh vi phan chuyén dong (2-33) doi vdi cac dao dong ty do c6 thé dugc viét
& dang (2-36).

[K] {50} = a2 M)y, ) 5

Trong d6: vé trai biéu thi vécto clia luc dai hdi {Py(t)}, con v& vé phai biéu thi vécto

cua luc quén tinh {P,(t)}. Nhu viy khi dao dong tu do, cdc dang dao dong riéng duoc

xem nhu su thay déi clia d6 véng do céc luc quén tinh, (cdc lyc quan tinh déng vai tro nhu
t4i trong ngoai) gay ra. Ta xét hai dang dao dong riéng thir "1" va thit "j" trén hinh 2.8.

Ap dung nguyén 1{ Betti cho hai trang thii bién dang ting véi hai dang chinh tht "1" va

LI

J" ta s€ co:

{y,0} {Py0}={y, 0} {Py} (2-53)

Sau khi thay {Y(t)} theo (2-34) va {Pq(t)} =- w’[M] {Y(©)} vao biéu thitc trén réi don
gian cdc ham tudn hoan theo thoi gian ta dugc:
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ot (a7 MY =2 (AT TM]A ) 254

Hinh 2.8
Ta thiy ring: tich cdc ma tran & phuong trinh (2-54) I dai lugng vo hudng, vi vy sau
khi chuyén vi trf cdc ma tran & mot vé réi thuc hién phép chuyén vé. ta s dugc:

(o)A M), -0 259

] i 1
Vi céc tin s6 dao dong riéng cé gid tri khdc nhau o, # w;nén ta cd thé viét biéu thiic trén:
'
(A} [M]{aj}=0 (2-56)
Biéu thic (2-56) biéu thi tinh chdt tryc giao clia cic dang chinh dao déng. Biéu thic
tinh chdt truc giao con ¢ thé viér duoe qua ma tran ciing [K/, muén vay ta nhan trai hai
vé ctia phuong trinh (2-52) v6i ma tran 1Y;1 (1), sau khi bo di cdc ham thoi gian & hai v&

ta duoc:

" .
(A} [Klad=ol{A} M)A}
V& phai cha biéu thitc nay theo (2-56) bang khong, do d6 ta cé:
{a}[K}{A) =0 @-57)

Trong truding hop téng qudt biéu thiic tinh chdt tryc giao cha céc dang chinh dao dong
duoc viét véi céc véc to dang dao dong khong thit ngiyén {(Pi } . {(pj} . Muén vay ta chia
céc bidu thiic (2-56) cho cdc bién 49 chuyén vi cua mot khéi luong nao dé dng véi dang
“i"va")" ta dugc:

(o} (Mo} =0 @5%)

O dang gidi tich, bidu thifc tinh chat truc giao viét theo ma tran khoi luong nhu sau:

1

3 (M @y + My Qg + oo+ My @) Py = 0 (2-58")
k=1

Bidu thic tinh chat truc giao viét theo ma tran clng déi véi cic dang dao dong khong

tho nguyen.

(o} [K]{g;}=0 (2-59)
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Qua cic bicu thifc (2-38). (2-59) ta thdy rang: cdc dang dao dong ueng{ } {(pj} (1#])

trirc giao véi nhau qua ma tran khéi lugng [M] va ma trin cting [K], hay néi cich khéc la:
cic dang dao dong riéng truc giao nhau véi trong s6 [K] hodc [M].

Ta con cé thé biéu thi tinh chat truc giao cia cdc dang giao dong riéng voi lrong s6 12
tich khong han ché cdc ma trdn tao nén tir ma tran [K] vd ma trdn [M]. Chia hai v& cla
phuong trinh (2-52) cho mdt bién do nao d6 (bd ham thoi gian di) ta cé:

[K]{ 1} O; [M]{ l} (2-60)
Nhan trdi hai v& phuong trinh nay véi {(p i }I[ M][K]_l , ta duoc:
fo,} Mo} =0t (o)} MIKT" {0}

Sir dung (2.58) suy ra

fo,} [MI[K]" [M]{e} =0 @-61)
Lai nhan trai phuong trinh (2-60) véi {(pj }T [M][K]*I [M][K]" s& duoc:

(o, [MIKT™ [M-{o} =7 {o ) IMIKT MITKT [ (o)

Sir dung (2-61) ta c6:

fo ) TMIKT™ (IR Mo} =0 2-62)
Tuong tu néu ta nhén trdi phuong trinh (2-60) véi {cpj }T [K][M]'l sé dugc:

foy] " [KIMT™ [K]{e} =02 o, [K]{o1)
St dung (2-59) s& cho:

fo;} MK [K]{@} =0 (2-63)
Phép nhan trai phuong trinh (2-60) véi {(pj }T [K][M]" [K][M]"' s& cho:

o) [KIMT[K]M] ' [K]fo ) =2 {o, ] [KIMT [K]{e}
St dung (2-63} ta co:
fo, ] MJ[K] " [M][K] ' [K]{o} =0 (2-64)
Céc quan hé trén c6 thé lap lai ma van cic thuat todn tuong .

Céc biéu thic tinh chat truc giao & trén va ké ca (2-58) va (2-59) c6 the viét gon lai &

dang sau:
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b
{(p.,}[M][M"K} {p;} =0, o <b<wo (2-65)
& biéu thuc (2-65) néu lay b=0, va b =1 ta s€ nhan dugc (2-58) va (2-39).
§7. CHUAN HOA CAC DANG DAO PONG RIENG

Ta viét lai cdc phuong trinh (2-55) ¢ dang sau:

(o1 -2) o} Do =0

Néu o =o,(i=j) thi phuong trinh trén chi thoa man khi {¢; }T [M]{,} =0 taco

. T
thé chon {cpi} [ M]{o;}=1.
Dang dao dong riéng thod man biéu thifc trén dugc goi 1a dang chudn, ki hiéu la
(@) Ta viét lai:
T
{o.} [M]{oi},, =1 (2-66)

Viéc dua cic dang dao dong riéng vé dang chudn goi 1a chuan hoé cdc dang dao dong
riéng. DE x4c dinh dang chuan, ta dat:
{0} = b {o;} (2-67)

Dua (2-67) vio (2-66) ta duge: b2 {o,} [M]{ 0/} =

Suy ra biz = T :
o} M]{ o}
Néu dat: a? ={o, }r [M]{ 9;} (2-68)
Thi: b, = va do d6 & (2-67):
g
1
(002 10] @9

1
Khi tit ca cdc dang dao dong riéng da dugc chudn hoa, thi tir (2-66) ta s& viét duge
diéu kién truc chudn & dang tong quét sau:

Tof, | [M][®]=[E] (2-70)

Didu kién truc chudn tdng qudt con viét dugc v6i ma trdn cing nhu sau: nhan trdi

phuong trinh (2-60) véi {o; }T ta duoc:
o} Ko} =0?{o} Mo}
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Khi dang dao dong riéng di dugc chudn hod thi biéu thic trén 6 dang:

{ou} o [Kl{oi] =0 @-71)
Biéu thiic (2-71) viét d6i véi tdt ca cac dang chuin:
[chh ]T [K] [chh] = [Q] (2-72)

w: 0 .. 0

3

0 a)% .. 0O

Trong dé: [Q] = diag (col2 ) =

0O 0 .. mi

Diéu kién truc chudn téng quat (2-70), (2-72) c6 y nghia quan trong trong viéc rit gon
qud trinh tinh todn dao dong ctia hé sau nay:

Thidu?2.5:

Cho hé & hinh (2-9). X4c dinh tdn s6 dao dong riéng va dang dao dong riéng, kiém tra
diéu kién truc giao cdc dang giao dong riéng. Chuédn hoa cac dang dao dong riéng va
m/

kiém tra diéu kién tryc chuén. Cho m, = i

EJ = const

REINNNNNNY
5

112 T
Hinh 2.9

& ndy c6 hai bac ty do, ma tran khéi lugng cua hé:

SRETE:

8, B B [2 5 2 5
[F]= = =1
8, &y | 48EJ|5 16 5 16

Xdc dinh tdn s6 dao dong riéng theo phuong trinh (2-40):

[F][M]- €]

Khai trién dinh thitc ta nhan duge phuong trinh:

Ma trin mém:

m/* |
u=—

192EJ ’ ®*

{d4a—-u) S5a
10a (16 —u)

=0, trong dé: a=

u?-20a.u+14a°=0
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Nghiém cta phuong trinh nay: u, = 19,27362a; u, =0,72638a.

Do d6:
fo} = o, :J3,156 1 151
o,] [16,258] N m

Xdc dinh cidc dang dao déng riéng theo (2-46)

{(P.} = —[B“Il {Bl } =- 1620—au- . Thay u, va u, & trén vao ta dugc:

{07} =3,054722
| 1
= -0,6547236, Vay [®]=
(o2} %, Vay |®] {3,054722 —0,6547236}

Ta kiém tra diéu kién truc giao (2-58):

{o.} [M]{g,}={1 3054722} E ﬂ {1_0,654?236}2

= {1 3,054722} J } =2-3,054722.0,6547236 = 0,15.107 =0

(—0,654722
Nhur vay diéu kién truc giao thod man. Pé chuin hod cdc dang dao dong riéng, ta tinh
cic he s6 a, theo (2-68):
” T 2 0 1
7= M =113,054722 » =11.331326m
af={onf M]{en} = }{0 1}“"{3,054722} o
Do d6: a, = 3,3662. ym,,
a3 = {@2}1‘ [M]{e,} ={1 -0,6547236} 20 m, ! =2,4286629m,
- - 0 1| “|-0,6547236
Do d6: a, = 1,5584167 \/m,, .

Dang chuidn duoc xéac dinh tir (2-69):
o], = 1 [ 1] _[0,2970705] 1
P 73 3662, Jm, 11054722} 0.907468

AL

{0,6416769} 1

-0,420121] . /mo

1 !
o} = Jm,-1,5584167 {0,657236} B

Ma tran dang chudn:

(@, ]=| 2770709 0,6416769] 1
€171 0,907469  —0,420121] fm,
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Ta kiém tra diéu kién truc chuén (2-70).

[ ] (][0 ]- 1 [0,2970705 0,907468 1[2 0 0,2970705 0,6416769| 1
ch h 0,6416769 -0,420121]{0 1 0,907468  -0,42012

\Y m()

Nhu vay diéu kién truc chuan thod man.

$8. DAO PONG TU DO HE HOU HAN BAC TU DO
Phuong trinh vi phan dao dong tu do nhu da biet (2-33):
[M{gc}+ [K]{yw} ={o} 2-73)
Nghié¢m riéng thi i dng véi dang dao dong thit i viét theo (2-34):
{yi(l)}={Ai} sin(o,t+y; Li=1,2,...n (2-74)
Trong d6 {Ai } v v, dugc xdc dinh tr diéu kién ban dau clia hé (céc t6c do ban dau va

cdc chuyén vi ban dau). Tuong tu nhu déi véi dao dong tu do cua hé 1 bac ty do & dao
dong clia hé hitu han bac tyr do, nghiém (2-74) cling con viét duge ¢ dang (1.45):

{y,(0} = {B;}.coso;t+{C;}.sineyt (2-74)
Véc 1o van toc:
{y,(0} = -0, {B,} sino;1+ o, {C;}cos ot
Cic diéu kién ban dau: {yi }[ . {y ’}
{Yi },:(, = {V?}
Thé céc diéu kién nity vio phuong trinh chuyén vi va phuong trinh vén t6¢ & trén, ta €

nhan dugc:

(2-75)

Do dé: {yi(t)}={ }00*(’”*{ }

Trong dé {y} {\} 12 véc 10 chuyén bi ban ddu, vi vécto t6c do ban ddu tic dung
vio hé gay nén dao dong w do cha hé lng v6i dang chinh tha it {yi (t)} . Néi céch khac,

ching 13 cic véc to do cdc vée to chuyén vi ban ddu va tdc do ban dau cia hé duge khai
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trién vao dang chinh thit i. Téng clia cic véc to nay chinh bang véc to chuyén vi ban ddu
va véc to toc do ban ddu cua hé.

oh={yi}+{ms}+ o+ (o} v (2-76)
voy={wit+{vs) +...+{v;‘}+...+{v;;}
D€ xic dinh {y7} , ta da:
{y'}=a.[M]{o} 2-77)
Pua (2-77) vio (2-76):
(v} = M)} +oa[M{o,} +o v IM]{o } v [MI{e, ) 278)
Nhan tréi 2 v€ ciia phuong trinh (2-78) véi {g;} . ta ¢6:

o) (v} = fou} Mo} +ov o for} Mo} vy for} (M)

St dung tinh chat tryc giao (2-58) d6i v6i v€ phai cha phuong trinh trén, ta dugc:
T T
{oi} {yo}=cu{o} [M]{oi}
Tir biéu thic ndy, ta rit ra:

o = ——-—{(pfr}T {ro} (2-79)
{o:;} [M{o]

Pua (2-79) vao (2-77). ta dugc:

.
{o} [M][‘Pi]
Véi ca hé (i = 1.2...n) ta ¢4 ma tran khai trién chuyén vi ban dau:
v ¥h o Y
(Ve ]=[lh st = vs v e v 2-81)
y‘:ﬂ y(r‘:'.l y?‘:n
Tir (2-76) ta ¢6 diéu kién kiém tra theo hang sau:
YK =iy‘]’<i :(y‘;(l +Yx2 +...+y‘,‘(n) ., K=1,2...n (2-82)
=1

Tuong tu nhu qud trinh trén, ta ciing nhin dugc véc to téc do ban ddu khai trién vio
dang dao dong riéng thit i nhu sau:

104



oo {q’i}T{"n} _ _ i
= o i M 0 )

Ma tran khai trién téc do ban ddu doi vGi ca he:

4] (4] (8]
Vit Vi - Vi
O O (&)
[v;;h}=[{v;‘}.{v;},...!v;}]= Y Va2 e Vo (2-84)
1
0 O (¢]
an n2 Vnn_
Cong thifc kiém tra theo hang:
d 4] ) (8] 8] 85
[A ¢ _
= Vi =(VK] +VK2+...+yKn) (2-85)
o)

Cuéi cing ta c6 phuong trinh dao dong ty do ctia hé hifu han bac tu do viét & dang

(2-75) nhu sau:
vy} =¥ 1K, 0+ [ Vi iKW 0 (2-86)

Trong dé: [Yli'hil [V,i'h:l duoc xdc dinh theo (2-81) va (2-84), con cic véc to
(K, (0} va {K,, (0]l

(2-87)

i

{K (I)} @, ¢ (2-88)

Phuong phdp giai bai todn dao dong tu do hé hitu han bac ty do O trén goi 1a phuong
phép khai trién theo cdc dang dao dong riéng. o day la khai trién truc ti€p nguyén nhan
tdc dung bén ngoai theo cdc dang riéng. Phuong phdp nay con goi la: phuong phdp dua
trén cdc diic trung tin s6, hoac phuong phdp cong dang dao dong: phucmg phap cé thé
duoc dién dat & nhiéu cdch khic nhau, sang phan dao dong cudng bic cua hé hitu han
bac tu do ta xét nghién ciu cy thé hon.
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Thi du 2.6:

Cho hé ¢6 2 khoéi lugng tap trung hinh
(2-10), h¢ chiu tdc dung cia diéu kién  EJ

ban dau: ;;?,b o gw *— ﬂgm
{y}1:(1 :{yn}:{o} ’ |

{3}, = Vol ={f}v(, Hinh 2.10

Xac dinh dao dong tu do cta hé

Véc 10 tin s6 dao dong riéng va ma tran cdc dang dao dong riéng clia bai todn nay da

¢6 & thi dy (2-2):
6,9282 | [EJ 11
= . D)=
to} {10,4745} M 9] [—1 1}

Ta xdc dinh t6c do ban ddu khai trién vao cc dang dao dong riéng theo cong thirc (2-83):

IRV
- S

TR

o7 iy {1 1 2 v, .
{Vg}:{w{z;%}[hi]giz}[M]{%}:{1 1}}\4%}0“1}1\4& ﬂ{—ll}:{ i }7

0 1

Vay ma tran té¢ do ban diu khai trién vao céc dang dao dong riéng cia hé:

] [¢] 4] 1 3 !()
[V‘ih]z[{vl}’{vz}}:[:_l 3:|—\2—
Kiém tra theo cong thic (2-85):

] 3
3} 8} o = — B Xl
v =V V), f(—z v, +2v” =2v, : Duing

(8} 13 (4] 1 3 — xr . D -
vy = Vo +Vh = —EV(,“’FEVU =v, :Dbing
Véc 1o chuyén vi clia hé - phuong trinh dao dong tur do dugc xic dinh theo cong thitc (2-86):

sin ot

{y()} :[VEL]{KW(I)} 2[_11 ’ﬂ % si:)o]J-,t

)
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(v

<

sino it 3v, sinm,t
- + -

'

\
J (0,07217sinm,t +0,1432sin@,t)

2 o 2 © {
{y(t)}: - l '2 N v, r}:_]
Vv, Smot + 3v,, Sin®,t (—0,07217sin ot +0,1432sin m,t
2 o, 2 o,

$9. PHUONG PHAP LAP NANG LUGNG XAC PINH TAN SO VA DANG DAO
PONG RIENG HE HUU HAN BAC TU DO

Nhu di trinh by & chuong 1, phuong phap nang luong duoc dua trén dinh luat bao
toan nang luong: Trong qua trink dao dong téng dong nang va thé ning cua hé ludn la
mot dai luong khéng ddi. V&1 hé mot bac tu do, tan s6 dao dong riéng dugc tinh theo
cong thiic (1.64). Néi chung sir dung phuong phdp nang luong cho bai toan dao dong
riéng hé mét bac tu do 1a thuan loi va don gian. nhung trong thyc &€ véi nhiéu céng trinh
cén véu cdu tinh todn véi do chinh xac cao ddi hoi phéi phan tich dao dong cia hé véi
mot s6 tin s§ thip va cdc dang dao dong riéng tuong Gng; cac két cdu cong trinh thuc c6
6 bac tu do 1a rat 16n, viéc xdc dinh tan s6 va dang dao ddng riéng nhu §4, §5 chuong
ndy 12 khé thuce hién duge. Vi viy, ngudi ta dua cac phuong phdp gin ding dén (phuong
phdp lap) nhd sy trg gitip cla mdy tinh dé giai quyét bai todn dao dong riéng cd 16n cho
phép nhin dugc két qua tin cdy. Dudi diy s& dua ra phuong phdp lap ning luong xac
dinh tin s6 va dang dao déng riéng cia hé hifu han bac tu do.

3 bai toan dao dong riéng, v6i hé bién dang hifu han béc ty do, cin hiéu ring: Dudng
dan héi clia mot dang dao dong riéng chinh 1a do luc qudn tinh tuong tng gay ra, boi vi
phuong trinh vi phan dao déng cia bai todn dao dong riéng 1a phuong trinh vi phan dao
dong w do khong xét dén anh hudng coa luc can, nghia 14, khi xét dao dong riéng, thi
luc quén tinh bang luc dan héi. Ta s& xdc dinh dong nang va thé nang cuc dai dng vdi
mot dudng dan héi trén co s cac luc qudn tinh va céc chuyén vi tai cde khéi luong do
cdc luc qudn tinh cla hé gay ra, sau dé s€ tinh duge gid tri tan s6 dao dong riéng. Lap lai
qud trinh xdc dinh lyc quén tinh tng véi dudng dan hoi méi, va xdc dinh chuyén vi do
luc qudn tinh gay ra sé xac dinh dugc tan s6 dao dong riéng ¢é gid tri chinh xédc hon lan
trude. Qua trinh 1ap can phai ddm bao diéu kién truc giao ciia dang dao déng riéng sau
véi tit ca cdc dang dao dong riéng trude do.

I. Xac dinh tan s6 va dang dao dong riéng thi nhat: o, {¢,}

Budc 1: Chon ham dan (dudng dan héi) thdoa man diéu kién bién hinh hoc va phu hop
véi dang dao dong riéng {o,}

P

() =1 o5y (2-89)

(o)
;(Pnl J
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Bue 2: X4c dinh lyc quan tinh 16n nhat (theo thdi gian) ing véi ham dén trén

(P} et IM]{ol”)
Chon o, ,= 1 (c6 thé 1dy w, , bit ki), ta co:

(PO} = [M]{of"} (2-90)
Buée 3: Xdc dinh chuyén vi do luc qudn tinh trén gay ra:

] =17} < FI ot

Hay (5"} =[B){ol"] 2-91)
Véi [B] = (F] [M] (2-:92)

goi 12 ma tran xéc dinh dang dao dong riéng tha nhat

Trong d6 [F] la ma trin mau.
. |
Lay {oi"}={ai"}- o (2-93)
It

BiGe 4: Xdc dinh thé ning cuc dai (cong ngoat luc) cta luc qudn tinh dng vdi cic

chuyén vi.

T O R T RGN VT )
Bitre 5: Xéc dinh dong nang cuc dai cila hé
Tonas =—{—§”1[M]{ o (2-95)

Brie 6 Xdc dinh tan s6 dao dong riéng o,

vz, ol )

(O)(In)' U‘ni)m — (2—96)

e

Biriie 7: Lap lai budc 2.
(P} =]l

Bue 8: Lap lai bude 3
1

(o) =[B]{e"} . Lay {cp‘.”}={$‘f’}-ﬁ

Il

Bure 9: Lap lai budc 4
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y i@
v, - e )
Buge 10: Lap lai budc 5
Trnas —%{a‘ﬁ}T[M]{(p?)}
Bude 11: Lap lai budc 6

S
L) )

Mot cach téng quét, & lan tinh thit s, ta ¢6 tan s6 va dang dao dong riéng ihi nhat:

CEN G o
I s .
((D(s))2 2{(pg)} {M]{(pﬁ l)} . hoac: (oa(")2=ip-([i (2-98)
‘ z{q)&s)} [M]{cpﬁ“)} ' l P
)= o @5
11

Khi S —> @, thi: o — @, chinh xdc. Qu4 trinh lap s& dimg khi gid tri tin s6 dao
dong riéng & hai l4n tinh lién ti€p sét nhau theo yéu cau.

2. Xac dinh tén s6 va dang dao dong riéng thit hai: @, {0,}.

Butée 1: Chon ham din théa mian diéu kién bién hinh hoc va phii hop vdi dang dao
dong rieng {o,}.

o]
(0}
o _ Pl . 4 N o

©y =1 ; véc to nay chua tryc giao voi {¢)} (2-100)

Phy
{0} T ~(0)
(o) Mo} to " I}
Birge 2: Xac dinh hé s6 truc giao: a, = = (2-101)

{o} [M]{o} M,

Bicoe 3: Thiét lap véc to {(p;(”)} thoa min diéu kién truc giao véi véc to {@, }:
o ~(0) (©)
{‘Pz( }} :{(Pz }——a {o:}=[T] {‘92 } (2-102)
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T
[T]]z[[E]_M];
M,
[T,] goi 1a ma tran dam bao diéu kién truc giao.
e Q *(o 1
o)1)
P2
Budc 4: Xéc dinh lyc qudn tinh 16n nhat ing v6i {93} :
(P} =[] oz
Butde 5: Xéc dinh chuyén vi do luc qudn tinh gay ra:
for'} =[FI{R"} = [FIIM]{o3”} = [B] [T, ]{05™}
(o8} = [p:]{05"}

Vi [B,] =[B] [T}]
goi la ma tran xdc dinh dang dao déng riéng thit hai

Lay {q’{’”} {q’(zl)} il)
P12
Bitoe 6 Xac dinh thé nang cuc dai
1~ T v
U =5 {08} [M]{ef”)
Biréc 7: Xac dinh dong nang cuc dai.
T _ L= 0
T = o) 1)

Buée 8: Xdc dinh tan s6 dao dong riéng.

(wé”)z = % -

{(PI}T'[M]'{(B(;)}

M,

a, =

Bude 10: Thiét lap véc to {cpz‘”} thoa min diéu kién truc giao v6i {o, }:

{(p;m}:[ﬂ]{ u)} Lay{ } {q);(n},a‘}gﬁ

Qué trinh tinh duge lap lai tir budc 4.
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3. X4c dinh tan s6 va dang dao déng riéng thit ba: o,, {¢,}
Quad trinh tinh todn tuong tu nhu trén, lic ndy ma tran ddm bao di€u kién truc giao

{p:} voi{o } va {o,} la:

T
[Tz]'—"[T]]—[(pz}{(pz} [M] (2_112)
M,
Ma tran xdc dinh dang: [B.] = [B]L.[T,] (2-113)

Mot céch téng quadt, d6i véi dang dao dong riéng thif i khi cén xdc dinh o, {¢,} ta cd
ma tran dam bao diéu kién truc giao va ma tran xdc dinh dang nhu sau:

l .
[Ti..]=1{T.] “'M._{(Pp]}{q)j—l}l [M]: (2-114)

i-1
[Bl=[B].[T.] (2-115)
(i=1:[B,=[B][T.,]=[T]={ED

Thi du 2.7:

Xdc dinh tin s6 va dang dao dong riéng ©,, {¢©,}; ®,, {¢,}, cla khung 3 téng, 3 nhip
trén hinh (2-11) a) Biét: Do clng cic ting 1a K, = 28,446T/em, K, = 29,57T/cm,
K. = 25,862 T/cm: Trong luong phin b theo chiéu dai cic tang la g, = 6,82T/m,
4. = 6.82T/m, q, = 3.5T/m.

1,147 1,448
2
4 ] K, ;
KN ? 17 0.107 1,443
4 k
Q4 : :
- 1 1 1
sm k
§ 1 i
“_/777(7 . /77'W ] ”7]7;7 5 WFW ‘(_p1} 1(92} 1(93}
! | ] | STTTT T Ve
al b) ) d)
Hinh 2.11

Ma tran cling clia hé va ma tran mém céc hé:

2,2433  -1,1434 0 Pl
[K]=|-11434 2,1434 -1 |25862T/em: [F]=[K]" ={1 L962 1962
0 -1 1 1 1,962 3,0619

l

28 4456 /T
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Ma tran khéi lugng clia hé:
m, 0 O i 0 0
[M]=|[0 m, 0 [=|0 1 0 [I125135107°Ts*/cm
0 0 m, 0 0 0,5132
1. Xéc dinh tdn s&'va dang dao dong riéng thit nhdt w,, {@,}:
Ma tran xdc dinh dang tinh theo (2-92):
11 1 I 0O
[B,]=[B]=[F][M]=|1 1962 1962 [j0 1 0
I 1,962 3,0619||0 O 0,5132
{ 1 0,5132
1 1,962 1,0069 |.s°
1

125,135.107°
T 28,4456

1
B, =
[B] 227.319

1,962 11,5714
Qua trinh tinh 1ap twong tng véi cac cong thire (2-97), (2-99) duge cho & dang bang sau:

[ s 2.5132
—(s) (s-1)
-[B L 11 1962 10069 |{1t= 3,689 b =
(@} =[B:]{e! | 227.319 227.319
1 1962 15714 | |1 4.5334

{(pﬁ‘”}
ssim)l 1 asos3| 1 370276 1 L7303s|| b 373417)( |

3,9689 51,5796 5.91541,6876 6,30282||1,7022 6,3574 || 1,7041  6,3646|< 1,7043
4.5334(1,8038 6,9337][1,9781 7,41946|[2,0038 7.4884|12,00734 7,4978 (2,0078

G0 ) ) ol (P} (o) () e ) (ol
Ta ldy dang dao dong riéng th nhat & lan tinh thit 5:
|
{g,} =41,7043 ; - mo 14 trén hinh (2-11b).
2,0078
Tan s dao dong riéng dugc tinh theo (2-98):
(4)
2 [P _ 95 _2,00734
o] =[of?] TG0 7.4978

2
.227.319 =(7,8012)2.(1]
S

1
o, =7,8012.— .
$
2. Xic dinh tdn s6'va dang dao dong riéng thit 2: o, ,{(pz}

Ma trin dam bao diéu kién truc giao ciia {@,} v6i {¢,} dugc tinh theo (2-103):
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1 10 0
| 1,7043 {1 1,7043 2,0078}{0 1 O

[T,}:[F]-{L}T{M= I 2,0078 0 0 05132
{0} [M]{o} 0 0

o
o

o
<

[a—y

{1 1,7043 20078} I 1,7043

0 0 0,5132](2,0078
0,8322935 —0.283311 -0,1724962

[T,]=| —0.285311  0,5137445 -0,2939852
-0,3361189 -0,5728474  0,653662
Ma tran xdc dinh dang dugce tinh theo (2-107)
0,3747863 -0,0655517 —0,131022
[B,]=[B][T,]="=| -0,0656247 0,1458557 -0,0911227
~0,2553638 —0,1775167  0,2778696
Qud trinh tinh lip tuong tng véi cong thic (2-106), (2-108) c6 xét dén dicu kién tryc
giao dugc cho dudi dang bang sau:

227,319

0,3747863 —-0,0655517 —0,131022 1
~(5=1)
{q)‘;)}:[B,]{ =|-0,0656247  0,1458557  ~0,0911227 | ——
| -0.2553638 —0,1775167  0,2778696 ’ -1
{(p?”}
[ 0.4403 1 0,5606 1 0,53908 1 0,518309

0.17135 >} 0,38952  0,13818(0,24648 0,095826|...; 0.10933  0,05492
-0.71075| |~1,61308 -0,77274{ |-1,37841 -0,68244; [-1,15165 -0,59519

B CU I U SRS SRR 6 SR 4 B o
1 0,518296
1,10598  0,054468 |...
~1,148325 -0,593258
) o)
Tan s6 dao dong riéng thi hat:
¢5 _ —1,148325
o5 —0.593258%

Dang dao dong riéng thi hai: Vécto dam bao diéu kién tryc giao.

0)7(9)

227,319 = (20,97)2.i2 s 0, = 20,97.1
S 8

{(pz} =[T,] [(})(28)} ; hoic tinh hé s6 truc giao:
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as =—1{3} [M]{o,} =-0,0004438

Ml
1,000444
(o™} ={60} a3 {9} = {0.106715
~1,147434
Cudi cung:
1
{p,} =1 0,1066676 » hinh (2-11c)
~1,1469247
Tuong tu ¢é thé tién hanh tinh tén s6 va dang dao dong riéng thi ba:
1
N =28,447.§~ o) =9-1.443} (hinh 2.11d)
1,448

§10. DAO PONG CUA HE HUU HAN BAC TU DO CHIU TAC DUNG XUNG

Nhu di biét khi hé chiu tdc dung cva xung luong, hé s€ dao dong tv do. Phuong trinh
dao dong tu do clia hé hitu han bac tu do dng v6i dang chinh thit i dugc viét theo (2-75):

{Y,- (I)} ={y?}coswit+{vi’}.

Trong dé{y}} duge xdc dinh theo (2-80). {v;’} dugc xic dinh theo (2-83). Vin dé &

sin ;1

;

day la phai xac dinh {v}’} nhu thé nao khi hé chiu tdc dung cua xung tic thoi?

Ta xem ring tai thai diém ban ddu ¢ = 0, dudi tdc dung cla véc 10 xung lugng {S}.
(Véc 1o xung khai trién vao dang chinh thi i cha cdc xung luong bén ngoai tic dung vao
hé), cdc khéi lugng clia hé s& nhan dugc van téc ban dau twong ty nhu cong thic (1-157)
ctia hé mot bac tu do:

Nhu vay. véc 1o véan téc ban ddu clia hé Gng véi dang ©:

Vi, Sii

m,

iR e i
2

o Sni

Vi) |m,
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hay ¢6 thé viét:

L 0 ! [S
m,
o L o | [
{ve}= m, c=M] s (2-116)
1
_0 0 0 o s,

Né&u xem ring chuyén vi ban ddu cla hé bang khong:

{7} ={o}
thi. sau khi the cdc diéu kién ban ddu vao phuong trinh dao dong ty do (2-75), ta s€ nhén
duoc véc to chuyén vi ciia hé tng véi dang i:

(i@} =[M] {8} K, (D (2-117)
Trong dé: K. (1) = et (2-118)
.

IS} Ia vée to xung khai trién dng vé6i dang dao déng riéng thif i.
Pé xdc dinh {S,}, ta ciing dat:
()= oIM] {0}
va tién hanh tuong tu nhu khai trién chuyén vi va téc do ban dau vao cic dang riéng &

phan dao dong tu do (§8 chuong nay), s€ nhan duoc:

T
0.} {S}
(5. -— 2 L)) 2-119)
{o:} M{o}}
Trong d6 {S} 14 véc to xung lugng bén ngoal tac dung vao hé.

Gop cdc véc to xung khai trién theo cdc dang riéng, ta c6 ma tran xung khai trién cla

ca hé:
Sl] S]Z e Sln
[Se]=[(8)-8:) .. {,}]=| 5 P2 = S (2-120)
| S, S, .. S,
Cong thic kiém tra theo hang:
Sy =3 Sk = (S, + S+t ) (2-121)
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Cué6i cling ta ¢6 véc to chuyén vi cla cdc khoi luong cling chinh la phuong trinh dao
dong ctia hé chiu tic dung xung nhu sau:

(o} = [M]_l [Skn] {Kzli (t)} (2-122)

Trong do, [S,,] 1a ma trdn xung Khai trién duoc tinh tir (2-119), (K, ()} 1a véc 10 ¢
cdc phan tlr 1a K,(t) dugc xdc dinh theo(2-118). Néu xung tdc dung vao hé khong phai
thdi didm t = 0, ma tai thoi diém t = 1, thi véc to chuyén vi cla céc khéi lugng tng voi
dang chinh thiri s€ la:

(o =[M] " §s,) 22tz D (2-123)

w;

Vécto luc dan hdi dng véi dang dao dong rieng thi i duoc tinh qua luc quén tinh:
(P} =-[M}{s; 0] (2-124)
Pua (2-117) véi dao ham cdp hai tuong ing vao bi€u thiic trén, s& dugkc:
{Pa,a(t)} ={S;} o; sinw;t
Hay (P, 0} ={s;}.K;® (2-125)
Vai: Ki(t) = w;sinm;t (2-126)
K,(1) 12 hé s6 dong hoc theo thoi gian fing v6i dang i khi hé chiu tic dyng xung.
Vécto luc dan héi cia ca hé:
[P, (0} = {Siu }-{ K, (0} (2-127)

Trong d6 [S,] 14 ma tran xung khai trién clia ca he, {K (1)} 12 vécto ¢ cic heé s6 la
K (1) dugc xdc dinh theo (2-126). Ciing cdn nhé rang, khi dd ¢6 véc 1o lyc dan héi, ta cé
thé xdc dinh véc to chuyén vi clia cdc khét luong qua ma tran mém:

{y} =[F]{P,)] (2-128) = 0,1s
Tir véc to luc dan héi, ta ¢6 theé xdc dinh T M2
chuyén vi va noi luc cla cdc diém bat ki clia hé 2) ;;7 —® ”E;
qua ma tran anh hudng chuyén vi va ma tran R AP BN - N

anh hudng ndi luc.

Heé chiu tic dung xung cho trén hinh (2.12a). b) ‘ ”;5” ”;”
Hay xdc dinh mémen udn tai vi tri khoi lugng W )
m,. Cho E = 2,L.10°%kN/cm’J = 21720cm’,
m, =, = M = 0,023kNs*/cm; / = 3m. Hinh 2.12
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1. Xidc dinh tan s6 va dang dao dong riéng

O thi du (2-2) ta di c6 két qua tén & va dang dao dong riéng:

R MR rA B = L

2. Xdc dinh xung khai trién theo cdc dang riéng:

S S 0,01
Vécto xung tac dung vao he: {S} = {Sl } B {o} ) { 0 }'kNS
2

Tinh vécto xung khai trién vao dang chinh thit i theo (2-119)

T { - >
()= {(pf}";‘%M{]j}@l} e =2 ;}Mé{éj {_i}ME -k |
IR L N (R
B T e

Ma tran xung khai trién ciia ca hé:

Swl=[is - 1s1-2{ ) 1}

3. Xdc dinh véc 1o luc dan héi: theo cong thitc (2-127)

) s[ 11 o sinot |
{Pd (t)} = [SKh ]{K, (t)} 5 I:__l J {(92 sin (th} -

_ S (o sinat+o, sinm,t)
T2 {(—m1 sin@,t+ o, sin mzt)}

4. Xdc dinh mémen udn 1ai A

Tir biéu dé trang théi don vi cho trén hinh 2.12b; ta ¢6 gié trl momen udn tai A do luc
P =1 dit tai A va B gy ra la:

13/ -3/

M, =— ; My=—

AT 64 AT 64
Vay, momen udn tai A s€ la:

Py

Pd,z(t)}z(M“'P"'l(mMM'P"Z(U)

M, ()= {MAL , MAZ}{
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I : . ! : .
M,U)= %{%(wl sin,t + 0, Sinw,t) —2—4(-—0)1 Sin ot + @, sin mzt)}

M, (1) =7,0125(sin 187t + 0,94sin 284t). kNm

§11. TINH DAO PONG CUGNG BUC HE HUU HAN BAC TU DO THEO PHUONG
PHAP KHAI TRIEN TAI TRONG THEO CAC DANG RIENG

1. X4c dinh tai trong theo cac dang riéng

Tuong tu nhu cdc phan trudc, vécto tai trong dong bén ngoai tic dung vao hé dugc
khai trién vao cdc dang dao dong riéng:

[P} = {P, (0} + {P (O} +...+ {P, (O} = ... +{P, (1)}
Ta cling dit:
(PO} =0, [M]{o:}]
Va tién hanh tuong tu nhu khai trién chuyén vi va t6c do ban dau vao cac dang riéng O
phan dao dong tu do, s&€ nhan duoc

o} P} ]
(P} = ol [MJfo }[ ] {o:} (2-129)

Khi chi khai trién vécto cudng do tai trong dong bén ngoai, ta co:

(Pi} {P}
{P}= _tod{P [M] {o} (2-130)
{o.} MI{o}
Gop cdc véc to tai trong theo cdc dang riéng, ta dugc ma tran tai trong khai trién cla
ca hé:
Pl1 Pl2 P]n 1
P, P, .. P
[PKh]:[{Pl}’{Pz}v--{Pn}]: oo o (2-131)
l:)nl PnZ Pnn
Tai trong dong tdc dung tai khoi luong K dugc kiém tra theo hang:
P, =3 Py, = (Pyy + Py +.+ Pra) (2-132)
i=1

Viéc thiét lap ma tran tai trong khai trién (2-131) tir cde vécto {P.} duge xac dinh theo
(2-130), nhu vay la ta da khai trién tai trong dong bén ngoai vao cic khdl luong cta hé
theo ting dang dao dong riéng, ciing c6 nghia 1a ta da xdc dinh tung cot cua ma tran
[Py,]. Ta ciing c6 thé khai trién 1ai trong déng bén ngoai theo cic dang dao dong riéng
vio timg khéi lugng thir K cha hé, nghia 12 ta di xdc dinh timg hang cla ma tran [Py,
cong thuic duge tinh nhu sau:
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T . -1 -1
Trong d6: diag @ 12 ma tran chéo c6 cdc phan tir trén dudng chéo chinh la y;
1=1,2,..n
{P} la vécto cudng do tai trong dong bén ngoal tic dung vao he.

Khi diing dang dao dong riéng di chudn hod, cong thiic {Py}" s& don gian hon:
. T
{PK}T = mydiagQy; [chh] {P} (2.134)

2. Phuong trinh dao dong cia hé

Khi hé hitu han bac tw do chiu téc dung cla tai s

trong dong co quy luat thay doi bat k¥ theo thoi Pr
gian, dé tim nghiém ung véi dang dao dong riéng

thit i trong trudng hop ndy ta c6 thé si dyng 7

phuong trinh nghiém caa hé hitu han bac tu do / t
chiu tic dung xung. Mudn vay, trén bicu dé i 0 |
trong ting véi dang chinh thi i, ta tach ra mgt phan 0 |

{6 tai trong ting v6i thoi diém t (hinh 2.13). Xem
ring tai thoi diém T hé chiu tdc dung cua xung Hinh 2.13
lvong phan to6 {dS;}:

ds,, P, dr
. P, d

{dSi}: dsS,; _ P T ={R‘T}d‘t
ds,;] |P,. dt

Xung lugng phén t6 nay s€ gay ra chuyén vi dugc xdc dinh theo (2-123) nhu sau:
-1 sinw. (t—71
fdy, 0} = (M] (P, }oe 222D

w.
Chuyén vi toan phan 1a tich phan biéu thitc trén:

{y, (0} =[M]" {P}K,® (2-135)
Trong dé: (P} 1a vécto tai trong khal trién vao dang chinh thi i duge xdc dinh theo
(2-130):
1 t
K, (t)y=— [f(v).sine;(t—T)dr (2-136)

i o

Vécto chuyén vi ca hé bing tdng cic véc to chuyén vi doi véi cic dang riéng:

1t
{y(0} =[M]" [Pea[{K:(D} (2-137)
Trong dé: [Py,] 1a ma tran tdi trong khai trién theo cdc dang rieng dugc thiét lap theo
cong thic (2-131); {K,(t)} 12 véc to cd céc phén tir 1a K,,(t) duge xdc dinh theo (2-136).
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Ta thdy ring, phuong trinh dao dong hé hitu han bac tu do (2-137) c6 dang tuong tu
nhu phuong trinh dao déng hé mét béac ty do (1-185).

y(t) = ﬁlo—) (;"P('c) sina(t—Tt)dt = M PK, (1)

Véi: K_d(t)=i jf().sino(t-1)dT
)

3. Biéu thire luc dan hoi
Luc dan héi c6 thé duge xéc dinh tir ma trén cing [K] va véc to chuyén vi dong {y(t)}
cta hé da tinh dugc & trén.

{P, (0} =[K}{y(®)} (2-138)

Ta ciing ¢6 thé xdc dinh luc dan hoi tir ma trén tai trong khai trién theo cdc dang riéng
vi véc 10 hé s& dong hoc theo thdi gian. Tuong tu nhu lyc dan héi ctia hé mot bac tu do
chiu tai trong dong bat ki (1-191).

Pt} = P, K(®)
Vi K(t) = o [f(1).sino(t - 1)dt

$ hé hitu han bac ty do, véc to luc dan héi tmg v6i dang daoc dong riéng thit i duge viet
nhu sau:

{p, 0} ={P} K® (2-139)
Véi {P,} Ia vécto tai trong khai trién ting véi dang i, K(t) 1a h¢ s6 dong hoc theo thai
gian Ung véi dang &

K, (1) = o, [f(z).sino(t-1)dt (2-140)

Tir cdc véc to luc dan héi ing véi cdc dang riéng, ta sé c6 vécto luc dan héi cua ca hé:
{P, (0} =[Py, {K; (O} (2-141)

Trong d6 [Py,] 12 ma tran tai trong khai trién theo cdc dang dao dong riéng dugc thiét
{ap theo (2-131), {Ki (t)} 12 vécto ¢é cac phan tir 1a K(t) duge xac dinh theo (2-140).

K,

(K0} = K20 (2-142)
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Thi du (2-9): Xéic dinh chuyén vi tai cdc khéi lwong cha hé cho & hinh 2.14, cho

/
m,=m2=m3:% P,(t) = P(t) = P(t) = Psinrt, r_lo}ElJ EJ = const.
m

Pty P(t) Py()
a m my % my
Z

W | A | m | m
| [ i
!

Hinh 2.14

1. Tén s6 va dang dao dong riéng
Hé nay c6 3 bac ty do 1a 3 chuyén vi thang ding tai 3 khoi luong.

Ma tran khéi lugng clia hé:
(1 00

[M]= 4{0 10

0 01

Ma tran d6 ctng tinh duge két qua nhu sau:
7206 4584 1728

[K]—ED—J -4584 5568 —3720
1728 -3720 3840

Tan s6 dao dong riéng dugc xdc dinh theo phuong trinh (2-37):

15,504
{o} =149,052 _.12_\]@
ors3 | '
Céc dao dong riéng duge tinh theo cong thiic (2-46), ma trin cic dang dao dong néng la:
1 1 1
[®]=]2.221 0,421 -0,954
1,878 -1,02 0,596
Chuan héa cic dang dao dong riéng theo (2-69):
0,3251 0,6726 0,6644
[ ] =§ 0,7221 0,2771 -0,6338
10,6106 -0,6861 0,396

Trong dé: a =% ~mi
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2. Xic dinh tdi trong khai trién theo cdc dang riéng

o {0} (P}
* Sif dung cong thitc (2-129): {Pi} = r— [M]{®:}
(o }[M] {0}
1 piil 0,325 0,539
{P}=-1{0,325 0,7221 0,611} 1p| 0 0,722 ,i= 1,1973 }p
? ollo o 1| losir)® (10131
(p][1 © 07]{0,6726 0,1774
{P,} = 10,6726 0,2771 —0,6861} ¢pf|0 1 00,2771 ;=40,0731p
p}i0 0 1][-0,6861] [0,1809
pl[1 0 0][0,6664 0,2836
{P,} ={0.6664 —0,6338 0,396} ~p [0 1 07-0,6338,=1-0.273;p
p) [0 0 1]| 0,39 0,1697

Vay:
0,539 1,1774 0,2836
{Po} =[P, P, P]= 11973 00731 -0.273|P
1,0131 -0,1809 0.1697

Sit dung cong thic (2-134):  {P}" =mydiagpy; [@e ] {P}:

03251 0 0 0,3251 0,7221 0,6106 |[P
{Pl}T:m]diag(p“[d)ch]T{P}zmTIé 0 06726 0 io,ens 0.2771 -0,6861 PL
0 0 06644 0,6644 —0,6338 0,396 ||P]
0,3251 0 0 1,6578 0,53895
(p}'=| 0 06726 0 |{0.2636 P=10,1773 (P
0 0  0,6644 ] [0,4266 0,2834
1,197
(P} = m,diagoy [@4] {P}=10,0731 P
10,2725
1,0122
(P,)" = mjdiaggs; [Py,] {P}=1-0.1809 (P
0,1702

Cic két qui nay diing v6i két qua da nhan dugc theo céch tinh 4p dung cong thuc
(2-129) & trén, ¢6 sai sO rdt nho.

122



3. Phuong trinh dao déng ciia hé

Trude hét ta tinh cac phan tr cia vécta cdc hé s6 anh hudng dong hoc theo (2-136).
1 sin rt

K, {t)=— fsm resine;(t—1)dr = g,m

0

1o i

2

Thay cdc gid tri o, vao cong thic rén, ta cé duge vécto cic hé s& anh hudng doéng hoc
-nhu sau:
K, ® 0,0072825
(K, (0} = 1K, (1) } =10,0004336 -—n];J—'sinrt
K, (1) 0,0001208
Chuyén vi cta hé dugc tinh theo (2-137)
0,539 0,1774 0,285 0,00728 .
(YW) = [M] 7 [P J{K (0} = % 1,197 0,073 -0,273 |P|0,000434 %sinrt =
1,0123 -0,181 0,169 | | 0,000121

0,01615] ,
=10,03462 | —sinrt
EJ
0,02962
Thidu 2.10:

Xdc dinh chuyén vi tai cdc khoi lugng clia hé cho béi phuong trinh cén bang luc sau:

1. Xdc dinh tdn sé'va dang dao dong riéng.

Theo phuong trinh (2-37) [K]-0? [M]| =0 ta duoc
(6—2u) -2
-2 (4-u)
dugc: u, =2;u, =5.

Do dé: {o} = {g}

Céc dang dao dong riéng duge xdc dinh theo cong thiic (2-46), két qua nhu sau:

@l ]

=0, trong d6: u = »’, khai trién dinh thic va giai phuong trinh ta nhan
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D& chudn héa cdc dang dao dong riéng ta st dung céng thifc (2-68) va (2-69), két qua
ta nhan duoc:

112
J3 2V3
[(Dv:h]=
12
3 3

2. Xdc dinh tdi trong khai trién theo cdc dang riéng

Sit dung cong thic (2-130) ta dugc:

RN I N

3. Xdc dinh chuyén vi 1ai cdc khoi lugng cita hé

Tir cong thitc (2-137) ta ¢6 phuong trinh dao dong ctia hé nhu sau:
1f1 oli[10 -47 [(1-cosv21)
(YO} == — =
200 2]3]5 4] [(@-cos/51)

I—ECOS\EI-f--z—COS\/g t)
3 3 J

3—§cosﬁt—%cosﬁ t]

4. Xic dinh lec dan hoi theo (2-141)
1002 2 a-cosv2 1)
(P,} = [P J{K;(®) =ﬂ{ }
2=l =2[2 70 Bl
10{(2005x/§t—2c:os\/§t) }

{Pd(t)}:_ _
3 (3—-cos~./2t-2cos\/§t)

5. Xdc dinh chuyén vi cia hé theo (2-128)

3

114 2110 (2cos\/§t—ZCos\/§t)
Y(t) =|F|[{Py(t); =— -
{ ()} [ ]{ of )} 20 [2 6} {(3—COS\/EI—2COS Jgt)}

[l—%cos\@H%cos\Et]

[3—%005\5 t —%cos\/gt]
Gid tri chuyén vi nay c6 thé nhan dugc tir (2-137)

Nh ring tir luc dan héi dd nhan dugc & trén ta khong chi xdc dinh duoc chuyén vi ma
con xéc dinh duge ci noi luc cia diém bit ki trén hé. Viéc xac dinh noi luc c6 thé duoc
tién hanh trudc viéc xdc dinh chuyén vi clia he.
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§12. TINH DAO PONG CUGNG BUC HE HUU HAN BAC TU DO THEO PHUONG
PHAP TOA PO TONG QUAT

1. Toa dé tong quat
D6i véi dao dong clia hé hitu han bac tu do, chuyén vi cha h¢ ¢6 thé phan tich thanh ng
clia cac chuyén vi thanh phén tng véi timg dang dao dong riéng.

(YD) = SV, = {0} + (GO} + ot (YO} + 4 {Y, 0} (2-143)

L 1=1

P& xdc dinh cdc chuyén vi thanh phdn {Y,()}, & phwong phdp khai trién tdi trong
theo céc dang riéng, ta xem {Y,(t)} duogc gay ra bdi tai trong khai trién theo dang chinh
thit i {P(t)} ciia hé tai trong dong bén ngodi, va mudn tim {Y;(t)} thi trudc tién phai xdc
dinh tai trong khai trién {P,(1)}.

O day, ta xem {Y,(t)} bing tich cta chinh dang dao dong riéng lp,} véi mot dai
lugng Z(t) nao do:

1Y)} = {121 (2-144)

Néu tim duge céac dai lugng Z (1) d6, thi ta s€ xdc dinh dugc cic chuyén vi thanh phan,
va do d6 s€ xdc dinh dugc chuyén vi cla hé.

Céc dai luong Z(t) d6 dugc goi la cdc toa do tong quét cha hé. Phuong phdp tinh dao
dong ctia hé htiu han tu do di tlr viéc xac dinh cac toa do tong qudt duoc goi 1a phuong
phép toa do tong quat.

Pua (2-144) vao (2-143) ta cé:

(YO ={0,}Z, +{9,} Z, + ..+ {0} Z + .+ {0, } Z, = [®]{Z(V)} (2-145)

Ta lai 1dy so d6 ddm mot dau ngam, cé ba khoi lugng dé minh hoa (xem hinh 2.15):

¥ \
{¥}= 4]z} {ri}={ed 7y {¥a =z
Hinh 2.15
Tir (2-1453), ta cling thay ring: ma tran cic dang dao dong riéng [@] 1a ma tran dé
chuyén céc toa do téng qudt {Z} vé cic toa do hinh hoc ban ddu {Y}.

¥ ={pst 2z,

Phit hop véi tinh chét truc giao clia cic dang dao déng riéng, ta ¢é thé biéu thi toa do
tdng qudt Z, bat ki qua chuyén vi ciia hé. Muén vay, ta nhin trai biéu thic (2-145) véi

{o }T [M]:
{o MY} ={o}" [M{o} Z, 0+ ..+ {0} [M[{o;} Z,O+...+{o)} [M]{0;} Z,)
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Ap dung tinh chil truc giao (2-58) vio vé& phii cta biéu thiic trén, ta dugc:
fo T MO} = {0 M0 20
fo " MY}
{‘Pi}T [M]{o;

2. Xidc dinh cac toa do tong quat

Suy ra L= (2-146)

Phuong trinh vi phan dae dong cua hé hitu han bac ty do khong xét anh huong cua luc
can nhu di biét (2-12) vé1 C = 0.

IMJ{ Yo+ [K]{ Yo} = {Pw} (2-147)

Ta s& st dung tinh chat truc giao cla cic dang dao dong riéng dé xde dinh céc toa do
16ng quiat. Mudn vay. trude bét ta dua phuong trinh (2-143) v dao him bic hai cta né:

-{?(l)} = [@]{'Z(l)} vio phuong trinh (2-147), ta duoc:
[M] [®]{Zw)} +[K][@]{ZW)] = {P(} (2-148)
Nhan trdi bai vé clia phuong trinh (2-148) véi @] :
(o M0 200} + o [K)[@]zw) = (o TP} @149)

Khai trién cdc thanh phin & v& trii ciia phuong trinh (2-149) va s dung cic biéu thic
tinh chat truc giao (2-38) va (2-39). ta s& nhin duoc phuong trinh sau:

{o.}' M), {Zi v} o} [Kl{e 4z} = o, b P} (2-150)
Ta dua vao cic ki hiéu mar:
M; ={(pi}1-[M]{(pi} (2-151)
K, =1{o }T[K]{(pi} (2-152)
P ={p;} (PO (2-153)

M. duoc goi [a khai lugng 1ong qudt, K duge goi la dd cung tong qudt, P(1) - goi la
tai trong 16ng quit cta dang chinh thit i. Gilta khor luong t6ng qudt va do cuing 16ng quat

¢é su lién h¢ véi nhau boi cong thic (2-60):
[K]{ei} =of [M]{e}

. e s 2 . . ‘- T
Nhin trdi hai v& cuoa dang thic trén voi {(pi} , ta dugc

K, =o'M, (2-154)
Sir dung cic ki hiéu (2-151), (2-152). (2-153). ta viét lai phuong trinh (2-150) nhu sau:
M.Z.()+K,Z, (1) =P (1) (2-153)



Chia hai v& ctia phuong trinh (2-135) cho M, ¢6 slr dung (2-154) ta dugc:

7 27 oy = BV ;
Z+eiZ (0= (2-156)

Phuong trinh (2-156) 1a phuong trinh vi phan dao dong hé mot bac tu do véi tin s6 ,.
Giai phuong trinh nay ta duoc nghiém la toa do 1éng quét Z,(1), né dugc xéac dinh bang
tich phan Duamen (1.185):

'
Zi(t)=M—l-IPi(T)sinmi(t—T)dr (2-157)
Vi bai todn dao dong tu do, phuong trinh (2-156) sé la:
7+ Z,(1)=0 (2-158)

Nghiém tuong ting ctia phuong trinh nay nhu da biét 6 (1.45)

Z.
Z () =Z,, cosw,t+—=sinwl (2-159)
: o

1

Cic Z,, vi Z;,, dugc xdc dinh tit diéu kién ban dau & (2-146) va biéu thic dao ham
cua nod.

Nhu vay, bing phép bién déi vi sir dung céc toa do tong qudt (2-145), ta da dua
phuong trinh vi phan dao déng c6 su lién hé trong cdc ma tran [K]. {M] v€ hé chi chiia
cdc phuong trinh vi phan doc lap véi cdc toa do t6ng quédt. mdi phuong trinh déu Gng voi
heé mot bac tu do va dé dang nhan duge nghiém. Dudi day ta s€ xét mot s0 thi du minh
hoa va so sanh vdi két qua nhdn duge ¢ phuong phép trén.

Thidu?2-11

Tinh dao dong clia hé cho & thi du (2-9) % Pl {’2“’ L
P m, m, m, ‘

my =m; =1m; = mTI'rZIO\/mE_;:; Mg e e i o ”;f
P,(t) = Py(t) = Py(1) = Psinrt. | if ' A}
EJ = const.
[. Tdn s6 va dang dao dong riéng Hinh 2.16
O thi du (2-9) ta di c6:

15,504 0,3251 0,6726 0,6664

{w}=<49,052 \/Eﬁ ;  [o,]=10,7221 0277 -0,6338 !
91,53 | '™ 0.6106 —0.686 0.396 |

2- Xdc dinh khét lwong t6ng quat va tdi trong tong qudt
M, =1, M, =1, M, =1 (vi diing cdc dang dao dong riéng da chuin héa).

Céc tai trong téng quat duge xéc dinh theo (2-153):
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Psinrt

a

1
P](t):{(pl}T{P(t)}=1{0,3251 0,722 0,6106} {1}.Psinrt=1.6578-
1

a

Psinrt =0,2636- Psinrt

P, (1) = {0, {P(1)} =£{0,6726 0.277 —0.6861}

a

1
1p.
1}
1 .
Pa(t)z{%}T{P(t)}=1{0,6644 ~0,6338 0,396} 1}. Psinrt
1

a

Psinrt = 0,4266-

3. Xde dinh cdc toa do téng qudt: theo (2-157)

1Y p
Z,()=—— |P()sino; (1 —t)dt=—-K_i(t
[( ) Mi i (_)" ,(T)Sln l( 'c) T Mi h”( )
Trong dé:
t .
Kai (1) =L_[Sin r Tsino)i(t_T)dT: fszmrt2
: .

io i

O thi du (2-9) ta di co:

0.0072825)
{K,, ()} =40,0004336 } ——sinrt
HY EJ
10,0001208

Vay cdc toa do tdng quat:
Z]  [PK, ] [0.16578.0.0072825)
(Z(0} ={Z, (0 } =4 P,K , (1) $ ={0,2636.0,0004336 + —— Psinrt
Z.] |PK. (1) |0,4266.0,0001208
0,01207
mt*
{Z(1)} =40,0001142 } -——Psinrt
0.0000515

4. Chuyén vi ciia cac khéi lugng:
0.3251 0.67265 06644 1( 0.01207 | .
{Y(} =[®[{Z(©} = 0,7221 0,277 -0,6338|40.0001142 Psinrt

0,6106 -0.686 0396 ||0,0000515) *
[0,016144 .
{Y(1)} =10,034868 -%sinrt
]0.029255

Két qua ndy trung véi két qua cla phuong phép 1ai trong khai trién theo cdc dang
riéng da xét & thi du (2-9).
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Thi du 2-12

Tinh dao dong ctia hé cho & thi du {2-10). hé cé phuong trinh vi phan dao dong Viét

& dang:
R ES R e
o 1|, =2 4|y 0
1. Tén s6 va dang dao déng riéng

O thi du (2-10) ta da c6:
-

I 1 ]2
J2 B o2\3
{o} = o [®ul=
L
J3 3
2- Xdc dinh khoi litong tong qudt va 1di trong 10ng qudt

M, =M, = 1 (vi ding céc dang dao dong riéng da chudn héa).

Céc tai trong téng quat duge xdc dinh theo (2-153).
10

"'“):{“"}T{P}:{% ) ol =7

B(0= { \j3 7 %}'{?o}z_m'\/%

Cic phuong trinh vi phan dao dong viét v6i céc toa do téng qual theo (2-156):

. 1
Z,(D)+2Z,(1) :T(;

[y
2

Z (t)+57Z, (t)—ﬂlo\ _

3. Xdc dinh cdc toa dé tong qudt

Nghiém clia hai phuong trinh vi phan trén véir dicu kién ban dau bang khong tim duoc

nhu sau:

, 5 I
/. (ty= == (1 —cos V21
V3

2
ZE(U:Z\E (—1+cos \/El)

L]
-ﬁl

4. Chuyén vi ciia he

Yl =@z

Sl m\_—

=
W3

3

- l—(_()s \/_: [) }
l
;

@ —l+u)\\/§l)




[l—g—cos ﬁt+%cos£t)]

(3—§COSJ§[—ECOS SIJ
3 3

K&t qua nay hoan toan diing v6i két qua da nhan dugc & thi du (2-10).
Du6i day ta s& tinh cdc gid tri chuyén vi clia h¢ ¢ 12 budc thoi gian, véi moi bude

At = 0,28, két qua cho & bang (2-1).

Bang 2-1

Th
gian

At 2At 3AL | 4At SAL | 6At TAL 8AL 9Ar 1 10At | L1AL | 12At

0.003 | 0,038 | 0,376 | 0,486 | 0,996 1 1,66 |2,3382,861 3,052 2,806 | 2,131 1,157

(Yt}
0382, 141 1278 | 409 | 50 | 529 | 4986|4277 3,457 |2.806 | 2,484 | 2.489
Thidu2-13:
"’Fm}}] da_q dc}r.lg tu do c{ua lfhung ba ting cho & thi du (2-3). /////////f;///////
Biét cdc diéu kién ban dau cua he: y
1,5m
1,27 0 7
vi =y l={101 bem;{Y}  =1V°1=122,86,cm/s om #
¥ ha { } { }(‘=") { } T,
0,76 0 a«
Céc ma tran {0}, [M], [®@] dd c6 & thidy (2-3)
i X . T I
- Xdc dinh cdc toa do tdng qudt tai thoi diem ban dau theo
Hinh 2.17

biéu thic (2-146) cho ca hé:
17T o
{Z}(:() = [MC] [CD] [M]{Y }
Trong dé: [M,] 12 ma tran chéo chia céc phén tr 1a cdc khoi luong tong quét ung voi

cdc dang dao dong riéng.

M, 0 0
M=l 0 M, 0
0 0 M,
1 0 o] 1
M, = {0} [M]{o,}={1 0.644 03 0178}|0 15 0(0.644,=1802.1L78
0 0 203

M, ={p,} [M1{9,} =2,456.1,78
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M, ={o.} [M[{o}=23.11.178

Ta tinh:
R S o Il o648 0302][1 0 0 ]
1,802
: 015 0
(M [@] [M]=| O ﬁs—6 0 ||1 -0.602 —0,678 -
1 0 0 2
0 0o — _ 5
e 23,11_|_1 2,58 2,48 1t ]
0,555 0,539 0,335]
~10,407 0,367 0,552
0,043 0,166 0,214
Vay:
| 127] (1,503
(z,)=[M. ] [@] [M] {101 p=1-0.274scm
0,76 0,048

- Xdc dinh dao ham cdc toa do téng quét tai thdi diém ban dau viét cho ca hé theo

biéu thiic sau:

0 12,26
(z} =M. [o] [M]{V,} =[M.] " [®] [M]{22.86 =1 -8.382 rem /s
0 -3,81

- Cic toa do6 18ng quat ciia hé duge xac dinh tir phuong trinh (2-159), ¢ day viét cho ca

hé nhu sau:
Z,() 1,503 cos ot 0,846 sin w,t
{Z(t)}: Z,(1)y=4-0,274cosw,t ¢ +4-0.27sin a1
Z,(1) 0,048 cos w,t —0,083sin w4t

- Phuong trinh dao dong ty do cla hé:

0,302 -0,678 2,485
1,503 -0,274 0.048 cos ot 0,846 —0,27 -0,0838 | |sinw,t
=]0.,973 0,1649 0,124 | <cosm,t;+|0,5482 0,1625 0,2141 | sino,t
0,453 0,1857 0,12 | |[cosm;t 0,2555 0,1831 -0,2602 | |sinaw;t

1 1 1
{Y(:)}=[cb]{2(t)}{o,648 -0,602 -2,58 |{Z(1)} =
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§13. PHUONG PHAP KHAI TRIEN TAI TRONG THEO CAC DANG DAO DONG
RIENG TINH HE CHIU TAI TRONG DIEU HOA

Khi hé chiu tic dung cha tai trong dong cé quy luét thay déi theo thdi gian 12 quy luét
diéu hoa
Pl
P, .
{P()} = .sinrt (2-160)

P

thi, chuyén dong ciia hé khi én dinh ciing thay ddi v6i quy luat diéu hoa, nghia 1a,
nghiém ctia phuong trinh vi phéan ¢ v€ phai cha phuong trinh:

[M]{¥®} +[K]{Y(®0)} = {P)} (2-161)
Se la: {Y()} ={Y}sinn (2-162)
Trong do: { Y} 1a véc to chita céc bién do dao dong cua hé.
Pua (2-162) va dao ham béc hai
{?(t)} =r? {Y} sinrt
vao (2-161) ta duoc:
([K]-7* [M]){¥}={P} (2-163)

Ta tim nghiém cla phuong trinh (2-163) du6i dang t6 hop tuyén tinh cia cdc dang dao
dong riéng chuin:

{Y}=[®., {2} (2-164)

Trong dé: [®,,] 12 ma tran cdc dang dao dong riéng da duge chuan hoa; {Z} 1a véc to
c6 cdc phan tir Ia bién do dao dong ctia cdc dang, né chinh 1a cdc toa do dng quat chua
biét. Bua (2-164) vao (2-163), ta dugc:

(K][@g]- " M][@,,]){Z} = {P} (2-165)
Nhian tréi hai vé cita phuong trinh (2-165) v6i {®,, ] . ta c6:
([@0] [K][@4]- [0, ] M][@,]){Z}=[@a] P} @-166)

Ap dung diéu kién tric chudn (2-70) va (2-72) vao vé trii clia phurong trinh (2-166), ta
viét lai phuong trinh nay nhu sau:

([2]-*[E]) {z} = [, I (P} (2-167)
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a ' . ,.‘ > -~ FE -1
Nhan trai hai v&€ cha phuong trinh (2-167) véi [Q - rzE] , ta nhan duoc nghiém la

cac toa do tong quat:

(2} = [Q - rzE]-l [@,] {P}

Pua (2-168) vao (2-164) ta nhin dugc chuyén vi ctia hé:
-1
{Y}= [cpch][g—rzE} (@] {P}

Ta dat: [D]=[Q—r2]§,:‘_1

Pua vao ki hi¢u:

5=

Khi d6: [D] = diag(Si)

Néu dat: [G]=[®u ]D][@a]
Thi: {Y}=[G] {P}

Ma tran [G] duge goi 1 ma tran gidi thic Green.

(2-168)

(2-169)

(2-170)

(2-171)

(2-172)
(2-173)
(2-174)

Nhu vay, khi tinh hé chiu tai trong diéu hoa, ta chi can x4c dinh ma tran Green, roi

nhan véi vécto bién do tai trong la nhan duoc vécto bién do dao dong cuaa hé.

Thi du 2-14:
Tinh dao dong ciia hé cho & thi du (2-9)
m, =m, = My =%; EJ = const
Pl(t)=P2(t)=P3(t)=Psin n; r=10 E:Tf
m

P P Pylf)
HHJT mZJT m:!J?
'7
|

2 P o
ﬁ 4 I 4 i 4 I 114 ”;”
!
Hinh 2.18
0 thi du (2-9) ta c6:
237314 0
[@]=diag (0})=| 0 24061 0
0 0 83777
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0,3251 0,6726 0,6644
[©.]=]0.7221 02771 -0,6338 1
06106 -0.6861 0.396 |

Ta tinh ma tran [G] theo cong thic (2-173).
-1

03251 0,6726 0,6644 | [137,31 0 0
[G]=[®,][D][®.] =|0,7221 02771 -0,6338 0 23061 0 x
0,6106 —0,6861 0,396 0 0 8277.7

0,3251 0,7221 0,6106 ] (0,001019 0,00174 0,001277( ,
mn J

x| 0,6726 0,2771 -0,6861 [=| 0,00174 0,00388 0,003 || —
0,6644 -0,6338 0,396 {0,001277 0.0031 0.00204 %
‘Pl [0.01615]
Vay: 1Y} =[G]{P} =[G] P} =+0.03488 L
P| [0.02928
Do d6 dao dong cla hé:
0,01615] |
{Y(1)} =10,03488 2 Ginn
0.02028)

K&t qua nay ding véi két qua di nhan duge ¢ hai phuong phap trén.

§14. LUC TUONG UNG VOI TRANG THAI PONG VA MA TRAN MEM DONG
HOC TONG QUAT CUA HE HUU HAN BAC TU DO CHIU TAI TRONG
PONG BAT Kl

1. Xac dinh vécto luc tuong iing véi trang thai dong ciia hé hiru han bac tu do
chiu tai trong dong bat ki

O phuong phap khai trién tai trong theo cdc dang riéng, ta ¢6 vécto tai trong khai trién
dang i (2-130):

T
- P
fr)= 2L g
{oi} Mo}
Gi4 tri tai trong khai trién vao khoi luong K ng véi dang dao dong riéng thit i duge
xdc dinh tir biéu thac trén nhu sau:

o Lo 7]
M.

My Py; (a)
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Vi M. 1a khéi luong téng quat thit i.

Vécto luc dan hdi ing véi dang dao dong riéng thit i duge xéc dinh theo (2-139):
{P, (O} ={P}.K, (1) (b)
Véi K (t) Id he s& dong hoc theo thoi gian duge xac dinh theo (2-140). Tu cac cong

thiic (a) vi (b) ta ¢6 luc tuong tng véi trang thdi dong tat khét luong K tng véi dang dao
dong riéng thua 1:

T
: : P
Pj i (t) = Py, K; (1) = my .y M‘Ki (t) (c)

Do vay. véc to luc tuong tng véi trang thai dong ting v6i dang dao dong riéng thi i s€ la:

(0} =[M]{e} S o) (P) @

M.

Cudi cing, véc 1o luc tuong tng véi trang thdi dong cha ca hé duge viét nhu sau:

(R0} =[M][@]aine = P[] {7}

(2-175)

At
Trong dé: diag KO

I ma tran chéo c6 céc phan tir nim trén dudng chéo chinh bang
K. (1)

M

_i=1,2....n; Néu diing cac dang dao dong riéng chudn, thi tat ca cdc khoi lugng
téng quat M, déu bang 1.

Cong thiic (2-175) cho phép tinh truc ti€p dugc vécto luc tuong ting vdi trang théi

dong {P,()}. tir d6 c6 thé xdc dinh noi luc va chuyén vi dong cua hé dao dong.
Thidu2.15:

V& biéu dé moémen udn dong clia hé cho trén hinh 2-19a. Biét: m, =m, = m; =

m,
4 k]
P (t) = Py(t) = Ps(1) = P.sinrt; r= -170 EJ— , EJ = const.
! m
o 0 y%m %Pgm
> b — * °
4 ,

m i
i
I

114 | i | a

0,784
mﬁh\ Y S

2 x P!
Hinh 2-19 W

04678

04796
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Ma tran khoi lugng va ma tran ciing ctia hé:

Jroo gy [ 7296 4584 1728
[M]:mT 0 1 0f: [K]==|-4584 5568 —3720
00 1 1728 3720 3840

O bai todn dao dong riéng, ta ¢d vécto tan s6 va ma tran cdc dang dao dong riéng di
chuin héa (§11).

15,405)  — 0,3251 0,6726 0,6644
{0} = 149,052 /—-4- [©.]=[0.7221 0,2771 -0,6338 2

91,53 0,6106 -0,6861 0,396
a=l\/ml
2
Vécto tai trong dong va vécto hé s6 dong hoc theo thoi gian
P] (1
{P()} ={Py()p=4 1 } P.sinrt
P,(1) 1
. 2 3
11—
Wy
K, @® ) 1,7283
{K, (D} =<K, (1) =J1; 1—12— =:1,0435; sinrt
K. (1) ®2 1.0121
’ 2
: l—r—2
0,

Vécto lyc tuong ting véi trang théi dong duge xac dinh theo (2-175):

(B, (0} = [M][®,, )diagK, )| @y, ] {P}

1 00 0.3151 0,6726 0,6644 11,7283 0 0
{P(}=2%|0 1 0 é 0,7221 0,2771 -0,6338(| O 10435 0 !sinrtx
00 1 0,6106 ~0,6861 0,396 0 0 L0121
0,3251 0,7221 0,6106 | (1 1,40334
< 06726 02771 -0.6861! {1} P=1{187151} P.sinrt
®lo.6644 —0.6338 0,396 | |1 1,73173
Gid tri 16n nhat khi sinrt = 1, tuong tng ta ¢6:
1,40334
{P,} =4{1,87151; P
1,73173
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e R N o A~ ~ dy.
Vé& biéu dé mémen udn dong (MP ) :
D4t vécto lye {P,} vio céc khdi luong va v&(M ) hinh (2.19b).

2- Xéc dinh ma tran mém dong hoc tong quat

O phuong phap cong dang dao dong, ¢6 the biéu thi vécto chuyén vi ca h¢ 1a t6 hop

clia cic dang dao dong riéng véi cac toa do tdng quat (2-145):

{Y(} =[@]{Z:®)} (e)
Trong d6: [®] 12 ma trén cdc dang dao dong riéng;
{Zi (t)} 14 véc to c6 cac pha”in 1 1a céc toa do tdng qudt Z(t)

®
Z(t)= Ll = K .
=K ==3=0] (P ®

1

i=1,2,..n

Véi: K, ()= L [f(v)sine, (t - 1)dt ()

io

Tir () ta 6 thé viét véc to toa do tong qudt cha ca hé

{Z,(0)} = diag Ki®rp ] (p} @
Ml
Pua (i) vao (e) ta duoc:
K, ®
{y(0} = [CD]dxag [@]' {P} (k)
Hay: y(1) =[F,(0] {P }(2 176) (2-176)
Trong d6:  [Fy(0)]=[®] diag %1-9[ ] {P} (2-177)

1

O bai todn tinh ta luén ¢ {y} = [F] {P}, v6i [F] 12 ma tran mém, vi vy ma trin

[F,(t)] & cong thic (2-176) duge xdc dinh theo (2-177) goi la ma tran mém dong hoc.
Thi du 2.16:

Tinh chuyén vi clia hé chju tai trong %P’m %Pz(t) P
didu hoa cho & hinh 2.20.

. —8— @ @
Biét: P,(1) = P,(t) = Py(t) = P.sinit, . m m, &

Lo M | m | m
. 10 |EJ o o=m m/ v } I | I
]2 i 2 3 o

EJ = const. Hinh 2.20
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O bai todn dao dong riéng, ta ¢ véc to tan s6 va ma trin dang dao dong riéng da

chuén héa:
15,405]  — 0,3251 0,6726 0,6644
fo}=<49,052 — [D.,.]=]0.7221 0,2771 -0,6338 =
9153 | '™ 0,6106 —0.6861 0,396 |
a:%v‘m[
Vi tdi trong diéu hoa: £(0) = sinrt, ta c6 K, (1) =~
oW —T
e 2
K, (0] [her-1) L137.31)
{Kui(t)}z K= 1:((0%-—r2) sinrt =41:2306,1 m_J sinrt
K, (1) 1: (o2 —1%) 1:8277,7

Ma trin mém dong hoc duge xéc dinh theo (2-177) viét véi cdc dang dao dong riéng chuén.

[Fy ] =[ @, JdiagK, (0 [©,] {P}

0,3251 0,6726 0.6644 ||137,31 0 0 .

[Fd(t)]:i 0.7221 02771 -0,6338|{ 0 23061 O E{J—-sinnx
0.6106 -0,6861 0,396 0 0 82777

| 0.3251 0,7221 0,6106 | [0,001019 0,00174 0,001277] .

x—|0,6726 0,2771 -0,6861|=| 0,00174 0.00388  0,0031 — xsintt

®l0,6644 -0,6338 0,396 | [0,001277 10,0031  0,00294 | Ela

Véc to chuyén vi clia hé (2-176):

0,001019 0,00174 0,001277 o P)
{ym} =[F,®]{P} =| 0,00174 0,00388  0,0031 Ejzsinn P}
0,001277 0,0031 0,00294 | P
0,01615
pr
{y(t)}: 0,03488 —ﬁsmn
0,02928

K&t qua nay triing véi k&t qua dd ¢6 & céc thi dy (2-9), (2-11), (2-14)
§15. DAO PONG CUOGNG BUC HE HUU HAN BAC TU DO CcO XET PEN ANH
HUONG CUA LUC CAN
1. Gi4 thiét vé luc can va xdc dinh ma tran tat dan

Khi tinh dao dong cudng bic clia hé hitu han bac ty do cé xét dén anh hudng cla luc
can ta dung gia thiét:
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- Luc can ti 1& v6i van t5c - ma tran tat dn thoa man diéu kién truc giao va duge bi€u
thi bang quan hé sau:

{(pi}T[C]{(pJ} 20,5, (2-178)

1“1

Trong dé: € - tham s0 tat dén ;

8, - ki hiéu Cronheker:
8y =10} [M]{(Pj}

O (2-178) ta thiy rang: Cic dang dao dong riéng clia he khi ké dén vi khi khong ké
dén anh hudng cha lyc can la tring nhau. Ching truc giao v6i nhau qua ma tran tat dan
[C]. Diéu dé c6 nghia la sy tiéu hao nang lugng trong qud trinh dao dong cla he duge
tinh bing téng cdc nang luong hap thu & méi dang dao dong riéng. Nhu vay, tdc dung
ciia tai trong ngdai va cdc didu kién ban dau dsi véi mbi dang dao dong riéng déu c6 the

dugc tinh mot cdch doc lap. Su thdéa min diéu kién (2-178) s& dé dang cho phép tinh dao
dong ctia hé hitu han bac tu do ¢6 xét dén anh hudng cha luc cén theo phuong phdp khai

trién theo cdc dang riéng.

Phtt hop véi diéu kién ma tran tat dan thdoa min diéu kien truc giao. Raylay da gia
dinh ma tran 1at ddn bing 6 hop clia cdc ma trén dg cing va ma tran khai luong:

[C] = a,[M] + a,[K] (2-179)

Trong dé: a, vk a; 1a cdc hé s6 ti lé ndo do. Cac he s0 niy dugc xdc dinh theo cac gid
tri khdc nhau clia tham s& tit ddn va tan s6 dao dong riéng.

Thi du 2.17:

Cho hai tin s6 dao dong riéng ciia hé hitu han bac wr do: o, = 2 vd @, = 3. Su tat dan
tuong ting v6i hai dang dao dong dé bang 2% va 10% tét dan t6i han, nghia la: &, = 0,02
v g, =0,1. Hay xdc dinh cdc hé s6 a, va a,.

Pua ma tran tat din theo (2-179) vao (2-178), 1a s€ nhan dugc phuong trinh sau:

a, +a,0; =20 (a)

Thay céc gid tri ©,,g, V& ©,, £ vao phuong trinh (a), ta co:

a, +4a, =0,08
{an +9a, =0.,6
Gii hé phuong trinh (b), ta dugc: a, = - 0,336 va a, = 0,104.

(b)

Vay ma tran tat dan theo Raylay (2-179).

[C] =-0,336[M] + 0,104 [K] (c)
Tir phuong trinh (a) ta c6 thé nhan dugc tham s tit ddn Gng v6i céc tén s6 dao dong

riéng o, bat ki:
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1 .y —0,336+0,1040}
€, =—(a +a,0] )=
2, 20,

Trong céc bai todn thyc t&, cac tham s& tat dan ¢6 thé 16n hon 2, khi d6, dé tinh a, va
a, ta diing hai cdp gi4 tri trung binh cla céc tham s tit ddn va tan s6 dao dong riéng. Ta
xét thi du sau day:

Thi du 2.18:

Cho céc gid tri tn s6 dao dong riéng va tham s& tit dan:

0,=2,0,=3,0,=7, 0,=15, 0= 19,
g, =0,02,5=003,£=004¢,=001,5=0,14

Hay xdc dinh cdc hé s6 a, va a,

(d)

Céc hé s6 a, va a, nhan dugc tir phuong trinh do phép th€ (1.179) vao (2-178):
a, +2,0] =20 (a)
Pé xac dinh 2 hé s6 a, vA a, ta phai sit dung hai cap gid tri trung binh cta céc o, va g,
ta ki hiéu la:
(61, E[) va (62, gz)
O day ta lay:

o, ___é_ (0 +0, +@3)=4; F :%(81 +€; +£;)=0,03

1 - 1
®, :_2_’((04-{-(1)5):17; %:5(84 +ES)=0,12 (b)

Theé céc gid tri & (b) vao (a), ta nhan dugc hé 2 phuong trinh sau:

a,+16a, =0,24 ©
c
a, +289%, =4,08
Giai (c), ta dugc: a, = 0,0498, a, = 0,01405. Vay ma tran tat dan theo Raylay (2-179) la:
[C] = 0,01498 [M] + 0,01405 [K] (d)

Thay a, va a, vao phuong trinh (a) ta s€ tinh dugc biéu thitc x4c dinh cdc tham s6 tat
dén ¢ing véi cdc tdn s6 dao dong riéng bat ki:
0,01498 +0,014050;

g = 20, (e}

Trong trudng hop téng quét, nhu da biét & phan trén: diéu kién truc giao cia céc dang
dao dong riéng cdn dugc thoa man déi véi tich clia s6 khong han ché cdc ma tran dugc
tao nén tir ma trin 46 citng va ma tran khoi luong (2-65). Vi vay, ma tran truc giao tat

din c6 thé duoe biéu thi bang td hop cia cidc ma tran do:

[C1=MIT a, [M"KT (2-180)
k
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Trong d6: Cac hé s6 a, dugc xdc dinh tir viéc giai hé n phuong trinh sau:
2

i

+a,0! +...+a__ o2 (2-181)

2m8, =a, +a,0 :
Cin thay thém rang: Khi k = 1 ma tran tit dén (2-180) s€ dan dén ma trén tat ddn theo

Raylay (2-179).

2. Tinh dao dong cudng bitc theo phuong phap khai trién tai trong theo cac dang
riéng cé xét dén luc can

Khi phan tich dao dong ciia h¢ thanh cac dang riéng, ta xem chuyén vi clia hé bing
téng cdc chuyén vi thanh phdn, trong d6 mdi chuyén vi thanh phan tuong Ung v6i mot
dang dao dong riéng. Bai todn xét chuyén vi d&i véi timg thanh phin la bai todn dao
dong ciia hé mot bic tr do. Khi xét dao dong cudng bic ¢d k& dén anh hudng cia luc
can, phil hop vdi gia thi€t & trén ta ¢ thé xét mot cach doc lap timg dang dao dong
thanh phan nhu hé mot bac tu do.

Phuong trinh dao dong clia hé mot bac ty do chiu tai trong dong bat ki ¢6 xét dén anh
hudng clia luc can nhu da biét (1-196):

3
[Pye ™ sino (t—T)dr

o Q

y(t) =
Hoac ¢6 the viét:
P
(t)=—K, ()
y(t) M
Trong doé:
l 1
K, (1) =— [f,e*" .sino (t-1)dt
(DC I8
D61 véi hé hitu han bac wr do, ta van st dung cong thie (2-132) dé xdc dinh céac tai
trong khai trién theo cdc dang dao dong riéng, chi c6 vécto cac hé s6 anh huong dong

hoc s& ké dén anh hudng ca luc can phit hop véi hé s6 K (1) & trén. Cu the déi véi cdc
phén tr K,,(t) theo (2-136) dugc vi€t nhu sau:

1 | - (t-1) -
K,{t)y=— J‘f(r)e 07 sine, (t—1) dt (2-182)
mi.c Q ’

Chuyén vi ctia hé van dugc xdc dinh theo cong thic (2-137)
Y} =[M]" [Pa J{Ku )}

3. Tinh dao dong cuong biic theo phirong phap toa do tong quat co xét dén luc can

Trong trudng hop xét dén anh hudng cla luc can, phwong trinh vi phan biéu thi dao
dong dGi véi cic toa do tdng qudt (2-155) s& c6 dang sau (3 day khong trinh bay, vi qui
trinh tién hanh tuong tu nhu thiét lap phuong trinh (2-155)):
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M.Z, (1) + C,Z, () + K, Z,() = P,(1) (2-183)

Trong do:

C = {(Pi }T [C] {(Pi} =20,5M;
Phuong trinh (2-183) duge viét lai:

Z.()+20eZ,(0)+ 0] Z (1) = % (2-184)

Day chinh 1a phuong trinh vi phan dao dong clia hé mot béc tr do tng v4i tan s6 o,
d6i v6i hé c6 khai luong tdng quéat M, do ciing tdng qudt K, chiu tai trong tdng quét
P(t), va he c6 hé s6 tit dan téng qudt C,. Toa do téng qudt Z(1) la nghiém cta phuong
trinh vi phan (2-184).

1
[P (v sinw; (1 —T)dt (2-185)

iie o

Z‘,([) =

Chuyén vi ctia hé 1 t6 hop cta céc dang riéng duge tinh theo (2-145):

(Yo} =[®] {zw}

Trong dé: {Z(1)} 1a véc 1o cd céc phén tir dugc xéc dinh theo (2-185).

Trinh tu tinh toin hé dao déng hitu han bic tu do chiu téc dung chia tai trong déng bat
ki dugc tié€n hanh nhu sau:

1. X4c dinh cdc tan s6 dao dong riéng va cac dang dao dong riéng cltia hé. Péi véi céc
bai todn ¢& 16n, ta phai gidm c& bii todn va chi xdc dinh mot 6 tan s6 va dang dao déng
riéng thap.

2- Phan tich tai trong tdc dung 1én hé ra cdc tai trong khai trién theo timg dang dao
dong riéng: hodc xdc dinh cdc toa do t8ng quét (ng véi cc dang dao dong riéng. theo
(2-130) hoac (2-185).

3. Xéc dinh chuyén vi clia hé tir két qua nhén dugc ma tran tai trong khai trién, hoac
ma tran cdc toa do téng quit & budc trén, theo (2-137) hodc (2-145).

4. X#c dinh luc dan héi dé tinh néi lyc clia hé.

{P,(1) = [K] {Y(1)}
$ phuong phdp khai trién tai trong theo cdc dang dao déng riéng, luc dan hdi cé thé
dugc tinh tryc ti€p tir ma tran tai trong khai trién theo cdc dang chinh dao dong. Trén co
s& di xdc dinh duge luc dan hoi, ta ¢6 thé tfim dugc chuyén vi va néi luc clta mot diém
bét ki trén hé, & phuong phép toa d¢ tdng quit, luc dan héi phai tinh qua chuyén vi {Y}
vd ma trin ctng [K].
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§16. CAC PHUONG PHAP TICH PHAN TRUC TIEP

Phuong trinh vi phan dao dong hé hitu han bac ty do nhu da biét:

MY, +CY, +KY, =P, (2-186)

Nghiém ciia cic phuong trinh vi phan dao dong ciia hé mét bac tu do hoac hitu han
bac tu do déu c6 thé tim dugce bang cdc phuong phdp tich phan truc ti€p, & day phuong
trinh (2-186) duge 14y tich phan theo céc trinh tu budc s& dac biét. Viéc 1dy tich phan sO
truc (i€p duoc tién hanh trén cic doan thdi gian ngan va phai dim bdo diéu kién can
bing luc cta phuong trinh (2-186), trong d6 ¢4 tinh dén luc quén tinh, luc can tal cdc
diém o1 rac cha khoang thdi gian khao sdt. Qud trinh nay rat thich hop va c6 hiéu qua
khi sir dung mdy tinh dién tu.

Gia sir cdc vécto chuyén vi, vécto tdc do va vécto gia tdc tai thal diém ban ddu t = 0:
Y, Y,, Y, 4 d3 biét va ta con phai tim nghiém cta phuong trinh vi phan (2-186) trong
khoang thai gian tir khong dén T. Ta chia khoang thdi gian ra n doan bang nhau va bang
nhau va bing At:

Céc gid tri cn tim & thoi diém sau phai sir dung cac gid tri da biét & thoi diém trude.
Qud trinh tinh clia cdc phuong phép tich phan tryc ti€p s€ cho cdc nghiém gén ding tai
cac thdi diém roi rac ctia khodng thot gian chia 0, At, 2At,..., T. Dudi diy s€ trinh bay
mot s6 phuong phép tich phén truc ti€p.

() phin nay, cédc dai luong in nét dam déu biéu thi ma tran hodc véc to.

1. Phuong phap sai phan hitu han
Tur viéc khao sat (2-186) nhu viéc khao sdt cdc hé phuong trinh vi phan thong thudng
¢6 hé 56 hing $6, ta c¢6 thé biéu thi gin ding cic gia téc va t6c d6 bing cac biéu thifc sai
phan hifu han cla cdc chuyén vi, nghia 14, ta dung sai phan ctia ham sé thay cho céc vi
phan clia ham s6. C6 nhiéu phuong phdp sai phan khédc nhau dé biéu thi gdn ding gia toc
v t6¢ d6, phuong phép sai phan ding tam 12 mot trong cdc phuong phap c6 hiéu qua dé
giai cdc bai toan cu thé. G phuong phdp niy ham chuyén vi dugc biéu thj bang mot da
thiic noi suy 12 da thic parabol bac hai. Khi dé ta c6 bi€u thic gdn diing cta gia t6c va

téc do tai thoi diém t nhu sau:
Y 0 =2Y + Y0

Y, = At 2-187

t Atz ( )

Y, Yun=Yen (2-188)
2At

Chuyén vi tai thoi diém (t + At) duge tinh tir quan hé (2-186) tai thdi diém t (tir diéu
kién can bang luc tai thoi diém t):
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MY, +CY, +KY, =P, (2-189)
Thé (2-187) va (2-188) vao (2-189) ta dugc phuong trinh:

K'Y, n=P (2-190)
Trong dé:
. 1 1
K =—M+— 2-
A 2At (2-15D
P’ =P -—(K——Z—M)Y —(LM——I—C]Y (2-192)
tot At? ¢ L at? At )M

Tir (2-190) ta thdy ring: Chuyén vi tai thoi diém (t + At) Y4, dugc tinh qua cic
chuyén vi tai cac thoi diém t va (t - At: Y, v Y, a. Vay d€ tinh chuyén vi tai thdi diém
At: Y, phai biét duoc céc chuyén vi tai cdc thdi di€m t =0 vat =- At Y, va Y-
Chuyén vi Y, la diéu kién ban ddu da biét, cdn Y, dugc xic dinh nhu sau. G phuong
trinh (2-187) va (2-188) ta thay t = 0, s& dugc:

APY, = Y_p —2Y, + Yy
Tir hai phuong trinh nay ta s€ co:
. At ..
Yo=Y -at¥ +=-, (2-193)

Trong d6: Y, I2 diéu kién ban diu da biét, con gia téc ¥,,,duoc xac dinh tir phuong

trinh vi phan dao déng tng véi thoi diém ban dau (2-189):
¥, =M@, -CY, -KY,) (2-194)

Qua trinh tinh theo cdc budc thdi gian duoc tién hanh theo cic cong thitc: (2-192) va
(2-190).

Van dé chon budc thai gian d6i v6i cic phuong phép tich phan trye tiép 1a van dé rat
quan trong, né lién quan dén do chinh xéac clia két qué tinh todn va sy dn dinh ctia so do
tich phan. Néu chon budc thoi gian cing nho thi két qua tinh cing chinh xdc nhung khol
luong tinh cang nhiéu, va nguoc lai, néu chon buéc thdi gian cang lén thi khéi luong
tinh s& it di, nhung két qua tinh s& khong dam bao chinh xdc. Vi vay, phai chon budc
thdi gian dd nho dé dat duge dé chinh xac can thiét va chi phi tinh toén vira phai.

D61 v6i phuong phap sai phan da khéo sét & trén, dé nhan dugc nghiém du tin ciy, thi
budc thoi gian phéi chon théa mén diéu kién sau:

At < Aty = L (2-195)
1: _

Trong dé: T, 1a chu ki dao dong riéng nhé nhat cia h¢ (lng v6i tan s6 dao dong riéng

lém nhat).
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Trinh ty tinh todn cta phuong phdp sai phan dugc tién hanh nhu sau:

[. X4c dinh cdc ma tran d6 cling, ma trén tat ddn va ma tran khoi lugng cuahé: K, C, M;

2. Xdc dinh diéu kién ban ddu Y, tr Y, va Y, theo (2-194);

3. Chon budc thoi gian At thda man (2-195);

4. Xdc dinh Y_,, theo (2-193);

5. Xdc dinh ma tran K theo (2-191):

6. Xac dinh véc 1o tai trong tai thoi diém t: P, theo (2-192);

7. Tinh chuyén vi & thoi diém (t + At) tir phuong trinh (2-190).

Viée xdc dinh tai trong P, va giai phuong trinh: K™ Y, o = P duoc tinh va lap lai &
moi budc.

Khi cin thiét x4c dinh cdc gid tri gia toc va toc do chuyén dong, ta st dung céc biéu
thiic (2-187) va (2-188).

Thidu2.19

Cho hé hai bac ty do ¢6 phuong trinh can bing luc:

o5 G B
01 ¥y, -2 41 |y 10

Gid tri cdc chu ki dao dong rieng chia hé: T, = 4,45, T, = 2.8.

Cho diéu kién ban ddu: tait=0,Y,=0, Y=0.

Hay khao sit dao dong cla hé véi 12 budc thdi gian véi hat trudng hop:

Atzf—ézﬂ,% vi At=10T, =28

a) Tinh voi truong hop At=0,28 <At = -E =0,89.
T

- Xdc dinh ¥, theo 2-194) v6i Y, =0, Y, =0, ta cé:

L4}

y 1
v, =M7P, =2 orIol o
2(0 2] [10f [10

- Xéc dinh Y, theo (2-193):

P4
e om0
0 0 2 (10 0,392

Xéc dinh ma tran K’ theo (2-191):

<" 1 [2 0 2 [0 0 25,51 0
= — + =
0,28°|0 1] 2.0,28{0 0 0 12,755
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- Xac djnh véc to P} theo (2-192):

- 0+4s 2 v 25,51 0 v
t 10 2 21,5| " 0 12,755 "M

Chuyén vi tai thdi diém (t + At) tim dugc bang viéc giai phuong trinh (2-190) d6i véi

mdi budc thoi gian:
25,51 0 v _p*
0 12,755 w4t

Qui trinh tinh d&i véi 12 budc thdi gian ta ¢6 két qua ghi & bang 2-2:

Bang 2-2
Thoi .
gian At 2AtL | 3AL | 4At | 5Ar | 6At 1 TAt | BAt | 9At | 10Ar ] 11At | 12At
v 0 (0,0307/0,168|0,487| 1,02 | 1,7 | 2401291 | 307|277 | 204 1,02
tY.) 0,392 1,45 | 2,83 | 4,14 | 5,02 | 5,26 | 490 | 4,17 | 3,37 | 2,78 | 2,54 | 2,60

Cac két qua nhan dugc c6 thé so sénh véi cdc gid tri chinh xdc dd nhan duge & thi
du (2-12).

b) Tinh véi trong hop  At=10 T,=28> At,, =0,89

Ta lap lai qud trinh tinh tuong tu nhy trén s& nhén duoc ket qua:

v | ° v - 3,03.10°
A 713,83.10° M | 1,21.107

Céc chuyén vi tinh dugc & céc budc thoi gian sau ciing ti€p tuc tang. Su tang cic gia
tri nay la do hau qua cba su khong 6n dinh cla so d6 tich phan su dung do budc thdi
gian khong thoa man diéu kién (2-195).

2. Phuong phap gia toc tuyén tinh

Phuong phap gia t6¢ tyén tinh xem rang:
Sy thay déi ciia gia t6¢ chuyén dong trong

méi budc thdi gian tir t dén (1 + At) 12 tuyén 7 YL T

tinh. Vinson da phat trién phuong phdp nay | ¢ i t
va gid thiét ring: Su thay d6i tuyén tinh cda Al | At 1+ 64t
gia téc tir t dén (1 +OA1), trong d6 © = 1. pé =0

dam bao su én dinh vo diéu kién cha su do

tich phan thi: © = 1,37, thudng 13y 6 = 1.4. Hinh 2.21
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Ta ki hiéu gia s& thoi gian qua bién T, trong d6: 0 < 1 < OAt. Tir hinh v& 2.2] ta c6:

. .. T o .
Y., =Y, +@(Yt+em -Y)) (2-196)

Trong dé: 0 <1 < 0AL.

Tich phan hai v€ dang thiic trén, ta duoc

o

Ym = Y +Y T+ —— SOAL ——(Y woat — Yt) (2-197)
Tich phan tiép hai v€ (2-197), ta dugc:

1

Y..= Y, +Y. T+ = Y1: +— oML —— (Yeon — Yo) (2-198)
Tinh cc biéu thic (2-197) va (2-198) tai thoi diém (t + BAL), ta co:

Yeron = (Yt+eAt +Y,) (2-199)

N LN L -
Y, .00 = Y; +OALY, + (Yy,on +2Y,) (2-200)

Tir cic bi€u thic (2-200) va (2-199) ta c6 thé biéu thi Y,,pa va Yi.en qua chuyén vi

Y, g5 Rhu sau:

.. 6 . .

Yisoa = BZA 5 (Yeroa — Y)— @YL -2Y, (2-201)
: . DAt .

Yiioa = Q_M'(Yuem -Y,)-2Y, - BN Y, (2-202)

Pé xéc dinh cic chuyén vi, tdc do, gia tdc cha hé tai thoi diém (t + At), ta s€ khao sat
phuong trinh vi phan dao dong (2-186) tai thoi diém (1 +OAL).

MY, oac + C¥er0nt + KYrioa = Prroa (2-203)

Trong d6: P, ga, 12 tdi trong img véi thoi diém (t + BA1), né dugc tinh trén co s§ xem

ring: Khi gia t6¢ chuyén dong thay déi tuyén tinh thi tai trong cling thay déi tuyén tinh,

do dé:
Poa =P 0P —P) (2-204)

Thé cdc bidu thife (2-201), (2-202) vao (2-203), ta nhin dugc phuong trinh dé x4c
dinh Y, oa :

K*Yt+9m = tZ—GAt (2-205)
Trong dé: K =K+—0 M+ 3 ¢ (2-206)
' (0At?  BAt
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6
BAt

Ploa =P +0(P, 5 —P)+ M((GAt)Z Y, + Y, + Z?tj«%

3 . BAt.
re| 2oy 127 + 28y 2207
C(em (Felir Ty ‘] (2-207)

Pua gid tri Y, g, V30 (2-201) ta s& duoc Y, gy » sau d6 the Y, s, Va0 céc biéu thitc

(2-202), (2-197), (2-198) khi T = At ta s& dugc: Yo, x> Yeoar» Yeear -

Yt+m = (I_EJYI - BzAt Yt + 93At2 (Yt+BAL - Yt) (2'208)

- At .- At .- -

Yoa = ? Yioat ?Yl +Y, (2-209)
At .. 3 X

Y1+At = T(Ywm + ZY: ) + At Y1 + Yt (2'210)

D¢ nhan duoc két qua tinh todn gan sit v6i dao dong thuc cta két cau khao sat, ta can
chon budc thdi gian bing 10% chu ki dao dong riéng thdp nhat cua hé, tic la:

At=tn
10

Trinh tu tinh todn cia phuong phdp gia tdc tuyén tinh dugc tién hanh nhu sau:

1. X4c dinh cdc ma trin do ciing, ma tran tat dan va ma tran khéi luong cta hé: K, C, M.

2. Xdc dinh diéu kién ban ddu Y, tr Y, va Y, theo (2-194);

3. Chon budc thoi gian At;

4. Xac dinh ma tran K’ theo (2-206);

5. Xdc dinh ti trong Py, s, theo (2-207);

6. Tinh cdc chuyén vi tai thoi diém (1 + OAU) tir viée giai phuong trinh (2-205);

7. Tinh céc chuyén vi, t6c do va gia t6¢ tai thoi diém (1 + At) theo (2-208), (2-209),
(2-210).

Viec xdc dinh tai tong Pg,. gidl phuong trinh: K Y, oa = Plogae V2 tinh
Yy, a0 Yions » Youa 0 cdc trinh t thit 5, 6, 7 dugc tinh va lap lai & méi budc thoi gian.

Thi du 2-20

Xét dao dong clia hé da cé & thi du (2-19) theo phuong phdp gia toc tuyén tinh. Lay
0=14.

O thi du (2-19) ta di c6 diéu kién ban ddu:

Y:{g}Y :{g} Y={g}
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- Chon budc thoi gian At = rf_{z} =0,28.

- Xédc dinh ma tran K" theo (2-206):

. 6 -2 6 2 0] [84,1 —z]
= + — =
-2 4| (1,4.0,28*|0 1 -2 43

O méi budc can phai tinh:

- Tai trong P, g, theo (2-207)

. 0) 0] [20 -
Pl on ={1o}+{0}+{0 J {30, +15,3%, +2¥,

Xdc dinh chuyén vi tai thoi diém (t + OAt) tir phuong trinh (2-205):
K*Yuem = Pt*+9Al
-Tinh cic gia t6c, toc do va chuyén vi tai thoi diém (1 + At) theo (2-208), (2-209), (2-210):
YV, = 27,9 (Yeon - YO —10,9%, —1,14Y,
Vo = Y+ 0,14, 0 + %)
Y, =Y, +0,28Y, +0,0131(Y,, ,, +2Y))
Qua trinh tinh véi 12 budc cho ket qua ghi 6 bang (2-3):

Bang 2-3

Thoi gian At | 24t | 3at | 4at | S5At | 6At | TAt | 8AU | 9At | 10At | 11At | 12At
{Y }_ {.Ylt} 0,006 |0,0525]0.196 | 0,49 (0952 1,54 | 2,16 267 1292282233 | 1,54
0366| 1.34 | 2.64 | 3,92 | 448§ 531 | 5,18 461 | 3,82 | 3,061 252|229

Y

Céc két qua nhan dugc ¢ thé so sdnh véi cic gid tri chinh xdc cla thi du (2-12).

3. Phuong phap gia téc trung binh khong doi

Phuong phép gia tc trung binh khong doi gia thiét rang: O mbi budc thoi gian At gia
t6c chuyén déng béng hing s6 va dugc tinh bang gid tri trung binh & hai gid tri ddu va

cudi cua khoang At:

o YoautY,

Voo = =55 (2-211)
Trong dé: 0 £ 7 = At
Tich phan hai vé dang thiic trén, ta dugc:

: . Youty,

Y, =Y, +1A—t - (2-212)
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Tich phan ti€p hai v&€ cla (2-212) ta duoc:

2 YH-A[ + Yl

Y, =Y +1Y, +1 (2-213)

t+T

Sir dung cdc biéu thic (2-212) va (2-213), ta tinh chuyén vi va t6c do tai thoi diém
cudi khodng At, ing v6i T = At

. - AL .
Yl+Al = Yt +7(Yt+m +Yg) (2-214)
. AR .. .
Yt+Al = Yl +AtY{ +T(Y|+m + Y[) (2-2]5)
Bay gid ta viét cdc biéu thic Y, vd Y., qua Y, Y,, Y, va Y,

Tw (2-215) ta ¢é:
4 4 4

Yioar = F t+AL _FYI _E Y, -Y, (2-216)
Thé biéu thiic (2-216) vao (2-214) ta duoc:

. 2 2 . .

Yia= EYt+At _EYI -Y, (2-217)

Pé xdc dinh céc gid tri chuyén vi clia hé tai thai diém (t + At), ta xét phuong trinh vi
phin chuyén déng cua hé tai thoi diém (1 + At):
MYHAt +CY(+A1 + KYHA! = Pt+A: {2'218)
Sau khi dua cdc biéu thic (2-216) va (2-217) vao (2-218) ta s& nhan dugc phuong
trinh dé xdc dinh Y, :

K*YI+A1 = P::m (2-219)
Trong do:
K'=K+ 4, M+-2C (2-220)
At* At
P, =P +M(iY Ay +YJ+C[£Y +Y] (2-221)
t+AL t+At Atz t At t t At t ]

Qua trinh cdc budc tinh duge tién hanh theo cac cong thic (2-221), (2-219), (2-216),
(2-217). & thoi diém ban dau gia téc Y, duge xic dinh theo biéu thitc (2-194).

Viéc chon budc thdi gian & phuong phap nay ciing 14y nhu phuong phdp gia toc tuyén

tinh At = L .
10

Trinh ty tinh t0dn cta phuong phdp gia t6¢ trung binh khéng déi duoc tién hanh nhu sau:
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|. Xéc dinh cdc ma tran do cting, ma tran tat dan va ma tran khai luong K, C, M;

2- X4c dinh diéu kién ban ddu Y,, Y,, Y, :

3. Chon budc thoi gian;

4. X4c dinh ma tran K’ theo (2-220);

5. X4c dinh tai trong P, ,, theo (2-221):

6. Tnh chuyén vi tai thoi diém (t + At) tir viéc gidi phuong trinh (2-219);

7. Tinh 8¢ do va gia toc tai thoi diém (t + At) theo cdc cong thic (2-216) va (2-217).

Trong qué trinh tinh todn v6i cdc budc thoi gian, céc trinh tu thi 5, 6, 7 duge tinh va
lap lai 6 méi budc.

Thidu 2.21

Xé dao dong ciia hé da cho & thi du (2-19) theo phuong phdp gia t6¢ trung binh khong
déi.

O thi du (2-19) ta di c6 cdc diéu kién ban dau:

ol ff el

- Chon budc thot gian: At = T—B =0,28.

- Xéc dinh ma tran K theo (2-220):
. 6 -2 4 |2 0 108 -2
K = + — =
-2 41 0,280 1 -2 55
O mdi bude, cin tinh:
- Téi trong Py, ,, theo (2-221)
. 0] 2 0 L
P = 10 +L0 { (51Y, +14,3 Y, +Y,)
- Xdac dinh chuyén vi tai thai diém (1 + At) béng viéc giai phuong trinh (2-219):
K*Yum = P:rm
- Tinh gia t6¢ va 16¢ 46 tai thoi diém (t + At) theo (2-216) va (2-217):
Yt+m = SI(YHAt ~Y)- 14’3Y: - Y:
Ynm = Yl +0514(i}1 + ?um)
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Qua trinh tinh véi 12 budc cho két qua ghi ¢ bang 2-4:

Béng 2-4

Thoigian| At | 2At | 3At | 4At | 5At | 6At | 7At | 8At | 9At | 10At | 11At | 12At

0,006700,0504/0,189:0,48510,961 | 1,58 | 223 | 2,76 | 3 |2,85 228 | 14
0364 1,35 268 4 495|534 513|448 |364| 29 244|231

Y.

Cdc két qud nhan dugc ¢ thé so sanh véi cdc gid tri chinh xdc & thi du (2-13).
Trén hinh 2.22 mo ta chuyén vi Y,(t) cllia hé dugc khao sdt trong céc thi du (2-10),
(2-19), (2-20), (2-21).

ya{l)

0 Al 24t 4At Bat 8at 10AL 124t

Hinh 2.22
1) Phirong phép sai phan hitu han: 2) Phuong phdp chinh xac
3) Phuong phap gia téc trung binh khong déi. 4) Phuong phdp gia t6c tuyén tinh.

Cic phuong phép tich phan truc tiép & trén déu c¢6 thé dp dung dugc doi v6i hé mot
bac tu do.
Trén hinh 2.23 mo ta dao dong tu do ¢ xét dén dnh huodng cua luc can cua hé mot bac
tr do véi diéu kién ban ddu: y, = 3, v, = 15. Hé ¢6 tham s0 tat dan € = 0,3, an s6 dao
2n

dong riéng o = 2, (T =— 'm).
W
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Yo

Hinh 2.23

Cic dé thi duoc v& tuong Ung véi cdc gid tri khdc nhau ciia bude thoi gian At. D6 thi
ing vét At = 0,125 (dudng cong nét dam) tring vdi dé thi di mo 1 & hinh 1.19 cua

phuong phdp chinh xdc. Po thi tng vaéi: At = 025 < BZ 0,314 cho cédc gla trn gan sat
véi k&t qua chinh xdc. Céc d6 thi Gng véi At =05 At — 1 cho két qué xa véi két qua

chinh x4c, boi vi At > ;F—O =0.314.
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Chuong 3
DAO PONG CUA HE CO VO HAN BAC TU DO

§1. XAY DUNG PHUONG TRINH VI PHAN DAO PONG TONG QUAT HE VO
HAN BAC TU DO

Xét thanh thang ¢ khdi lugng phan b bat ki m(x). do cling thay déi EJ(x) chiu tai
trong déng phéan bé q(x.t) trén hinh 3.1:

q{x.1)
1] LT
© M{x}, EJix) gafx
il *
g.(x1)
117 T T
qaix.)
T 1t
Y

Hinh 3.1

Ta gia thiét rang: khi dao dong mot diém trén hé déu dich chuyén theo phuong vuong
g6¢ voi truc thanh. Dao dong ngang cia hé tai mot thdi diém bat ki duge xdc dinh bing
dudng dan hoi coa hé dudng dan hoi nay 1 ham phy thudc vao hai bién s6: toa do x va
théi gran t

y = y{x.1)

Pé xay dung phuong trinh vi phan dao dong cua hé ta su dung phuong phdp tinh
dong. trong dé ¢6 bo sung vio hé lue qudn tinh viét theo nguyén i Dalambe. Cic luc tic
dung vio hé bao gom:

e 'y (x,1)
- Luc quan tinh phan bo: q,(x.0)=-m, T

. . ) Oy(x.t
- Luc can chuyén dong (can nhdt): g (x,t)= C'%

- Luc dan hoéi phan bé tuong dng v6i chuyén vi dong y(x.t) ¢ xu hudng dua hé vé vi
tri can bang ban ddu: S
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Qg (x.1) =a—22(EJx MJ
ox ox”
- Tai trong dong:  q(x.1)
Viét phuong trinh can bang luc theo phuong ding: YY =0, tacd:
—qq(x.t)+qc(x,t)+qd(x,t):q(x,t) (3-1)

Dua cic thanh phan luc can, luc quén tinh, luc dan héi & trén vao phuong trinh cén
bang (3.1) s& duoc:

ax’

o EJ() y(x) +n(x)a—uy(—§’-2+c@(x—’l)=q(x,t) (3-2)
ax° ot ot

Phuong trinh (3.2) 1a phuong trinh vi phan dao dong téng quét cta thanh thang - hé vo
han bac tu do chiu tai trong dong bét ki.
Khi khong xét téi dnh hudng clia luc can, ta c6:

& &Y 32 y(x,1)
Z I ENx)—=2 | +mix) ———==q (x,1 (3-3)
N { p ( 2 q (x,t)

Khi tinh dao déng ¢é xét dén anh hudng cua lyc can theo gia thiét do cing phic. ta c6

phuong trinh vi phan dao dong 16ng uat nhu sau:

m(x)ﬂ(f_’t)+(l ‘6] {EJ( )ay(x )}_q (x. U (3-4)
ot” ox> ax*

T

$2. DAO PONG TU DO CUA THANH THANG

1. Phuong trinh dao dong tu do tong quét cua hé
Phuong trinh vi phan dao dong tu do khi khong xét 16 anh hudng ctia luc can nhén
duoc tir phuong trinh (3-3) khi khéng ¢6 vé phai:

a{EJ( Nt ‘)} mex) XY g (3-5)
E a

ox” X
Nghiém riéng ctia phuong trinh vi phan (3-5) c6 thé biéu thi dudi dang sau:
v(x. 1) = X(x) . T(1) ‘ (3-6)
Trong do:
X(x) - him chi phu thudc vao toa dé x, nd biéu thi dang udn cia dam;

T(1) - ham chi phu thudc vio thdi gian, né biéu thi luat dao dong cia he.
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Tir (3-6) ta lay dao ham riéng cla y(x, t) theo thoi gian va theo toa do:

azy(x,t) _ dZX(x)

: W1y | @-7)
ox dx~
2 2
TS L X (3-8)
ot de”

Pua cdc biéu thiic (3-7) va (3-8) vio phuong trinh (3-5) ta dugc:

2

2 [ 2 2
d,} EJ(x)d>§-T +m(x)g-X=0
dx~ dx~ dr”

Chia ¢4 phuong trinh trén cho tich m(x).X.T, sau khi bién d6i ta s€ viét dugc dang sau:

2T 2
EE EJ(x)g },{} QZ,T,
dX L dXH __ d[z (3_9)
m(x).X T

Tit (3-9) ta thy: V& phai clia phuong trinh chi phy thude vao thoi gian t, con v€ trii
chi phu thuéc vio toa do x. Nhu vay, muén thda man phuong trinh (3-9), thi ca hai v&
cta phuong trinh ndy ciing phai bing moét dai luong nao dé. Ta ki hiéu dai lugng nay 1a

2 N h P QL . .
o~. T dé. ta ¢ the rit ra hai phuong trinh sau:

2 2
-d—? {El(x) dJZE }

dx dx B
m(x).X -
d°T
2
Va dt :(1)2
T
d’ d? 2
Suy ra = | EJ(x) 5 —o'm(x)X=0 (3-10)
dx~ dx
d>T
7 +0’T=0 (3-11)
dt”

Ta thay phuong trinh (3-11) gidng nhu phuong trinh vi phan daoc dong do6i véi hé mot
bac tu do, nghiém clia phuong trinh nay c6 dang:

T=Asin (ot +7) (3-12)

Phuong trinh (3-10) 14 phuong trinh vi phan dang uén cla dam. Giai phuong trinh nay

ta xdc dinh dugc dang dao dong X. Tuong ty nhu dé1 véi dao dong cua hé hitu han bac

ty do, khi xét diéu kién didm bdo cho hé dao dong ta s& xdc dinh dugc cic tan sé dao

dong riéng cua hé.
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Trong trudng hop téng quét, phuong trinh vi phan (3-10) ¢6 cic hé s6 thay doi theo
toa do. Khi dim cé d6 cing khéng déi, phuong trinh (3-10) ¢6 dang don gian hon:

d*X
El—-0’m(x)X =0 (3-13)
dx
Néu dim c6 do ciing khong doi va khéi lugng phan bs déu, ta cé:
3
X ot x=0 (3-14)
dx* EJ

Phuong trinh (3-14) duge gidi quyét cu thé & §3.
Nhu vay. nghiém clla phuong trinh vi phan (3-5) duoc biéu thi dusi dang (3-6) chinh
L nghiém cua hé phuong trinh vi phan (3- 10) v (3-11). Vi hé c6 vo so bac tu do, nén 1a

ciing tim dugc vé s6 1an s6 dao dong riéng. Tuong iing véi tan s6 dao dong riéng ;.
¢é dang dao dong chinh thir i ing v&i ham biéu thi dang udn X, va luat dao dong T;:

Y. (x.1)=XT; =X, A, sin (ot +7;) (3-15)
Nghiém 18ng quét ctia phuong trinh vi phan (3-5) s€ la:
Y=Y Y=Y XT =3 XA sin (@t+7) (3-16)
=t i=t =t
Phuong trinh (3-16) 1a phuong trinh dao dong 16ng qudt cha hé vo s bic ty do.
Trong trudng hop ké dén anh hudng cia luc can, phuong trinh vi phan dao déng tu do

¢6 dang:

& &y(x.1 8% y(x. t
Bl &0 YD y(:: v, D4 (3-17)
ot ox” o at

O day xét trudmg hop luc can nho, tng véig < 1.

Ta cfing biéu thi nghiém dudi dang (3-6) va ti€n hanh lam tuong ty nhu trén, ta s€
nhin dugc phuong trinh dao dong tong quat cta hé nhu sau:

Y(x,t)= Z Y. (x,1) = Zefmiﬁilxi A sin (o, 1+7;) (3-18)
iz =1

Trong do: o, =01 —§

2. Tinh chit truc giao cia ciac dang dao dong riéng

Tuong tu nhu d&i véi dao dong cha hé hitu han bac ty do, cdc dang dao déng riéng clia
hé vé 6 bac tu do ciing ¢6 tinh chat tryc giao. Bi€u thic cla tinh chat trye giao gitia cc
dang dao dong riéng duge (im trén co s§ dp dung nguyén li cong tuong hé Betti do1 véi
cac dang dao déng riéng.
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Xét hai dang dao dong riéng ng v6i hai tan s6 dao dong rieng ©; va ;. Khi dao dong
tu do, ta xem hé chiu tdc dung cua cdc luc quén tinh xem nhu ngoai luc (hinh 3.2).

Vi dang chinh thit i, ta ¢é chuyén vi clia hé:

Yix, =X, T, =X, A sin (ot +v,)
Va luc quén tinh phan bd:

qi.q(x.t) =wi2 m(x) X, A, sin (@;t+7v;)
V6i dang chinh thit J, ta c6 chuyén vi cia hé:

Yix.n =X Asm (ot + 7))

Va luc quan tinh phan bo:

2 .
qj,q(x’t)—ﬂ)j m,, XjAj Sin ((.l)jt-l-yj)

Giglx) = oo/ XAsin(wf L)

qjq(x,t) = uz;i m(x)X\jAjsin(wj 2+~gj)

Fd ~

P
7 N
Hinh 3.2
Ap dung nguyén 1 Betti vio hai trang thdi bién dang tmg vdi hai dang dao dong do, ta co:
'f(]' g (XD (X Ddx = L: q;, (6 Dy (x, D dx

Hay:
J"‘ of m, X A; sin(o;t+7;) . X;A;sin (0;t+ydx =
= 'f{]} cof m, XJ-Aj sin(mjt+yj) - XA sin (ot + v )dX
Sau khi don gidn hai v€ cho Aj A,;. sin (ot +7, )sin(((;)jt +Y ) vit chuyén vé&, ta dugc:

(a)?—mf) j: m(x)X; X;dx =0
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Vi céc tan s0 dao dong riéng c6 gid tri khic nhau @, 20, nénta cd thé viét biéu thiic trén:

[imx)X; X;dx =0 (3-19)
Dé chinh 12 biéu thiic tinh chét truc giao gita cdc dang dao dong riéng.
Dang dao dong riéng thoa man diéu kién sau day dugc goi la dang chudn:
ff me)X} dx =1 (3-20)
Biéu thirc (3-19) biéu thi tinh chat tryc giao cia cdc dang dao dong riéng qua khéi
luong cuia hé. Tinh chat truc giao giffa cdc dang dao dong rieng con dugc bicu thi qua do

cuing ctia hé nhu sau:

[[EI0X] ] X;dx=0 | (3-21)

3. Xdc dinh A, va y; cua phuong trinh dao dong (3-16)
Ta viét lai phuong trinh (3-16):
y(x,)=3 X, A, sin (&;t+7;) (3-22)
=
Trong d6: A; va vy, dugc xdc dinh tir didu kién ban ddu: Tai thdi diém ban daut =0, ta
cé d6 vong va 16c do ban dau clia hé la: y(x) va v (x). Truée hét ta tinh dao ham theo
thoi gian phuong trinh (3-22).
vix, )= X, A; o, cos(wt+7,;) (3-23)
i=1
Chii ¥: céc ki hiéu dao ham theo thoi gian, ta dé dau cham, va ki hiéu dao ham theo
toa do ta dé diu phdy.
Thay cdc diéu kién ban ddu vao cdc phuong trinh (3-22) va (3-23), ta c6:

¥, (X)= Z A X, siny, {a)

i=1

"
v ix)=2 A, X, 0 cosy, (b)
il
Dé xdc dinh A, vh v, ta s& sl dung bi€u thic tinh chét tryc giao gilia cdc dang dao
dong riéng. Mudn vay, ta nhan hai v&€ cila phuong trinh (a) véi m(x) X dx réi lay tich
phan tir 0 dén /:

j-: m(x)y,(x) X; dx = _[: (m(x)Xi YA X, sinyi] dx
i=l
Khai trién téng phia trong bén vé€ phai clta phuong trinh trén, ta cé:

159



_[: m(x)y, (X)X, dx = jf‘ m() X, (A, X, siny, +A,X,siny, +...+
+A; X;siny, + ...+ A, X, siny)dx
Str dung tinh chat truc giao (3-19), ta nhin duoc:

Li m(x)y,(x) X;dx = 'f: m(x)AiX? siny, dx

j(i m(x)y,(x) X, dx
H'dy: Al Sil] Yl = / - (3'24)
[, meX; dx

Tuong tu ta nhan hai vé€ ctia phuong trinh (b) v61 m(x)X,; dx va ciing lap lai qud trinh

nhu trén, ta s€ nhian duoc:

I ﬂ m(x)v,(x) X, dx
Ajcosy, =— j[ . (3-25)
w; m, X; dx

(%]

Tir hai biéu thiic (3-24) va (3-25), ta suy ra:
J-” m(x)y,(x) X, dx

¥, = arctg | o; (3-26)
] _[ m, v, (x)X; dx

} m{x)v, (x) X, dx
1+ lg Y, f (3-27)

J'dex

Hoac:

i
1 f mey,(x) X, dx
A= (3-27)
siny; [ m, X} dx

Néu dua bidu thiie (3-24), (3-25) vao (a) va (b) ta s& nhan duoc:

_x J‘: m(x)y,(x) X, dx s
Vo= j: mxXi2 dx -28)

[l mx)v,(x) X; dx
Vi x)=X; = p (3-29)
' J.U mxX-l2 dx _

Cic biéu thiic (3-28) va (3-29) chinh Ia cdc thanh phén khai trién clia chuyén vi ban
dau va téc do ban dau vao cdc dang dao dong riéng.
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§3. DAO BONG TU DO CUA THANH THANG CO KHOI LUONG PHAN BO PEU
VA TIET DIEN KHONG DOI
Trong (ruong hop ndy: m(x) = const, EJ(x) = const. phuong trinh vi phan dao dong 11
do (3-3} s€ la:

4 2
ayix0, m FYD g (3-30)
> (WK_I' EJ 81_ ey r
Phuong trinh vi phan bi¢u thi dang uén cé dang ( 3-14) duge viét gon ¢ dang sau:
4
d>f—K4.X:0 (3-31)
dx
Trong dé:
2
g o mo (3-32)
EJ
Nghiém ctia phuong trinh vi phan (3-31) c6 dang:
X = A ch kx + B sh kx + C sin kx + D cos kx (3-33)

Pé 1ién cho viée tinh todn sau nay, ta dat:

1 1
A5;(CI+C3): B=;(C2+C4)
1 _ |
C:E(CI_CB)' D=5(C2—C4)
Liic ndty. ta ¢d thé bicu thi nghiém nhu sau:

1
Ay, = ;(ch kx +coskx)
I )
By = ;(sh kx +sinkx)
trong do: = {3-33)
C,, =—{(ch kx —coskx)

D, ==(sh kx —sinkx)

= N =

Cic ham wén duge goi 1a haim Crulov vi chdng tuian

theo quy Tuat dao ham sau: (xem hinh 3.3)

JAL\ =KD,, -

I)’i\\ = KC‘I\\ :x

'icg\.\ = KBy,

By, = KA, N K

Hinh 3.3
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Va A

o=

B3

(G}

=C

()

=D, =0

()

Tir (3-34). ta ¢6 cde dao ham:

X, =C/ KDy, +C.KA +C:K B, +C,KC,,
X! =CKCy +C,KD, +CK? A +C,K B,
X!=C KB +C.K'C, +C;K D, +C,K A,

(3-36)

Cic hang 50 C,. C,. C;. C, duge xdc dinh tir diéu kién bién. gia sirtai x = 0. 1a ¢é:

Ml\ s QO
k[\ = = Xw}\(\ ())—0 X'\ (= EJ ‘XH-“)Z_—ET
Thay cac diéu kién bicn trén vio cic phuong trinh (3-34). (3-36) ta s¢ nhan duge:
|
C=X,. GC==0,
- K
M
C_}:—jj“ . C4=__Q~"‘L‘
K-EJ K'LEJ

Pua fi cde hang s6 ndy vao (3-34) vi (3-36). ta ¢6 phuong trinh chuyén vi viinoi lue

ctu hé nhu sau:

00 BI\‘

X(x)=
(x) K

XnAk\

X' (x) = X, KD, +0, A, -

M(x)=~EJ X K'C,

Q(x)=-EJX K'B,,

~EJOKD, +M_A,,

M, Q,
ke © 3 ka
K°EJ K EJ
M Q(l
l’?'k,\' R g R
KEJ K-El

Q.
+ =20,
K Kx

—EJ (-jnK2 Ciy +tM KD, +Q.A

Hai phuong trinh dau cta (3-37) 1 hai phuong trinh bi¢n dang, con hai phuonyg trinh
sau [4 hai phuong trinh noi luc. Tir cde didu Kién bién cu the clia bl todn, ta s¢ xét dicu
kicn dam bao hé dao dong dé nhan duge cdc thong s¢ K v tir dé s¢ xde dinh duoce cic

tan so dao dong riéng cua he.

Thidu3.l:

Xiic dinh cic tan s6 dao dong riéng vi phuong trinh dao dong 1ong qudl cia he cho o
hinh 3.4, h¢ ¢6 khoi lugng phan bé déu va it dién khong doi.

1. Xde dinh cdc tian sé dao dong riéng:

- Tai dau dam: x =0

[0

M, =0

[av}

F62

cdc didu kién bién cua dam don gian



- Tai cudi dam: x =1
j[Xl“ =0
!LMH) =0

EJ = const
m = const

'
// ~
. ~ E
rd
”g < 377
\\.__—_,/ il
- T~
7 ~
N &
I S
r~ P ~ TR
L B - s A
Vi - -z

flinh 3.4
Thay diéu ki¢n bieén ndy vao phuong trinh thi nhat va thir ba cua (3-37). ta dugc:

0, Q, }
X, = 2By - <Dy, =0
KEJ M | @
Q.

My, ==0,ETK Dy, +?Bk, 201

Dicdu kicn d¢ cho he 16n tai dao dong 12 0, va Q, phai khdc khong. Do dé. dinh thic

cde he s6 wong Gng cua hé hai phuong trink (a) phai bang khong:

1 1 '

o Bk.’ B Hi
D= K K'EJ 1:() (b)

I |

~-EJIK D, EBK, .

Sau khi khai trién dinh thie (b) vi thay cde ham By (. Dy, theo (3-33). ta 5¢ nhin duoc

phuong trinh tin s& sau:

Shkf.smk/i=0 {c)
Ta bict rang: K luon khic khong. nén k/ cling luon khdc khong vir do d6 Shk/ # 0 viy:
sinkf =0
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Suy ra: Ki=im v6ii=1, 2, 3. «. (i nguyén va duong)

Hay: K. =— (d)
{
J

X VR . Bl i*n’ [E
Thay (d) vao (3-32) ta € ¢ cdc gid tnl tan $6 dao dong riéng: o, = Ki2 = ! 7 E
m /- m

i 1°z> [EJ] 9.87 (EJ
1=] 0, =— — = =
]_ m I‘ m
2
i=2 0, =27 = 2240)1:39;48 EJ
] [~ ¥m /- m
,
2 - 2
i=23 (1)«:3'.71:__} E:QU)!:88‘§“6 Ej_
{ m 2 m

2. X¢ét dinh dang dao dong ri¢ng

Phuong trink: dang dao dong cua dam dugc viét theo phuong trinh dau cta (3-37) ¢6
tinh dén dicu kién bién dau rdi.

. Q()
, 00 Qo 00 K:EJ
X = K. By~ K'EJ Dy« :K_s B« "TDM (€)
K

Tu thav By, va Dy, theo (3-33) va tinh dén diéu kién Sin k/ = 0. thi & nhan duoc:
Qa

K'EJ

(')U -
K.

1

Fhe gid trl niy vao biéu thuc (e). va thay tiép cic ham By . Dk;\ theo (3-35), 1a sé
L Tk 0 ;
viét fai (o) nhu sau:

G. . 1mx

_ O = O
X, =—=sinK | =X, hln-—r (g)
i i
Ung véi cdc gid i i khdce nhau, ta ¢6 cic dang dao dong riéng twong tng. Ticn hinh 3.4
ma i mot 6 dang dao dong ricng tng véi cde tan s¢ dao dong rieng . . 0y cua hé.

Thé hivm dang X, theo (g) vao (3.16) ta duge phuong {rinh dao déng tu do cla hé:
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= 0, . inx
yix.t)= 2 A, --sin E—K—smwit +7;) (h)
i Ki /
Trong dé: A; va v, dugc xdc dinh tir diéu kién ban dau.
Tai t = 0. co:
y(x. 1=0) = y,(x)
vix, t=0)=v,(x)
T (3-26) 1 ¢co:
! . 17X
Li anY(w(x)dex J-n yD(X)S“]A ! .dx R
, = arclg o, — = arctg o, — (1)
.L) m, v, (X)X;dx L': v,{(x)sin I{ dx
A, duge xie dinh theo (3-27):
! . 17X
o mogeoXax Jo Yosin--dx
' siny, J: m X2dx siny, O, jl sin? X gy
K, /
2 L': v (x)sin = dx
= d (k)

. 0
Isiny,

i

Pua (k) vao (h) ta nhan duge phuong trinh dao dong tw do cia dam don gian khoi

luone phan bo déu, tiét dién khong déi:
it Y o

o 2 H
y(x.t)=> ——— J':;yu(x)sinfi—xdx.sin {w1+y;)

(m)

o1 {smy;
Thi dll 3.2: EJ)l = gonst
Xic dinh tdn s va dang dao dong riéng 1 m, = const
cia dam mot dau ngdm mot dau khép. Dam 1 ,;”
. N - oaa - o .. I {
cé khai luong phan bo déu va uét dign l
khong doi. (hinh 3.5).
Ta ¢6 dicu kién bién & hai dau diam — /”;gﬂ
nhu sau: Teel -7
Tai: x=0 X, =0 P
- ~
rr — - “;
>\(m=0 N ”9_’7
Tai:x =1 X, =0
d - ~
h‘L” =0 a N\ .
=
Hinh 3.5



Thay ¢dc bicu thie (3-34) va (3-36) vio cdc hé thitc trén ta nhan duge: C, =0; G, =0

viw hé hai phuong trinh sau:

C-;C}“; +C_1_ Dk!' :O

CiAy+Cy By =0 @
Dicu kién d¢ h¢ dao dong 1a dinh thidc cla hé phuoung trinh (a) phai bing khong:
i
1C D,
9] Hi -0 (b
(Aw By

Pua bicu thic (3-35) vio (b). ta nhan duoc phuong trinh siéu viet sau diy dé xdc dinh
tan so:
tg ki=th k/ (c)

Nghiém cua phuong trinh nay la:

kD, = 3,927, (ki)y = 7,069

i+ 5.42 |k 93 |E
(kh), = L suy ra: o, = 1> > Bl BROY =i?r; B e ()
4 I m - F Vm

Cic dang dao dong riéng cta dam duoc xdc dinh theo phuong trinh sau:
X(x)= A, [(sin K/ + sh K; /) (ch K| x - cos K x) -
-(ch K. [+ cos K; 1) (sh K x - sin K| x}] (e)

Trén hinh 3.5 mo ta mot s& dang dao dong riéng cua dam. Gid trt cdc tin 58 vi dang
dao dong riéng nhan duge 6 thi du (2-9) phit hop vai K&t qua & day.

$14. DAO DONG CUA HE VO HAN BAC TU DO CHIU TAC DUNG XUNG

Nhu dii bict, dudi tée dung clia xung e thai, hé € dao dong ty do. Phuong trinh dao
dong wr do t6ng quat el hé vo $6 bac i do dugc xdc dinh theo (3-15):

y(x. )= yi(x)=2 X A;sin(o,t+7,) (3-38)
i=1 1=1

Trong dé A, vit v, duce xdc dinh diéu kién ban dau theo (3-26) va (3-27), vin dé g
day 1 A, vy, duge tinh cu the nhu the pao?

Ta bi¢l ring. i thoi diém ban dau dudi Lic dung cla xung luc phan bo trén he S(x),
hoi lueng phin bo cda he s¢ nhin duge vin 16¢ ban diu:
_ S(x)
- m(x}

[T

VI acu e sem rang: Tai thoi diém ban ddu chuyén vi clia h¢ bing khong, thi diéu

kicn bun diu ¢l hé ¢d the vict nhu sau:
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fy(x.t =0 =y, (x)=0
Tatt=0

: S(x (3-39)
Pt =0) = v, (x) = )
m(x)
Pua cdc didu kién ban ddu nay vio (3-26) va (3-27) ta xdc dinh dugc:
¥, =0

1
i L S(x)y X, dx
Ap=— — - (3-40)
O J m{x)X; dx
2l
Pua gid tri v, v A; ndy vio phuong trinh (3-38). ta nhdn dugc phuong trinh dao dong
cua he vo s bac ty do chiu tac dung xung:

|
. ‘S(X)Xidx
xn-$ X |

| - IO (3-41)
i=1 j m(x)X; dx

[}

Pé thay duge sy wwong W voi phuong trinh dao dgng chiu tic dung xung cua hé¢ mot
bic e do. hé hitu han bac 1o do. ta nhan trén (& s6 va miu $6 cla bicu thiic {3-41) véi m,
roi dit:

'S0 X dx
Six)=m X, —

- (3-42)
. mex)X; dx
Ta viél lai phuong trinh (3-41) nhu sau:

S S(x)
yix.ty=y —
i=1 mom,

(3-43)
Thanh phin S(x) duge goi la xung Khai trién theo dang chinh tha 1. Phuong trinh
(3-43) con vict ¢ dang sau:

S (01

s

k S‘,(x)
vix. =3

K, (1) (3-44)
oy
Trong dé:
sinet .
K, ()= "—" (3-45)
o,
Naudi ta ¢ling ching minh duge ring:

S(x)zz 5,(x)

(3-46)
il
N¢u xung tdc dung khong phai thoi diém ¢ = 0. ma i thdt diém 1 = . thi phuong trinh
dao dong tong qudt cua he s¢ i
s

S (s
yx.) =3 (x)

sin o, (1 —1)
=1 M0




Luc dan hdi eia hé khi chiu tde dung ctia xung tic thoi duge tinh qua lyc quén tinh:

g a’v.(x, n_Z
gulX. 0 =3 —m, ey =3 S.(x).0 .50t (3-48)
is1 E)t' i=1
Thidu 3.3:
Xdc dinh do vong va mo men udn 16n nhat 5
trong dam don gian chiu tdc dung clia Xung tic TS IR IR NN NRY

thai phin bo déu theo tryc dam. Dam cé khoi
lugng phan b6 déu vi (i€t dién khong doi.

é}“‘%\ EJm g

3 thi du (3.1) ta da c6 biéu thic xdc dinh céc

2id (11 14n s6 cua dam: Hinh 3.6

Vi dang duo dong riéng coa hé:
. ITX
X, (x)=sin—
!
Ta tinh thanh phan xung khai trién theo cong thidc (3-42):
!
f, S(x)Xdx

Si(x)= m, Xi —*]———?*’
§, mEOX{ dx

i S. s‘in(”jx)dx
= msin (mx\ \ (a)

RE=Gr

Ta tinh 1ir $6 coa bicu thitc (a)

i St 281
fl S.sin| tex ) dx="(-cosm)="—
o / ,} in i
véir=1.3,57..
Mau s6 cia (t):
[ imx ) 1 17X | m/
Ssin | — jdx= —11l-cos2=— |dx=—
f)gsm [ [ /J X=m _[ Zk 5 ’ J 5
Do dé bidu thie (a) s& la:
48 . {inx ).
S,(x)=m.sin mx. 45l =— sin ( —I-E)i)i =13 5.. (b)
mml In [
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Phuong trinh dao dong cua hé duoc tinh theo (3-43):

48 .sin (-I-TEX J

xt=3 - sin (i%o,1)
Y i§3 . i’n® EJ !
Tt.m. ————
I m
4812 =2 1 . (inx) . 3
Hay: y(x.1) = ——F—= > = st (——J sin (1"ot) {c)
7 VEIm o3 i /
' . - - - - - . 0 - . ?t
Gid tri 16n nhat cia chuyén vi v, theo thdi gian xay ra khi sin(i’o,t)=sin| i*- 5 |= 1
I=1,3,5.
Ung véi thoi diém:
LAY
20, 4
Trong d6: T, la chu ki dao dong riéng clia dang dao dong chinh thit nhat:
4312 w 1 . [inx
Y(X) = —/——=— — Sin [—W (d)
\‘ i= I'%ﬁ 13 / J
Gi4 tri 16n nhit cda chuyén vi y,, theo toa do dat duge tai vitrix = 2 :
Voo = 451 i 1 sin [ii)
™ 2 VEIm a1 2
481 [ O
:—-u—; l—'—_;+—T-"‘_3+... =
" vEIm 3y 5 7
487w sl
= T =TT (e}

3 e
7" vEIm 32 8vEJIm
Dé xdc dinh noi luc mo men uon trong dam ta st dung bi€u thiic lién hé vi phin giita
néi luc va chuyén vi:

2
M, =- ay (O
dx*
Pua (d) vao (f), 1a duge:

451 S (inx \

M(x)=-EJ — —— sin | —|

[ 3JEIm .Z; S 1)
=§\/EJ Z Sin [EJ (8)

T =1,2... /



M 0 i x=

1
] —, do do:
dx 2

Ta thay:

4S Z
M!‘nu\' = EJ Z i sin (l NJ
) T \ m j=13.. I L

_is [B [1_
m

45 |E /
Mmux = 7 V/;

$5. DAO PONG CUGNG BUC CUA HE VO HAN BAC TU DO CHIU TAI TRONG
BONG BAT KI

Phuong trink vi phan dao dong cla hé vo 6 bic tu do chiu tdi trong bat ki khong xét

t&1 anh huong cua luc can nhu da bigt (3-3):

gy 23U YD |,y EYOD (3-49)
ax” oad e

Ta bicu thi nghiém tong quét clia (3-49) dudi dang tong clia cdc nghiém riéng (3-6)
v =3 X (x). T, (3-50)
1=}
Pua (3-50) vio (3-49) ta co:
i[EJ X (1) T (0] +Zm X ()T (1) = q(x.1) {3-31)
i-l i=I
Nhin hai v& ctia phuong trinh (3-31) v6i X;(x) dx roi 1dy tich phan, ta dugc:

il
|

Xy

i [EJ_\ X'i'(x).Ti(l)]" X (x)dx +
il

> [m, X;(0T0] X, 60dx = [ X;00a(x, D dx (3-52)
i==]

Ta khai (rién 1éng phia trdi cia phuong trinh (3-32) va su dung ciic biéu thic cua tinh
chat true giao (3-19) va (3-21) ta nhan duge:
1 " = X
_L [EJx Xi(x).'li(l)] X, (xydx + .
I . , (3-33)
+ [ m X, T X, 00dx = [ X (x)gx. Odx

Dua mot nghiém riéng tng véi dang chinh thir
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yi (1) =X A sin(w;t+7y;)

viio phuong trinh vi phan dao déng (3-5). sau khi tinh dao ham va chuyén v&, ta nhin duoc:

mfmxXi (OA, sin(ot+7;) =[ET XI(X) A sin (ot +7, )]

Pon gian hai v& ctu phuong trinh trén cho A, sin{o;t +7v,). ta cd;
2 we T
wim, X, (x)={EJ X!(x)]
Nhan hai vé clita phuong trinh nay véi Xi dx roi iay tich phan:

of j:m_‘Xf(x)dx: Jl: [EJXX';(X)] X, (x)dx
Suy ra:

J-:[ij X?(X)]”Xi(X)dx

-

0y,

Limx X7 (x)dx

Bay i 1a viét lal phuong trinh (3-53) o dang sau:
.. I N | " ! 1
T(0f m X7 (dxds+Ti0 [ [EJ X)) X;00dx = § X (0)g(x.1)dx
Chia hat v¢& cua phuong trinh trén cho tich phin j{i m, Xf(x)dx vit sir dung biéu thic

(3-54), 1a s&€ nhin dugc:

[ X, (0g(x. Ddx
- (3-55)

ot ol
T () +o T = | -
[0 m X (x)dx
Day ti phuong trinh ¢6 dang gidng nhu phuong trinh vi phan dao déng cua hé mot bic
tu do. Nghiém cua phuong trinh nay.
!
1 X eoqix ndx

T (1)=— 0 - - sino; (L—T)dt {3-38)
0, J'“ m, X[ (x)dx

The (3-36) vio (3-30) ta nhan dugc nghiém 1éng qudt cla duo dong cudng biic hé vé

s0 bic tr do chiu tad trong bat ki

X (x) F L{,Xi(X)q(x.r)dx

By - - sine (t-1)dt (3-57)
o w j“ m, X:(x)dx

D¢ thay duoc sut vong Wy véi phuong trinh dao dong cua he mot bic ty do, hé hiu han

bic w do. ta nhdn rén W sd v dudi mau s cua phuong trinh (3-57) v6i my va dat:
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LI, X, (x)q(x,1)dx
j: m,_ X (x)dx

(3-58)

q;(x, ) =m, X;(X)

q.(x.1) goi 12 tai trong khai trién theo dang chinh thit i cta tai trong dong phin bé bén
ngodi téc dung vao hé; (3-58) ¢6 dang gidng véi (2-130), ta cb thé tim dugc (i trong
khai trién q,(x. t) theo (3-38) nhu sau:

batr; gIX =g (G0 + GX D) + L+ QX D)+ = iqi(x.t) (a)
=1

Xem ring: q; (x. ) =m(x).X; (x).c; (1) {(b)

Pua (b) vao (a):

q(x, 6y =m{x)X, (x).a, (t)+m(x)X,_,(x).a2(t)+...+m(x')Xi(x).ai(t)+...= m(x)iXi(x)ai(t) {c)

1=t
Nhan 2 v€ cia phuong trinh (¢) vdi X(x) sau d6 lay tich phan s€ duoc:
f'Xj(x}q(x,l)dx = ﬂX_i(x)m(x)Z X, (x).o, (1) dx (d)
=l

Khai trién téng bén vé phai cta phuong trinh (d) va dp dung biéu thuc tinh chat truc
giao cdc dang dao dong riéng (3-19), ta co:

[ X,(x0)q0e0dx = [ X;(x)me)X () a(t)dx

Suy ra:
X (x)g(x.0)dx X, (x)g(x.1)ydx
a{t)= r’ it qi ,hay: o (t)= r‘ q‘ {e)
T im0 X3 (x0dx [ m()X; (x)dx
Pura (e) vio (b) ta nhin dugc biéu thic (3-58).
Ta xem: q(x, 1) = 4(x) . f(1)
Khi dé. phuong trinh (3-57) s€ la:
Y(x.1) =i M . J— Il[’('c)sin o, (t-T1)dt (3-59)
i omy oo
Hay:
Y=Y q4x) K, (1) (3-60)
i=1 My
Trong do:
Kui(l)=-1— j(t f(t)sinw,(t—1)dt {(3-61)
.

]
Bicdu thic luc dan héi duge tinh & dang 18 hop vé han ctia tich tii trong phan bo khai
trién theo cic dang riéng vai hé s6 dong hoc thay déi theo thoi gian tuong tng:
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=

g, (x.0 =2 q,(x)K (1) (3.62)

i=1
Trong d6: ¢,(x) dugc tinh theo (3.58) khong ké dén bién thosi gian, K(1) dugc tinh theo
(2.140).

Bicdu thic mémen udn ¢6 thé dugc tinh tir quan hé vi phin sau:

M(x,t):—EJ(x)é%(};’—[)

Phuong trinh dao dong (3.57) cting ¢6 thé nhan dugc 1 viéc sir dung két qua khi tinh
hé vo s6 bac tr do chiu tac dung clia xung tic thoi (34). Trén biéu dé tai trong. tai thoi
diém T ta tich ra mot phan & ti trong:

dS, = q(x. 1) dt

Xem ring: tai thdi diém 1, hé chiu tdc dung ctia xung dS. Ta tinh dugc chuyén vi do
xung phan 16 gay ra dy (x, 1) va do d6 sé tinh dugc y(x, ).

Khi hé chiu tdc dung cta cdc luc tap trung Py(t) dat tai ¢dc tao do X, la co thé thay the
céic tdi trong ndy bang tai trong phan bo twong duong G(X.t). 540 cho tai trong tuong
duong gay ra dao dong doi véi hé ciing gidng voi cde 1ai trong tap trung. Ta thay rang:
tich phan trén 0 s6 clia bidu thic (3.58) gidng biéu thic xdc dinh gid tri dai luong
nghién ctu clia dudng anh hudng cho boi phuong trinh X, do tai trong phan bo q(x.t) gay
ra. Khi cdc tdi trong 1ap trung tdc dung, bicu thic xdc dinh gid tri dai luong nghién clu
d6i v6i phuong trinh dudng anh huong X, do cac luc tap trung dé gay rala:

m
2 P(OX;(x)): m:s6 luc tap tung
1=1

Vi vy ta ¢6 the viét biéu thic rai trerg phin bd twong duong dai véi dang dao dong
ricng thi | nhu sau:

Z Pj([)-Xi(Xj)
§, (3.1 = m X, 7 (3.63)
j'mxX?'dx

a

Thi du 3.4:
Xic dinh do véng vi mémen udn 16n nhat trong dam don gidn chiu tic dung cua tai
trong dat dot ngdt sau dé gid nguyén gid i wén he, tai trong nay phan bo doc theo truc

dam véi quy luat:

q(x) = qsin%



Dam ¢o khoi luong phan bo déu va tidt dien khong doi.

q
a) ]
W ¢ l ‘ll Y Jv ! ':;-4_',{::‘
! P
b q{t)
q ; 1 P T v
L T
o NIRRT
oliitli] p \ t
X!
c) -
d) ' X

Hinh 3.7

O thi du (3.1) ta dii ¢6 gid tri cde tan s6 va dung dao dong ricng:

)l [

L2 T \/t.]

M =1
I [~ ¥m
ITX

X (x)=sm-—
{
- Xde dinh 1ai trong kKhai tri¢n theo (3.58):

. f‘q(x)xldx

f'm AT dx

Ta tinh méu so;

5

7 s AT m/
Lm‘\[d.\'zmﬂ.\'m‘(w—f]dx = ——
/
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Tinh tich phan trén tur sé:
I [ . X . ImX
[laXdx=q][ sin i de =

q ¢ (i+1)a (1—1);1]
— cos —Ccos dx =

27 " 2 2
0 khi 122

ﬂ khi 1=1
3

Thay cédc gid i tinh duge vao bicu thic g . a co:

qf
. TX
q(x)=mX, 'ﬁ:qxl =q.sm7

g

(x{X) = q(X) = q(x)=0: 122
Dicu d6 ¢6 nghia la: Vi dang @i trong phan bd theo truc dam véi quy luat sin trung
v6i dang dao dong riéng thit nhat thi hé chi dao dong theo dang chinh thi nhat dng voi
tan so dao dong riéng o).

Ta tinh hé s6 anh huong dong hoc thay doi theo thoi gian (3-61)

, I o, . l—cosantl 2 . i1
K, (hy=— [ Lsinw, (¢ -7)dt = ———L = sinT | —— |
o, oh o7 L2/

Phuong trinh dao dong cua hé vict theo (3-60):

(q: (x) 2¢ Conx L s eyt
Y(x.t)= A K, (= lj sin— - sin” J—J
m m(,-)]' / 2
Chuyen v idn nhit cua hé xay ratar vitri X = 5 vt tat thot digm 1 /2
= 4
vy - 2g 5 qf
max -

m(gl2 243 EJ

Naot luc mo men uén:

a2v(x.1) 24 7 X EEON
M{x.t)=-EJ] — = sin ." s —!—1}=

3 o 2 2
ox” me;  i°

3

RITT A > S ('c)llJ
= + 51 s | —
T / L 2

Gi tri Idn nhat cta mo men udn M, =

[JRHEN i

Trén hinh (3-7) mo i bicu dé dé vong v bicu dé md men uén doc theo true dam:



Thi du 3.5: Pit) = Psinr

Xdc dinh phuong trinh dao déng cta dim
cho trén hinh (3.8). Dim ¢6 khéi lugng phan Ed.m %
b déu tigt dien khong déi. chiu lyc dong T '
tuan hoan Psinrt. Xdic dinh do vong 16n nhat _—. 2 [
khi a=l. —in

2 o 4 Hinh 3.8

Khi h¢ chiu tdac dung cla luc dong tuan

hoan. hé s& K, (1) theo (3-61) duoc tinh cu thé nhu saw:

1 §H7,§,

—

1 ) , sinit
K, (6)=— J'(llsm FTsing, (1-1) dt= —:—l,— (3-64)
o, o] ~1°
Thay hé s6 nity vao phuong trinh (3-60). ta ¢6:
£ogi(x) sinrt o osinrt (X -
Y(x.t)=> 4ix) "il ! _ =2 LL'( )7 (3-63)
I EEERNORE S

=1 1My w; —r°

3 thi du (3-1) ta di ¢6 tdn 50 va dang dao dong riéng:

5
.2 T EJ
0, =17 —
' & m
. imX
X. =sin

Theo (3-63) ta xde dinh tai trong khai trién theo cde dang dao dong riéng trong trudng

hop he chiu tée dung cua tai trong dong tip trung:

1l .
] ’ . 1Tma
Zl|“)}\1('\:] . P.sin
. ;i . ImX /
g (o=mX, — - = msin —— =
[ my X5 dx ! m
At .
2
2P imx md
= —sin—  ——
{ {
Thay gid tri nhan duge vao (3-63) ¢ phuong trinh dao dong cda hé nhu sau:
WX L ima
. sin sin
. sintt & 2P !
Y(x.1)= — T3
m i ! M —1”
Gid tri do vong dat 16n nhat theo thoi gian khi sinrt = 1. ta c6:
L imx . ima
sp o S sin
Y(X) = — 3 3 =
ml o o —1°
Limx LT
opp £ SO / sin
formg 3 - ;
kBl i | I~
A
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> J thi do vong cua dam dat gid tri 16n

e . T, 1
Khi tai trong dong dat tai vi tri giita dam (a =
nhat theo toa do. Khi d6 bi¢u thie tir 6 bén trong diu tong s la:

o imx . Ima T 2 fOkhii=2.4...(ch{in)
sin —!—sm—’—=Lsm— =

2 )l khii=13..08)
Do do:
2P Z 1
Yo = 2 TN "
Rl g o\ SR -
[
o

s
D Ny A
m 1=1.3... .3 r
I
O

14 d6 vone finh do a1 trong tap trung dit tinh i gitta dam gay ra.
J T

b 3
Trong d6: Y =

. . AV
Tinh cic i s6 —
0y,

1 07 083 =0.03: - =0.015:..

0)5 (O]

- Bl
O} 3“_(;)]

Vav:

}
Y_ =Y, 2(1( I S— L
; L 1P -0.757) 37(1-0.083)

Nhu vay 6 nghia [a: O trudng hop bai toan cy thé ta xét he <6 dong cia do vong

. =723
Kyy = 2254
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Chuong 4
DAO PONG PAN DEO HE MOT BAC TU DO

$1. KHAI NIEM

XéL dén tinh déo cha vat licu cd v nghia thuc ticn 16n. dac biét déi véi cic cong trinh
chiu tdc dung cta i trong ngin han. Khi chiu tac dung cta tai trong ngan han cudng do
lon. nhicu trudmg hop cho phép bién dang déo. di¢u dé thich hop véi viée st dung cong
winh trong mot thdt gian ngan cua @i trong déng ngan han tdc dung ma khong bi phd
hoai. Béi vi. véi tic dung ctia tai trong ngan han. khi k&t cau bi bién dang qua giai doan
din hol. thi i rong dong dd mat di réi. Chinh vi vay tinh két cdu cong trinh chiu 1ai

trong ngin han [am viéc trong giai doan déo ¢6 ¥ nghia thuc ticn lén.

bac trung co bin ciia k&t cdu lam viée trong giai doan déo dugc thé hién & biéu do
quan he gifta tng sudt vi bién dang (o - £). Cdc bi€u dé quan hé gifta vng sudt va bién
dung cta vat liéu ¢6 nhiéu dang khdc nhau khi chiu tai. Vi da s6 cdc vat liéu xdy dung
ta st dung thich hop cdc biéu dd quan hé (6 - €) nhu sau: h¢ dan hoi déo I wong:
(Hinh 4.12): hé dan héi ¢é su tang Gng sudt qua giai doan dan hoi: (hinh 4.1b): heé clng
déo: (hinh 4.1¢): hé cing déo ¢6 sy ting Gng suit: hinh 4.1d: h¢ voi die trung dan héi
phi tuyen bat ki: (hinh 4.1¢). H¢ 6 dic trung dan hoi phi tuyén bat ki ¢o thé thay duong

cong phi tuyén bat ki bing duding gay khic cho trén hinh 4.1f.

b) ’ ¢)

a9 4 e I )
Hinh 4.1
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Khi tinh két ciu chiu tai trong ngin han, ta thudng phai xdc dinh ndi luc va chuvén vi
I6n nhat trong hé. Nhu di bigt: Chi ¢6 cdc 1dn 56 thap 1a ¢6 dnh hudng 16n dén quy luat
chuyén dong cta hé. Vi vay trong nhieu trudng hop tinh dao déng cua hé chiu Ldi trong
ngan han ta chi han che 1y 6 bac tr do khong 160 va thudng Idy tan s6 thap nhat, tic la
ta tinh h¢ nhu hé mét bic ty do. G hé maot bac ty do, cdc he s6 dong hoc dugc sur dung
rit ticn loi, né cho phép dua bai todn dong vé bai todn tinh bing thay thé tai trong dong
bing tai trong tinh tuong duong nio dé. O chuong 1. khi xét h¢ mot bac do ta da bict:
doi véi hé mot bic wr do trong gial doan dan héi chi c6 mot hé s6 dong, hé s6 nay chung
cho ca chuyén vi va ndi luc ctia hé. Nhung doi vor hé mot bac tu do trong giai doan déo
thi hé so dong chuyén vi khidc v6i hé & dong noi luc, hie s6 dong noi luc cting chinh 12

he s6 dong tai trong. Ta goi hé s6 dong chuyén vi la K,. goi h¢ s6 dong tai trong fa K.
taco Ky =K.

He s6 K, duge xde dinh bang quan hé gitia chuvén vi cuc dai trong hé khi chiu Lai
trong dong: V.. VOi chuyén vi do tai trong tinh c6 gid tri bing gid tri 16n nhat cba tai
rong dong gy ra: v
K — yl'ﬂ.’l\ (4_1)

Yr
He so K, duoc xdac dinh biing quan hé gilta tai trong tinh tuong duong: P, v61 gid

l6n nhat cia tal wong dong P

K :%i‘— (4-2)

$2. DAO PONG PHI TUYEN CUA HE CO LUC DAN HOI BAT KI

1. Phuong trinh vi phan dao dong

Xét dao dong cta h¢ mot bic r do ¢d mo hinh don gian cho trén hinh 4.2a. Dac vung
dan hoi ¢é dang phi tuyén bat ki duge phin anh tren hinh 4.2b. Vi dic trung dan hoi phi
uven nen dao dong cua he duge X6t 12 dao dong phi twyen (phi tuyen va ii). Phuong

trinh vi phan chuven dong cua he duge xay

P.ty)

L]

dimg trén co s¢ nguyen i Daiambe W dicu gt |
kictt can bing cla cdc lye trong do ¢6 k¢ den : : \

fue quin tinh duge vict nhu sau: M
d s S
M—+P, =1 (+-3)
(.“7 ’ "l
. . - P > . PLly) oY A U N—
Quan he cua lue dan hoi val chuyeén v Y 2 Fon !

duoe xem XéL ¢ hai giai doan: gial doan tang .
Hinh 4.2
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tii va giai doan do tai. Khi tang tdi quan h¢ cta lue dan hdi véi chuyén vi ¢é dang phi tuyén
bat ki, con khi d& tai quan h¢ ¢6 dang tuyén tinh nhu cho trén hinh 4.2b. Khi dé tai:
Pyyy =K (y-yy)
D
1 dymux)

Tl‘Oﬂg do: yd = YHI'.I.\' - K

Véi: y . 1a chuyen vi cue dai cta hé khi chat tai, va K 14 do clng dan héi cha hé khi
dd tai. Khi d6. phuong trinh vi phan dao dong cia hé s& ¢6 dang:

- Lic tang tai:

7

1()/1 =P(1) (4-4)

- Luc d& tai:

d?y, _
2 LKy, —yg) = P() (4-5)

Trong do: y, s& 1a chuyén vi cta h¢ khi tang tii, y, 12 chuyén vi cta hé khi do ti.

Khi quan hé P(y,) va tai trong P(t) 1a bat ki, nghiém cua phuong trinh vi phan (4-4) ¢6
thé duge tim bing cic phuong phip tich phin s0.

2. Tac dung cia tai trong dat dot ngot va g uyén mai trén he
Khi hé chiu tde dung cua tar trong dat dot ngot.
e o R 4 P
sau dé git nguvén man rén hé, ta co: i
P(1) = Pm = const P, | ,

Ta s¢ ticn hanh tim nghiém cua phuong trinh vi
phan (4.3) nhu sau:

N¢u xem ring: Ilinh 4.3

dv 1 d [dy}z
dit 2 dv L dt

thi khi ticn phin hai v¢ cua phuong trinh (4-4) ta s¢ nhan dugc:

M(d\l

1 J j P(y)dv=P .y, +C (4-6)
20 dt

Tl bicu thic (4-6). ta suy ra:
di M !

— =3 -
dy} \' - \]Pm'-vl + Cl - J':-,[ Pd(.vi )dy
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Tich phan hai v& biéu thiic trén, ta s& dugc:

M d
t+C, = /_2_ - Y1 (4-7)

Ji)m'}/l +C, - ﬁ’l Py(y,)dy

Cac hiing s6 C,, G, trong cic bidu thic (4-6), (4-7) dugc xic dinh tir diéu kién ban

déu. Néu xem diéu kién ban dau bang khong, tic la: tai t= D,tacdry, = O.Fy[‘— =0 thay
diéu kién ban diu vio (4-6) va (4-7), ta nhan duge C, =0, G; = 0. Chuyén vi 16n nhat

“ . .- . . d .2 . a N ~ -2 - -
cua hé dat dugc tai thoi diem khi % — 0. Pua diéu kién nay vao biéu thic (4-6). ta c&:
1

Prn'yl(max) = J‘i] Pa(y[) dy (4'8)
Gia sit ta tinh v&i luc dan héi ¢6 quy luat liy thia:
Py(y) = K.y" (4-9)
Trong trudng hgp nay, tir phuong trinh (4-8), ta s& nhan duoc:
1
(n+1) P, in
Ymax = [Tﬂ:\ (4"10)

Thé biéu thifc (4-10) vao (4-9) ta cé:

Bay gid ta s& xdc dinh hé s6 dong chuyén vi vi hé s6 dong tai trong. P¢ vong tinh do

v N s e v1e » R - n
tai trong dong cé gid tri lon nhat gay ra la: yr = (—] .

Tai trong dong cé gid tri 16n nhat: Pp.
T4i trong tinh tuong duong: Py = Kyp =(0+DPy.

Do dé. ta c6 hé s6 dong chuyén vi:

K, =1 = (n+1)" (4-12)
Y
Hé s6 dong ai trong:
P
K,=2%=(n+1) (4-13)
m

C6 he 6 dong K. K duoc tinh véi cdc gid tri khdc nhau theo n cho & bang (4.1).
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Bang 4.1

N 02 0.5 0.8 1 2 3 5 10
K, 249 | 225 | 209 2 1,73 1,59 1,43 1,27
. 1.2 1.5 1.8 2 3 4 6 11

Qua cac gia tri & bang tré ta thiy ring: Hé s6 dong phu thudc vao dac trung phi dan
héi qua gid tri n.
Khi n < L. tmg v6i trudng hop dudng cong quan hé cha lyc dan héi véi chuyén vi 12
dudng cong 16m, ta c6 K, > K.
Khin> [, tacéd: K, <K, (dudng cong 161).
Khi n = I, tng véi trudng hop luc dan héi tuyén tinh, ta cé: K, = K = 2. biéu nay
hoan toan ding véi két qua di duge xét 6 chuong 1.
Chuyén dong cta hé khi d& tai dugc xdc dinh tir phuong trinh vi phan (4-5) véi diéu
kién ban ddu sau: tai t =1, ta cé:
Y2 = Yium™ Ymax
¥, =0
Trong d6: 1, 1a thoi gian dat dugc chuyén vi 16n nhat xdc dinh theo (4-7). Phuong
tvinh vi phin dao dong (4-5) I phuong trinh vi phan tuyén tinh, nghiém cua né dé dang
duoc tim.

3. Tdc dung cua xung tirc thoi S
Trong trudng hop nay chuyén vi clia hé khi chat tai duge tim wr phuong trinh vi phén
(4-4) v6i cac diéu kién ban diu sau:

y(0)=0

S
0 (0)= >
y1(0) M

Luc ndy tai trong bing khong P(t) = 0. Thay céc diéu kién nay vao phuong trinh (4-6),
ta xdc dinh dugc hang s6 C; nhu sau:

q2
ToM
Phuong trinh xdc dinh chuyén vi 16n nhét cua hé s€ nhén duoc tir phuong trinh (4-6)

C

khi chog}l =0
dt

2

, S
I R dy=o— (4-14)




Tinh v6i trudng hop luc dan héi ¢ dang ham luy thira (4-9). The biéu thic (4-9) vao
(4-14), sau khi 18y tich phan va bién doi, ta nhan dugc:

|
m+DS | -
| 4-15
Ti trong tinh tuong duong dugc tinh tuong tu nhu & phan trén:
n
sz.(n+l) el oL
Pi=\—— Ko (4-16)
2M

$3. DAO PONG CUA HE PAN DEO LI TUONG

1. Phuong trinh dao dong cua hé

Xét he c6 dac trung dan héi déo 1i tuong. Quan hé ctia luc dan hdi P(y) véi chuyén vi
y cho trén hinh 4.4 gém hai doan thang. Poan thing ddu tién tir gbc toa do phi hop voi
giai doan din hoi. Poan théng thi hai song song véi truc y phtt hop véi giai doan déo.
Luc dan hoi duge xédc dinh nhu sau:

. P
Py(y) =Ky, khi:y<y,= EO Boly)
Py) =P, = const. khi:y >y, = —f(‘l Pol-——— |
|
Phuong trinh vi phan dao dong cua hé nhan duoc !
bing cdch thé P(y) vio phuong trinh can bang luc o arctgk
(4-3). Khi thay P,(y) = K.y vio (4-3). ta nhan ducc o ’
phuong trinh vi phan dao dong cua hé trong glal Hinh 4.4
doan dan héi.
d’y
M d;l +Ky, =P(1) (4-17)
e
Thay Py(y) = P, vdo (4-3), ta dugc phuong trinh vi phan dao dong cua hé trong gial
doan déo:
2
M Ld);‘ +P, = P(t) (4-18)
2

Nhu vay khi tinh hé dan héi déo 1i wudng, phuong trinh vi phan dao dong {(4-3) dugc
phan ra hai phuong trinh vi phan tyén tinh (4-17) va (4-18).

Nghi¢m clia phuong trinh vi phan (4-17) nhu da bi¢t o chuong 1 1a:

y,()=Acosot+ Bsinot = ML _[l) P(t)sino(t—T1)drT (4-19)
D)



Trong dé: o= Vi la tan s6 dao dong riéng cia hé A, B la cdc hang s6 duge xac dinh
tir diéu kién ban ddu. Néu xem diéu kién ban dau bing khong, tic 1a: tai t = 0, ta ¢é:

yin=0., y,(t)=0,1thi A =0.B=0; Lic nay ta cé:

1
y,(l)zM— . P{D)sinw{t —1) dt (4-19)
')

Biéu thic (4-19), chinh 12 dao dong clia hé trong giai doan dan héi, né chi ding dén

thoi diémt=1

[+

ckhrdo:y, (t) =y, = %.

Nghiém ctia phuong trinh vi phan (4-18) dugc tim bing phuong phdp tich phan théng
thuong. Tich phan hai vé phuong trinh (4-18), ta dugc:

. 1
Yo (1) =?\/I_ [J‘lln P, dt=P,(t —1“)} + C,
Va do dé:

h j P, dt* - +C,(1-1,) +C,

M| %

Bi¢u thic trén biéu thi dao dong cua hé trong giai doan déo khi t > 1, cdc hang 56 C,

y-.

Po([ _[(J)Z-I
2

vit C, duge xdc dinh W diéu kién ban dau sau: tar t = . ta ¢6:
Y2()=Yo: Vo) =y, (1)
VGi diéu kién ban dau nay, ta xdc dinh duogc:
Ci=y(t,): C=y,
Do doe

] tort 2 Pn([_{o)z y
_vz(l):ﬁ Ln _[l“ P(t)dt e +Y, (=1 )+ Y, (4-20)

2. Téc dung cia tii trong dat dot ngot va gilr nguyén mai trén hé
Ta s¢ xét mot rudng hop cu the: khi hé chiu tdc dung cla tai trong dit dot ngot. sau
dé giti nguyén mai trén hé (hinh 4.3): Ptt) = P, = const,

O giai doan din héi, néu xem diéu kién ban ddu bang khong. uic fa: tai t = 0. 1a c6:

=0, ¥,,,=0. thi phuong trinh dao déng xdc dinh theo (4-197) s¢ la

ey ™

>

1
yl(t)=—Ii{’l(l—cosml) (4-21)
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Phuong trinh nay chinh la (1-191) cba chuong 1.

Dé xdc dinh phuong trinh dao dong trong giai doan deo, ta can phai xédc dinh thoi
diém cudi giai doan dan héi t = t,; thoi diém niy duge xdc dinh tir biéu thic (4-21) khi
chot=t,vaKy, =P, tacé:

Ky, =P, (l-cosot,)=F,

PO
Suy ra: ot, =arccos | [-——
Pm
P
Hay: i, = larccos ( ——"»J (4-22)
o P,
Tir biéu thiic trén, ta thiy ring bién dang déo trong hé phat sinh néu:
P _,
pm

Lay dao ham phuong trinh (4-20) va tinh tai thoi diémt =1, taco:

oF 2h _ (4-23)

P

4]

) P o .
yz(to):#K—s:mot0 =

Pua (4-23) vio (4-20), tinh tich phan kép clia biéu thiic (4-20) voi P(t)= P, sau khi
bicn déi ta nhan ducc phuong trinh chuyén vi clia hé trong giai doan déo nhu sau:

- 1
P 2P P_ o A
=21+ oy et - -1 4-24
ya (1) K.{ P o(t—t,) [ P ] 5 ( ) J ( )

“—

[ {0

Chuyén vi ciia hé trong giai doan déo dat gid tri 10n nhat tai thoi dicm dng véi phuong
trinh v-(1) =0. Sau khi 1dy dao ham (4-4) va cho bang khong. ta dugc:
. P
2 m-1
VP, 25
(4-25)

L, =1, + =

" AR
U)Ll— P‘,J

The (1, - t,) theo (4-25) viio (4-24), sau khi bién déi, ta nhan dugc:

P 1
¥ max = (4'26)

K 2 [l — PI'I‘I )
P,
Nhin xét:

- Tir bidu thtic (4-26) ta thiy ring: diéu kién d€ he lam viée trong giai dogn déo va ¢6
chuyén vi hitu han 1a:
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0,5P, <P, <P, (4-27)
- Khi P,, 0,5 P, thi h¢ Jam viéc trong giai doan dan héi. Chuyén vi 16n nhét cha hé
trong giai doan dan héi duge xdc dinh tir (4-21).

P
=2 4-28
Y max K . ( )

Bay gid ta s& xac dinh hé s6 dong chuyén vi vd hé s& dong tai trong trong giai
doan déo.

Heé s6 dong tai trong phit hop véi biéu thic (4-2) s& 1a:

K, = (4-29)
Pa
Tir cdc biéu thic (4-26) vi (4-29) ta s& tim ducc hé s dong tai trong biéu thi qua
chuyén vi nhu sau:
K Yo/ 1 (4-30)

q = -
2 (Y_ﬂw,]_l 1-0.5 (_Z_Q__]
y(’ ymilx
Heé s6 dong chuyén vi duge xdc dinh theo (4-1):

Ky — leIuJ( (4_3 1)
y’-i-.

P S
Trong dé: y,.. dugc xdc dinh theo (4-26), con yy = ?'2— Ta & biéu thi hé 56 dong

chuyén vi theo hé s6 dong tai trong bing céch dua (4-26) vao (4-31) va sir dung (4-29),

ta co;

2-K
K, =K [HO,S "} (4-32)
oo K, -

Cdc cong thic (4-29) va (4-32) cho phép kiém tra khd nang chiu tai coa hé. Tur gid tri
tai trong ngoai P, va gid tri luc dan héi gidi han P, ta dé dang xdc dinh duge hé s0 dong
tai trong K: sau d6 s& xdc dinh hé s6 dong chuyén vi theo (4-32). Ta s& kiém tra
diéu kién:

b

ll‘
Ymax = Ky ?r = Yon

Trong d6: y,, 14 chuyén vi gidi han.

Khi tinh két cau chiu 1ai trong dong di cho P, ta thiét 1ap quan hé gidi han:
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Ymax _ K

Yo °

—P_ ¥ max

vt s& xdc dinh hé s6 dong tai trong theo biéu thifc (4-30), sau do s€ tinh tai trong tinh
tuong duong theo (4-2); Py = KLl . P,. Trén co s0 do ta s€ xdc dinh néi luc va thiét k&

tiét dién.

Trén hinh (4.5) mo ta quan hé giita hé s6 dong tai trong K, vét ti 80 (

KY max

J khi hé

chiu tdc dung cia 1ai trong dat dot ngdt. Puong dé thi trén ciing phit hgp véi tac dung
clia 1ai trong dat dot ngot, sau do6 gilt nguyén gid tri trén he.

2

08

04

Kq
P}
P
A\ :
t\\ }
\\ \ % Wl ==
9
\ \ 8
\ g — | %
\ I 3
\ e I P
\ 1
| oS
K man
2 4 6 8 0 Pe
Hinh 4.5
§4. DAO PONG CUA HE CUNG DEC
o _ o PY)
Trong tinh todn cdc két cdu phdt sinh bi¢n dang
déo vuot qua giai doan dan héi, doi khi ta bo qua
su lam viéc cta két cau trong giai doan dan hoi, va Py
chi xét dao dong ctia hé trong giai doan deo.
Lic ndy quan hé ciia lyc din héi véi chuyén vi la
dudmg thing song song vdi truc y, khi tinh dao déng 0 !
ciia hé ciing déo ta gia thiét rang, két ciu duge giit Hinh 4.6
nguyén trang thdi khi tdi trong dong bén ngoai chua
dat dén gid tri bang gia tri giéi han dan héi P,
Trong trudng hop niay phuong trinh vi phan chuyén dong cla hé ¢ dang:
42
M= (4-34)
dt
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Nghiém clta phuong trinh vi phan (4-34) dugc tim bang cdch 1dy tich phan phuong
trinh dé va xem diéu kién ban ddu bang khong, tic 12, tai t =0 tacé: y,=0: y,, =0, ta
nhan duoc:

d
M d—’{” = [ P(O)dt-P, ¢ (4-35)

P, .t

My = [ ['Pmdt® - (4-36)

Tir phuong trinh (4-34) ta thay ring: 1ai trong ngoai téc dung P(1) can phai duge bat
ddu tir mot thoi diém nao dé nhé hoic 16n hon P,. Vi vay, n€u hé cimg déo dao dong do
1ai trong tac dung khong déi theo thdi gian thi chuyén vi cia hé s ¢é gid tri vo han.

Ta s& khdo sdt trudng hop tai trong déng thay déi theo Pt
quy luat tuyén tinh véi bién d¢ giam dan (hinh 4.7). b
1
P(‘):Pm(l—_} \
. 0 . | :
" 4 5 3 a4 b U .|
[rong d6: P, > P,. Tu (4-35) vi (4-306), ta co: . !
dy ¢ Hinh 4.7
M—=P t—|—-Pt 4-37)
a " [ zeJ ¢ (
2P 2
My=P | ———|-P, - — (4-38)
2 60 2
Chuyén luc cua hé dat gid tri I6n nhat tai thot diem khII =0 [a:
P
L= 28[1 --LJ (4-39)
plTI
The biéu thic (4-39) vao (4-38). ta s& nhan duoc:
wer( pY
Ym'm = m l-——nw (4'40)
- 3M P,
Heé s6 dong tii trong phit hop véi bicu thifc (4-2) s€ 1
K, = P (4-41)
Pm
Tir hai biéu thic (4-40) va (4-41) ta s& xdc dinh dugc hé s6 dong tai trong:
13
Kq = I - ;M%ML (4'42)
20°.P
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§5. TINH DAO DPONG PHI TUYEN THEO PHUONG PHAP TICH PHAN TRUC TIEP

Cic phuong phép tich phan truc tiép da duge xét & chuong I (dao dong cua hé hitu
han bic w do) & day khi xét hé mot bac w do ¢6 dédc trung dan héi phi tuyén bat k¥ ta
cling ¢ thé dp dung phuong phép tich phan & déi voi phuong trinh vi phan dao dong (4-

1): Vide dp dung phuong phap tich phan s6 tryc 1i€p déi v6i cac hé phi dan hoi ral thich
hop vi ¢6 hicu qui: Nhu di biét phuong phdp tich phan tryc 1iép duge tinh véi mot chudi
ciic khoang thai gian At lién tiép tr khi hé bt ddu chiu tac dung cla tai trong dong bén
ngoiti dén thai dicm mong mudn bat ki. O mbi budc thdi gian, diéu Kién can bing luc
déu duge thoa min. Phuong trinh cin bang luc ¢6 thé viét duoe trong cdc gia s6 tuong
tng véi cde bude thoi gian. vi viée tich phan so cling s& duoc tien hanh doéi véi céc

phuumg trinh ¢in bang tuc trong cic gia s6.

1. Phuong trinh can bang luc trong cic gia 86

X¢t dao déng ctia hé mot bic tu do ¢6 mo hinh tong qudt cho trén hinh 4.8a. Cic luc
tic dung vio khéi luong cho trén hinh 4.8b. tdi trong dfng tdc dung bat ki cho trén hinh

4.8¢: cic dac trung phi tuyén cha lyc dan héi va lyc can cho trén hinh 4.8d va 4.8c.

lp(t) P(t)
APl
P, !M P+ g
1
(- Pt :
6P A
i C Pl 0 !_ t
= Y
a) b) ¢}
P.ty)
APt
PN, Pityal) 2 o
LA
S TR
|
. . o
; i ¥
y . AD d
e}
Hinh 4.8
Tai thoi didm ., tir didu Kién can bing cua cic lue tde dung vio khoi luong, ta cé:
Py + P + Py (1) = P(1) (4-43)
Qua mot khodng thoi gian ngan AL, twong tng ta cling ¢é:
- Pq (t+ A+ P (t+ A+ Py (1 + A + =P (1 + Al) (4-44)
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Sau khi the (4-43) vio (4-44), ta nhan duoc phuong trinh can bang luc trong cic gia s6:

—AP‘] () + AP, (1) + AP

4

(0= AP (1) (4-45)
Céc gia s6 clia cic lue cdc phuong trinh (4-45) ¢ thé biéu thi nhu sau:
P, ()= P, (t+A0) - P (1) = -MA¥(1)
AP (1) = P.(t+ A = P.(t) = C()Ay(1)
AP (1) = Pyt + A1) = Py(1) = K(1)Ay (1)
AP(1) = P (1 + At) - P(1)

(4-46)

Céc tham s tai trong P(t). tham s& tat dan C(1), tham s6 do cing K(1) tuong Gng trong
khoang thoi gian At dugc cho trén hinh 4.8c. d. e. Khi bi¢u thi cdc gia s6 cua céc lyc
(4-16) ta gia thiét rang: Khoi legng ctia hé khong thay doi véi moi khoang thai gian. Céc
a6e léch 1iép tuyén duge xde dinh tai dau moi khoang thol gian nhu sau:

' dr,
a=l B ks [R)
\ dy \dy J

The cic bidu thic (4-16) vao (4-45). ta nhan dugc phuong trinh can bing luc trong cdc
gia 50 tai thai diém t:
MAV(t) + C(OHAV(1) + K(DAY(1) = AP(1) {(4-18)
2. Ap dung phuong phip gia téc tuyén tinh
C6 nhidu phuong phap dé tinh tich phan sd truc tiép
phuong trinh (4-48), & diy s dung phuong phap gia
t3¢ tuvén tinh. Nhu da trinh bay & chuong hai, gia thiet

cta phuong phéap niy la: troug gidi an cla moi tich
phan thdi gian. gia téc chuyén dong thay doi theo quy
luat tuyén tinh, khi dé hé s6 tat dan va do cting caa hé
dugc xem [a khong thay doi.

Khi gia téc thay déi theo quy luat tuyén tinh ta ¢é:
Hinh 4.9a.

.. . A
VIiT)=V, +—— T
At

Vo 0<t<A

Khi do, 10¢ do vi chuyén vi clia he s¢ thay doi theo
quy ludil parabot bic hai vit parabol bic ba. hinh 4.9b. c.

< 1 A
a2 Hinh 4.9
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(Ty=y, +y, T+.¥,-
FO=nTdh Y2 At 6

Tir cic bidu thirc xdc dinh chuyén vi va t6¢ do tai cudi khoang thdi gian © = AL, ta s&

¢6 cdc gia $6 toc do vi chuyén vi nhu sau:

A¥(V) = (AL + AF() - (4-49)

2 At”
Av{1) = v{DAL + ‘y(t)fﬁi + AY(L)— (4-50)

i 2 6
Tl (4-30). ta suy ra:

.. 6 6 . ..

AY (1) = —= Ay{t) - — (1) = 3¥(1) (4-51)
At* At

The bidu thite (4-31) vao (4-49), ta duoc:

3 . At .
AF (1)~ Ay(1) = 39(1)— = ¥(1) (4-52)
At 2
The cdce bidu thic (4.51) va (4.52) vao (4.48) ta s& nhan duoc phuong trinh chuyén
dong:
[ 6
M I 6, A}/(l)-—y(t)—'.’»L\?(t)—l+
LA At ]

3 ]
+C(1) !—wl-—Ay(t)—By(L)_ﬁy(t) {+K(I)Ay(t) = AP(1)
A 2 |

Chuyén sang vé& phai tat ca cde thanh phan xdc dinh boi cdc diéu kién ban dau, ta s& ¢o:

K (hAy(1) = AP (1) (4-53)
Trong dé:
i . 6 3
K ()=K(O)+— M+—-C1) (4-54)
At At

6 . .. ) At
AP ()= AP(T) + M |:A—y(l)+ 3}’([)} + C(l)|:3)/([)+7y([) (4-55)
t -

Ta thay rang: phuong trinh (4-53) tuong duong v6i diéu Kién can bang tinh trong céc
oia 5. Sau khi gidi phuong trinh (4-33), ta s€ xidc dinh duge gia 50 chuvén vi Ay(t). Thé
Av() vio (4-32) 1a s nhan duge gia 86 16c do Ay(1). Chuyén vi va Loc do 0 cudi gia s6
thivi gian At dugc tinh bing viée bo sung cdc gia 8§ chuyén vi vi gia 56 16¢ do:

y(t+At) = y(1) + Ay(t)
v{t+ Al = v(1) + Ay(D)

(4-56)
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Tént lai, irink ne cia plutong phap trén dicoc 1ién hanh nhue sau:
I. Xdc dinh cdc dac trung phi dan héi cia hé gém:

D6 ciing K(1), he s6 tat dan C(t), va xdc dinh cdc dai lugng bién doi cha luc can P (1)
vit lue dan héi P(t).

2. Xdc dinh cdc diéu kién ban dau: chuyén vi ban ddu va 8¢ do ban diu duoc xem 1a
da biét tir diu kién ban ddu cia bai todn. hoac ¢ cudi gia s thoi gian cia bude trude.
Gia téc ban dau dugc xéc dinh tir diéu kién can bang luc:

. l
y() = —[P) = F.() - Py (4-57)
M (

3. Chon budc thdi gian At Dé dam bao do chinh xdc ¢in thiét cia két qua tinh todn
can chon budc thol gian:

T
At —
10
Trong dé: T 1 chu ki dao dong riéng cua hé.
4. Xdc dinh do cung K™ (1) theo (4.54).
5. Xdc dinh gia s0 tai trong AP” (1) theo (4-53).
6. Xdc dinh gia 6 chuyén vi tai thdi diém t tir viée gidi phuong trinh (4-53).

7. Xéc dinh chuyén vi va 16c do tai thoi diém (1 + At) theo (4-56). trong dé gia 50 10¢
do tai thoi diém 1 duge xdc dinh theo (4-52).
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Chuong 5
TINH CONG TRINH CHIU TAC DUNG PONG DAT

Dong dat 13 mot tham hoa vé cling to 16n vi khiing khiép. Vi vay, tinh céng trinh chiu
tdc dung dong dat la mot nhu cau hét stic cin thiét trong xay dung nhat 1a véi cac cong
trinh quan trong, céc thap nudc, cac cong trinh nha cao tang v.v..

& chuong nay sé trinh bay bai todn dao dong hg mot bac ty do, hé hitu han bac w do

chiu téc dung dong dét chii y&u do gia t6c ngang cua nén dat ¥ _(t).

§1. DAO PONG CUA HE MOT BAC TU DO CHIU TAC DUNG PONG DAT

1. Xay dung phuong trinh vi phan dao dong hé 1 bac tu do chiu tic dung dong dat

yﬁ)

M
rsssiss /7 Pl
L L A
P Py Pl
Truc xét 2 2

b)

Hinh 5.1

Xét mo hinh hé 1 bac tur do chiu tdc dung dong dat duge dac trung bdi chuyén dong
ngang cua nén dat y,(f) hinh 5.1. Phuong trinh can bang dugc xay dung tir hinh 5.1b.

Nhur da trink by & chuong 1, §1: Phuong trinh vi phan chuyén dong do su kich dong cla
nén duoc viét & dang 1.21 la: .

M#(1) +Cy(t) +Ky(t) = -M.¥ (1) (5-1)

Thanh phan & v€ phai clia (5-1) déng vai trd nhu tai trong dong thay déi theo thdi gian
tdc dung lén hé.

2. Phuong trinh dao déng ciia hé mot bac tu do chiu tac dung dong dat
Phuong trinh vi phan (5-1) dugc vi€t § dang sau: (chia 2 v& cua (5-1) cho M).
F(1) + 20ey(t) + @ y(1) = =¥, (1) (52

Vi € 13 tham s6 tat ddn, o 12 tdn s6 dao dong riéng.
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Nghiém téng quét cha phuong trinh vi phan (5-2) bing téng clia nghiém thuin nhit
ting véi v€ phai ctia phuong trinh bing khoéng va nghiém riéng. Nghiém thuin nhat biéu
thi dao dong tu do tat ddn va s& mdt di sau mot thoi gian ngan. Vi vay & day chi xét téi
nghiém riéng; nghiém riéng ctia phuong trinh vi phan (5-2) dugc viét theo (1.196):

y(t) = - [P(x).e™** " sinw, (t—t)dr; O bai todn dong dat, ta cé:

Mo .

[~

1 o —-we(t-1) _: :
y(t):-m—- [Foy (1) sino (t - ) dt (5-3)

Trong dé: o, = @+/1—g?

Véi dai da s6 cdc cong trinh xay dung trong thuc t&: £ < 0,2, do d6 o, » @, ta ldy o, = ©.

<

Viét lai phuong trinh nghiém (5-3):
y(t) = _L _Ejio (1).e " sino(t—1)dt (5-4)
0 .

(5-4) 1a phuong trinh dao dong clia hé 1 bac tu do chiu tic dung dong dat dugc dac
trung boi gia téc kich dong cha nén ¥ (t).

Gia tri tuyét doi 16n nhat cha bidu thitc tich phan & vé phdi clia (5-4) goi 1a phd van téc
va ki hiéu la S,(g, T):

Sy (g, T) = ‘ [, (0. sino(t—1) dt ‘ =,Vm - (5-5)
Trong dé:
V(t)= Lyo (7)™ sinw(t — 1) dT (5-6)
Phi hop v6i (5-5), gid tri tuyét d6i 16n nhat cha chuyén vi (5-4) s 1a
i
MO S-SvED=8(T) (5-7)

Sie, T): goi la phé chuyén vi.

Daéu trir (-) & v€ phai chia phuong trinh vi phan dao déng (5-1) chi luc kich dong thay
déi theo thdi gian tic dung vao hé cé chiéu ngugc véi chiéu gia t6c chuyén dong clia nén
dat ¥_(t). Vi chuyén dong clia nén dat c6 dac trung d6i chiéu tic dung, nén chuyén vi
]én nhét cha khoi luong (5-7), va cdc dai lugng nghién cifu sau nay cling khong xét dén
dau (-} d6 nita.

3. X4c dinh tii trong dong dat tic dung lén hé

Biéu thtic téng qudt cta luc tuong tng véi trang thdi déng cta hé 1 bic tr do duoc xdc
dinh theo (1.191):
Pt =P. . K(t)
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Trong dé: He s6 dong hoc thay ddi theo thoi gian duge xac dinh theo (1.197) va trong
trudng hop nay:

([).—_—-Lt (7). e Y sinw, =1 d'c=wl:yo(‘c).e#m“_”.sinco(t—‘c) dt = 0.V()

v P,(t) = M.oV(t) (5-8)

Do dé:
¢ dung lén hé 1a gid tri 16n nhat cua biéu thic Py(t) & trén:

Tai trong dong dat td
P, =Moo VG =M.eS, ()= M.S, (g, T) (5-9)
Trong dé: S, T =0S(T) (5-10)

S,(e, T) goi 1 phd gia tdc.
§2. DAO PONG CUA HE HUU HAN BAC TU DO CHIU TAC DUNG PONG DAT
1. Xay dung phuong trinh vi phan dao dong hé hiru han bac ty do chiu tac dung

dong dat
Xét hé n bac tu do chiu tic dung dong dat dac trung o

g 2 3 ~ L —

b&i chuyén dong ngang ciia nén y,(t), hinh 5.2.

Chuyén vi toan phin cha cdc khéi lugng trén he
sé la:
(v% O} = {y©}+ {1}y, © v6i (1} 1 vée 10 ¢6
n phén t biang don vi
Do dé: {yz (t)} — {50} +{1}§,® iy Pt
)_

Tuong tng ta c6 phuong trinh vi phén dao dong

|
téng quat clia hé hitu han béc ty do chiu tic dung E
déng dat viét dudi dang ma tran nhu sau: 1 : :
\ i :
[M]{5@} +[C]{y} +[K]{y®) R S
-IMJ{1} ¥, (5-11) ot

Trong d6: [K1, [M], [c] 12 ma trén cing, ma trdn
khéi lugng, ma tran tit dan clia hé. Thanh phan bén
v& phai clia phuong trinh (5-11) déng vai trd nhu véc to tai trong dong thay doi theo thoi

Hinh 5.2

gian téc dung lén hé.

2. Phuong trinh dao déng hé hiru han bac tir do chiu tac dung dong dat.

Pé tim phuong trinh dao dong, ta ¢6 thé 4p dung phuong phép khai trién tai trong theo
céc dang riéng (ciing c6 thé 4p dung phuong phdp toa do téng quét, v.v...). Tai trong
khai trién theo céc dang riéng dugc xic dinh theo cong thifc (2.130) va trong trudng nay
s€ la:
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3 {(Pi}T{P} N {(Pi}T[M]{l} A _ _
{P} WJTMHQJMH%}{%VDHMJDHMJ w [M]{e:} (5-12)

T .
M3 :
Trong dé: B = M = Ly ; 1, goi 12 hé s& dang (5-13)
{0} [M}{e} M
Véc to chuyén vi elia hé ting v6i dang dao dong riéng thit i duoc tinh theo (2.135):
{0 =[M]" {P}K, 0
Khi chiu tic dung dong dat:

K, (1)= 1 Ef('c)e—misi“_r).Sin(Di_c(t—'C) drt = L fyO(T).e_misi(l'ﬂ.sin@i(t _1) dt
O o;
K_(t) ==V, () | (5-14)
O
_ V.
Do dé: v, (0} =[M] ‘.{R}-—;-)(-Q

1

Pua (5-12) vao biéu thic trén, ta duge:

Vi(t
{Yi(t)}=l¢i-{¢’i}‘_w‘l (5-15)
Gid tri 16n nhit chia véc to chuyén vi ting véi dang chinh thi i s 1a:
Svile, T,
{mmh“=Mmﬁ%—lWJ=m&M%ﬂ)WJ (5-16)

Trong dé:

Sy(e. T.) = —ln-S\,,i (¢;,T,) 12 phd chuyén vi dang i, cdn Sy; 12 phé van tdc dang i:
.

Sy (g, T) = ’ [ 9,0 sineyt-vdt| =V, (5-17)
max
Véc to chuyén vi clia hé dugce viét tir (5-135):
{y()} = [CD]{% V,-(t)} (5-18)

1 1

Trong dé {Ei—vi(t)} Ia véc to c6 cac phan ti bing LLV (1) véii= 1,2, ..n.
. .

3. Xidc dinh tai trong dong dat tac dung lén hé

Véc to luc tuong tng v6i trang thdi dong ciia hé hitu han bac tr do Uing véi dang chinh
thit i dugc xéc dinh theo (2.139):

196



{P, (0O} ={P}.K;(®)

Trong d6: K,(t) duge tinh tuong tu nhu (1.197) va véi tdc dung dong dat s€ la:

K.()= o .[! f()e Y sinw, (t—t)dr =, _[‘j?u (7).e 5V sinw, (t — 1) dT=; Vi (D) (5-19)
(.Oi‘u Cy . A3

Pua {P,} theo (5-12) va K,(1) vao biéu thitc trén, ta dugc:

[Py 0} =1 [M}{o}.0,Vi(®) (5-20)

Vécto tai trong dong dit tdc dung lén he ing voi dang chinh thit i 13 gié tri 16n nhét
cla (5-20):

{Pidd} =M, [M]{(pi } @, Syi (e, T =1 [M]{(Pi } S, (g T) (5-21)

Trong dé: S, (g, T)) = ©Sy(e, T) la phé gia tdc dang i.

Ti trong dong dat tdc dung vao khdi luong K (tang thit K) cla tdt ca cac dang dao
dong riéng duge t6 hop bang cdch tinh gin dang trén co s& 1 thuyét xac SUlt:

P = 13 (B :\/@7)%(?@ ) (P y (5-22)

i=]

Cudi cling ta ¢6 véctd tai trong dong dat tic dung 1én hé hitu han béc t do:

—

(Pa} =1 >(ps) b (5-23)

4. Mot s6 phuong phap tinh hé hiru han bac ti do chiu tac dung dong dat

a) Phuong phdp phd

Véc to tai trong dong dat img véi dang chinh tht i duoc xdc dinh trén co s¢ céc dudng
cong phé gia td¢, hoac cac dudng cong phd van tdc theo cong thite (5-21). Trén hinh 5.3
cho thi du mb tA cdc dudng cong phé van toc. Phé van toc nay duge tinh todn theo biéu
thite (5-17).

b) Plurong phdp tinh hoc tuong duong

Véc to tai trong dong dat ing v6i dang chinh thi i:

(Pl =[Q] {o:} 1 Ko (5-24)
Trong d6: [Q] - ma tran trong lugng cla hé;

i, - h¢ s& dong dat ting v6i dang i.
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Theo quy pham CHHIT I1-8-71 (Lién Xo) thi:
K = BK K K, K, (5-25)
Véi: i, - he s6 phu thude chu ki dao dong riéng, va loai nén dat;
K, - hé s6 tra theo cdp dong dét (he s6 ving):
K, - h¢ s6 tinh d¢n su hu hong cho phép clia cong trinh:
K, - hé 58 cic giai phdp két cau;
K., - hé s6 ké dén dac diém két ciu.

Tat ca céc hé 6 trén déu ¢6 bang tra va chi din cu thé trong quy phamn.

S,

(dfs)

1.5

I
2
&=

2%

/ 5%
S P

10%
20%
-140%

20 ] g

Hinh 5.3

) Plutong phdp tindi theo gian do gla tée

Phuong trinh vi phan dao dong hé hifu han bac tu do chiu téc dung dong dat (5-11):

. ) - ‘,! I _ f .u
IMI{F(OL+[C] {y} +[K] {v}==[M]{1} ¥,V

Phuong phdp tinh theo gian do gia 16¢ la phuong phap gidi truc tiép phuong trinh vi
phan dao déng rén khi cd gian dé gra tdc cua nén ¥ (1) & v& phai.

Gian d6 gia (8¢ nén <6 thé 12 gidan dé gia t6e thue, nd duge ghi biang mdy, hoac ¢d the
It gian dé gia 16¢ mod phong do nganh Vit Ii dia cau dua ra. Phuong phdp thich hop dé
giai phuong trinh vi phan nhu vay ta cdc phuong phdp tich phan truc ti€p theo cic budc
thoi gian dd néu ¢ chuong 2.§16 nhu phuong phdp Niumax, phuong phip Vinson®,
phuong phap sai phan hiu han...
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Ngodi ra. ¢6 thé tham khdo cdc quy pham cla cdc nudc nhu quy pham cua My: UBC
97. quy pham cta Trung Quéc GBJ 89. v.v... va cic phuong phip khic dé tinh todn va
xdc dinh tdi trong dong dat.

5. Thi du:

Xdc dinh tai trong dong dat téc dung khung 3 tang hinh 5.4. Kich thudc, ti¢t dién,
trong lugng phan bo cac tang cho trén hinh v&€ "Cong trinh xay dung trong ving dong
dat cap 8§ co K = 0.2: Cic hé s6 K, =0.25; K, = K,, = |. Nén dat oat .

H F
ae 40x 50 Gz = 3,5Tim E=265x10 kg/em
3 u —
— 40 x40 £
o 40% 50 s = Q,
H o
— 40 x40 =
@ 40x% 50 gy = 6,82T/m
P, — X
£
|~ 40 %80 &
_J\l_‘ ST STIETTT ”LW /777‘[‘77 o

Hinh 5.4

- Xdc dinh tin s6 va dang dao dong riéng:

Khoi luong cdc tang: my =m, = —q;/ = 6.82.18 [2,55: my = 3,318 =6.43
7 g 9.81 9.81
2,55 0 0, ;"123 0 0]
Do do: [M]:! 0 1255 0 >, [Q]=1 0 123 0 |.T
00 6‘43J " k 0 0 63
Ma tran mén:
5, 8, O [ 348 4242 4242

[F]=18, 82 8y |= 4242 854 9.147 107 m/T

By Oy B 4242 9147 1333

Trong d6 cic he s6 do mém duge tinh gan ding theo cong thic cua Sigalov. Phuong

trinh tin s0;

[F] [M] - 12 [E]‘ =0. Dang dao dong riéng: {q):} = w[B,l]—l {Bl}
]

¢
o, 6.98 1 1 I
Két quic {o} =40, p=4213}s7 . [®]=] 1885 0.222 ~-1197
® 311 2,256 —1.248 1.096

3

Cic dang dao dong riéng ddu thoa min dicu Kién truc giao (2-58).
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- Xéac dinh véc to tai trong dong dat dng véi dang chinh thi i theo (5-24) va (5-25):

{P:m} =[q] {@i}“iBchKIKzKW
K=K, KK, =0,2.0,251.1=0,05
Tinh B;: cong trinh xay dung trén nén dt loai I, nén:
i=1 c6 p=m=20_%98_
T 2n 2n
1 |, B w, 21,3 .
f: 1=2 ¢6 Bz=ﬁ=¥=3,39 >3 ldy B, =3
1=3 ¢c6 PBy=3
T
toy M]{1}
T
te:) Mo}
12,55 0 0 1
{l 1885 2,256}| 0 12,55 0 |[JI

T
=1y, o0 M o 0 64 11 = 0,565

{o} Ml{o} 1255 0 0
{ 1,885 2,256}| 0 12,55 0 |{1.885

0 0 6,43 2,256

Tinh h¢ s6 dang p; theo (5-13) : p; =

T
=2 w, = {(Pz}r [M]{l} =...=0,319
{(Pz} [M]{‘Pz}
i=3: My = {%}TT[M]{I} ==0119
fos} [M]{es}
Vay:
(123 0 01[ 1 3,85 Py
{PU}=] 0 123 0|{1885}0,565.1,11.0,05= 17,28 ».T =P}
0 0 63][2256 4,44 Py
(123 0 o 1 >.88
{pl=1 0 123 050,222 .0,319.3.0,0541,31 T
0 0 631248 (=374
123 0 o[ 1 2.2

{P_;”}: 0 123 0 |4-1,197}.0,119.3.0,05=1-2,62;.T
[0 0 63J 1,069[ 1,23

Xdc dinh 1] trong dong dat tic dung 1én he: theo cong thic (5-22)
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dd 2 2 2
b= \ﬁldld) +(P1dzd) +(Pld:?) = \[3,852+5,882+2,22 =7,36.T

Pzd‘I = \/7, 28 +1.31* +(-2.62)* =7,85.T, twong 1 duoc P =5,94.T
Véc to tai trong dong dat tdc dung 1én he.
7,36
Py} =17.85}.T
5,94

§3. DAO PONG CUA HE VO HAN BAC TU' DO CHIU TAC DUNG PONG PAT

1. Xay dung phuong trinh vi phan dao dong hé vo
- b
han bac tur do chiu tic dung dong dat y &)

Céc hé c6 khéi luong phan bo lién tuc nhu céc cot E
cao, cdc Ong khéi... 1a hé vo han bac tu do. V&1 hé vo !
han bac tu do, chuyén vi toan phin cda khéi lugng do 1
kich dong chia nén hinh (5-5) la: |
i
|

ys(x.t)

v (x.0) = (Y(x, D+ £(x).y, (1)

B

Trong d6: f(x) 1a chuyén vi clia h¢ do chuyén vi cua |

nén bing don vi gay ra. :
|
|
!
1
|
|
|
|
|

Luc quén tinh cta khéi lugng:

q, (x,1) = ~m[FL D+ O ¥, (V)]

Tuong ting ta c6 phuong trinh vi phan dao dong cla il
hé vo han béc tu do chiu tic dung déng dat duge viét & \
dang tuong ty nhu phuong trinh (3-2) va (5-11): Hinh 5.5
o’ &*y(x,t) ly(x,1)  Ay(x.t ,
pw; {EJK gxz +m, };2 )+c y@t ) —m(x)f(x).¥, (1) (5-26)

Thanh phan & vé phai clia (5-26) déng vai trd nhu ti trong dong phan bo tdc dung lén hé.
2. Phuong trinh dao déng hé v6 han béc tu do chiu tac dung dong dat

Ap dung phuong phdp khai trién tai trong theo cdc dang riéng dé tim nghiém cia
phuong trinh (5-26). Tai trong khai tri€n theo cdc dang riéng dugc xéc dinh theo cong
thitc (3-58) va trong trudng hop nay s€ la:

X, (0g 0 . /X, ComEf()dx

q; (x)=m,.X;(x) x4
fim, X2 (x)dx

=m, X, (x), (5-27)

[{m, X2 (x)dx
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ﬂ X, (xmE)f(x)dx

Trong d6: u, = ; . - Hé 56 dang (v6i h¢ vo han bac tu do) (5-28)
J‘”mxX[(x)dx
Phuong trinh dao dong (ing véi dang chinh thi i dugc viét phu hop véi (3.60):
y,x.0 =5 g
Trong d6: K, (1) duoc tinh theo (5-14): K (1) = m
O
Dua g(x) va K (1) vao phuong trinh dao dong. ta duge:
V.(t
yi(x.0) =X, (x).p, - 80 {5-29)
o,
Gid tri 16n nhat:
ux "’T'
Y (x) = X, (). p L) =X, (x). 1.8, (£, T) (5-30)

i
3. X4c dinh tai trong dong dit tac dung lén hé
Luc phin bo tuong tng véi trang thai dong cua hé vo han bac tu do Ung vé dang
chinh thit i duoc viél tir tich cia tai trong khai trién theo dang i va hé s¢ dong hoc thay
doi theo thoi gian cling cua dang i:
A, (X0 =q;(x). K (1)
Trong doé: q,(x) dugc tinh theo (5-27), K, (1) dugc tinh theo cong thirc (5-19):
K. (1) =, V(1}
Pua q(x) vd K{t) vio biéu thic trén. ta dugc:
Qq; (X0 =m X (x).1;.0,. V(0 (5-31)
Tii trong dong dat phan bo tac dung [én hé v han bac twr do dng v6i dang chinh th
la gid tri 16n nhat cua (5-31):
I . -
QM (x) = m X, (X).1 0,5y, (5, Ty =m X, (x)p,S,(e,. T) {5-32)
Ciling cé thé tinh luc phin bd tuong dng véi trang thdi dong cua hé vo han bic y do
tmg v6i dang chinh thit i tir phuong trinh chuyén vi y(x. t) nhd quan hé vi phan:

x.1)
QX ”"{EJ ﬂ—j (5-33]
A S
Chuyén vi vii noi luc toan phan ctia hé duge xdc dinh trén co 6 16 hop chuyé'n VI Va
noi lue cua cdc dang dao dong ricng theo If thuyét xdc sudt twong tw nhu véi hé hitu han
bac tu do déi véi cdc diém trén hé.
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