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Li gidi thigu

Thue hién mot s6 diéu cva Ludt Gido duc, B6 Gido duc & Pao tao va BS Y t&
dé ban hanh chuong trinh khung dao tao Bac si da khoa. B6 Y tét6 chic bién soan
tai ligu day — hoc cdc maén co so va chuyén mén theo chuong trinh trén nhdm timg
bucc xdy dumg bd sdch dat chuin chuyén mén trong cong téc dao tao nhén luc
y tél

Sich TOAM CAO CAP diroc bién soan dua vio chuong trinh gido duc cua
Truong Pai hoc Y Ha Noi trén co so chuong trinh khung da dugc phé duyét. Sdch
duoc cdc tic gid TS, Hoang Minh Hing, ThS. Ngé Bich Nguyét CN. Cao Chu Toan
bién soan theo phuong cham: kién thiic co ban, hé théng; ndr dung chinh xdc, khoa
hoc, cdp nhat cdc tién bo khoa hoc, ky thuit hién dai va thuc tién Viet Nam.

Sich TOAN CAO CAP di dupc H6i déng chuyén moén thim dinh sich va tai
liéu day ~ hoc chuyén nganh Bdc si da khoa cua B6 Y t&'thdm dinh ndm 2007, Bo Y
té" quyét dinh ban hanh la tai lisu day — hoc dat chuén chuyén mén cua nganh
trong giai doan hién nay. Trong thoi gian tir 3 dén 5 ndm, sdch phdi duoc chinh Iy,
b8 sung va cdp nhat.

Bp Y 8 xin chan thianh cdm on céc tic gid va HOi déng chuyén mon thim dinh
dé giip hoan thanh cuén sach; Cam on ThS. Nguyén Phan Diing, TS. Chu Vin Tho
da doc va phdn bién dé cubn siach som hoan thanh kjp thoi phuc vu cho céng téc
ddo tao nhan luc y té]

Lin ddu xudt ban sich khé trdnh khdi thiéu sét, ching t6i mong nhén dugc ¥
kién déng gop cia déng nghiép, cac ban sinh vién va cic doc gid dé lin xuét ban
sau sdch duoc hodn thién hon.

VU KHOA HOC VA PAOTAO - BO Y TE



L5 nét dou

Toan hoc ld mén khoa hoc tw nhién c¢6 mdt trong rat nhiéu linh vuc
khoa hoc, bao gém c4 trong linh vuc nghién citu sinh, y hoc.

Trong khuén kh6 chuyén nganh y, b6 mén Toan — Truong Pai hoc Y
Ha N¢i da giang day Todn cao cip trong nhiéu ndm cho sinh vién voi
mong muén cung cdp cdc kién thic co bdn, co s0 Todn théng ké cho cic
nghién cuu ung dung sau nay.

Cuén sdch bao g6m cdc kién thiic vé dai s6, gidi tich va mot s6 bai todn
ung dung trong sinh, y hoc voi thor luong 45 tiét

Cuén sdch 1a tai lidu danh cho sinh vién trudng y va sinh vién cdc
chuyén nganh iing dung sinh, y hoc khdc va cé thé lam tai liéu tham khdo
cho cdc can bo giang day va nghién citu trong linh vuc sinh, y hoc.

Trong qud trinh bién soan chiing t6i da nhdn duvc nhiéu y kién quy
bdu cua CN. B6 Nhu Cuong, TS, Ding Puc Hau nguyén Trudng b6 mén
Toan — Truong Dai hoc Y Ha Noi. Ngoai ra, chiing t6i cing nhdn duoc su
dong gop y kién va gidp do vé ky thudt vi tinh cua cdc déng nghiép trong
b6 mén. Tuy nhién cuén sdch kho tranh khoi thiéu sét. Chiing t6i mong
nhéan dugc cdc y kién dong gop cua ban doc va déng nghiép.

CAC TAC GIA
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Chuong 1
MA TRAN - BINH THUC
HE PHUONG TRINH TUYEN TINH

Bail
MA TRAN

MuC TIEU

Hoc xong bai ndy sinh vién cé khé ning:
1. Trinh bay duge dinh nghia ma trén va khdi niém cde dang ma trgn.
2. Thue hién duge cde phép todn trén ma trdn.

1. KHAI NIEM MA TRAN
Khi ¢6 m x n s& ta cé thé xép thanh mét bang chit nhat gém m hang va n cét.

1.1. Dinh nghia

Mét bang sé chit nhat ¢6 m hang, n c6t biéu dién dudi dang

a1; 419 &3 ... Ay
A-|3 Rz 83 - 8
A1 gz 8y o0 dgp

dude goi 1a ma trdan ¢d m x n, trong dé a;; € R 1a phan tu nam ¢ hang i, eot j.

K:;' hiéll laA= [aij]mxn )

Vi du:
[1 2 3

l)A:i| ~ll:?a\matréncﬁﬂ><3:
|14 5 6]



1
2)B=1|2 [ ]a ma tran c6t ¢d 3 x 1,
5

3)C=[4 6 7]lamatranhangecdlx 3.
Khi m = n thi A duge goi la ma trdn vuéng cip n.
1.2. Ma tran khong
Ma trdn khéng 1a ma tran cé tit ca cic phan tit déu biang khéng.
Ky hidu 12 O = [0] ...

0000

Vidu: A=
0000

} 14 ma tran khong cd 2 x 4.

Cac ma tran khéng chi khac nhau vé kich thudc.
1.8. Ma tran bang nhau

Ma tran A va B dude goi 1a hai ma tran béng nhau néu chiing cé ciing ¢d va cé
cac phan t{ d cing vi tri bing nhau, Tc 1a:

{1) A = (a5l «n va B = [bjla s

< A=B.
2) alj = bU véi ‘v’1, ]

c

Vi du: Cho A=B _33] va B=[a ﬂ. A =B khi vachi khia =1; b = -3;
c=2;d=3.
1.4. Ma tran d6i nhau

Ma tran A va B duge goi 1a hai ma tran déi nhau néu chiing cé cling ¢ va cac
phin ti cing vi tri ¢6 gia tri d6i nhau.
Ma tran déi cia A dugc ky hiéu 1a -A. Ta cé:
{1) A= [aij]mx n vaB= [bij]mxn;

< B=-AhayA=-B.
2) ajj = —b]j vol VI, J

Vidu: Cho A=[ ; ﬂ va B{a ZJ.B=—Akhivéchikhia=—1;b=—3;
- - (¢

c=2;d=4.

10



1.5. Ma tran tam giac

Cho ma tran vudng cip n c6 dang:

a5 a2 &3 .. Ay

a a a oo a
A= .21 ‘22 '23_ _2n

Any 8n9 34npg .- 4py

DPudng thing di qua cac phin tu 811, a9g, 833,..., Ay, go1 14 duong chéo chinh
cua ma tran A.

Céac phén t a;; véi 1 = j goi 1a phdn tiz chéo.
Ma trdn tam gide 1 ma tran ma tat ca cac phan td & phia trén ho3c phia duéi

cua dudng chéo chinh déu bang khéng. Cé hai loai ma tran tam giac 1a ma tran
tam gidc trén va ma tran tam gide dior.

437 212 213 .. aln-l
0 ag as .. ag,
B=[ 0 0 agg .. ag,|lamatrantam giac trén.
i 0 0 0o .. 8nn |
(all 0O 0 .. 0]
3.21 322 0 0
C = 331 3.32 3.33 Ve 0 ].é ma trén tam gléc dudi.
|2h1  2n2 apg .- ann |

1.6. Ma tran dudong chéo

Cho ma tran vudng cip n ¢6 dang:

4y 213 213 .. Ay

a a ao e a
A=| 21 A22 . 23 . . 2n

ani any a4pg ..+ Apy

. A néui = ] . .
Néu a;; = ! . ]_ thi A 1a ma trén duong chéo.
0, néu1l =)

Vay A c6 dang:

11



by 0 0 .. 0 A

0 % O 0 " 0
A=(0 0 X3 .. O |, hay vietgon A= A3

S 0 :

0 0o o A | I An

1.7. Ma tran don vi
Ma tran don vi 12 ma tran dudng chéo cé cac phan tit chéo déu bing 1.
o -

Ky hiéula I= 1

2. PHEP TOAN TREN MA TRAN

2.1. Phép cong ma tran
2.1.1. Dinh nghia
Cho hai ma tran A va B cing cd m x n:
A = [ai]mxn va B=[byl x o
Téng ciia hai ma tran A va B 13 ma tran ¢d m x n dude xac dinh béi:

A+B= [aij+b1j]an-

2 3 1 7 2
Cho A = :B= 5 .

-1 4 5 2 -3 1
2+5 3+7 1+2 _ 7 10 3
-1+2 4-3 5+1( |1 1 6

Vi du:

A+B=[

2.1.2. Tinh chdt
DA+B=B+A;
2A+0=0+A=A;
HA+(-A)=0;
4HA+B+C)=A+B)+C.

12




Vidu: Cho
1 35 7] 112 4 1011
2 44 2 2100 0244
Khi d6:-

(A+B)+C=[2 4 7 11}+ 101 1]&[3 4 8 12]

4 5 4 2 (02 4 4 4 7 86

2 4 4 2 2 3 44 4 7 8 6
Vaytacé: (A+B)+C=A+ (B+O).

A+(B+C):{1 35 7]+[2 1 3 5]2[3 4 8 12]

2.2, Phép nhan ma trin véi mot sé

2.2.1. Pinh nghia

Cho ma tran A = [a;),, x n» V& ke R. Tich ma tran A véi k la ma tran kA cd
m x n va duge xac dinh bdi: kA = [kayl;, « o

Vidu 1:
Cho A = 2 31 va k = 2.
-1 4 5
KA = 2x2 2%x3 2x1 _ 4 6 2
2x(-1) 2x4 2x5 -2 8 10
Vidu 2: Cho
o i}
1 0
I= 1 va AeR
0 )
- 1—
) o]
A
= Al = A
...0 A‘—

2.2.2. Tinh chat
1) k(A + B) = kA + kB;

13



2) (k + h)A = kA + hA;
3) k(hA) = (kh)A;

4) 1. A=A;
5) 0.A=0.
Vi du: Cho
332 11 1]
A=(1 10| B=|3 1 2|vak=2
421 12 1]
6 6 4 (2 2 2]
=>kA=[2 2 0[; kB=|6 2 4
8 42 2 4 2]
8 8 6
=>kA+kB=|8 4 4]|;
108 4
4 4 3 8 8 6
A+B=(4 2 2| =2k(A+B)=|8 4 4
5 4 2 108 4

2.3. Phép nhéin hai ma tran
2.3.1. Binh nghia

Cho ma tran A = [ay], « , vA ma tran B = fby], « , (s8 cot clia ma tran A bing
s6 hang cua ma tran B).

Tich cia ma tran A va B 1a ma tran C, ky hiéu C = A.B (hay AB); C = [¢;) un,

p —
trong do: cj; = a; by +ajabgj+. .. +apby = z ajkbyj, 1=1m;j=1n.
k=1

by -]

) ] ] % ) b2] v _[ ]
a1 449 ... alp = Cl] mxn

- |
by ]

14



Chii y:

- Ta ¢6 tich A.B nhung chua chic c¢6 tich B.A. Titc ]2 muén nhian A véi B
(A bén tréi, B bén phai) thi s8 ¢t ciia A bang s6 hang ciia B, con muén nhan B
véi A (B bén trai, A bén phai) thi sd ¢t cta B bing sd hang ciia A.

— Néu A, B déu l1a ma tran vudng ciing cap thi bao gid ciing cé tich A.B hoac
B.A nhung chua chic A B bing B.A.

Vidu 1: Cho
12 3 L2
A=[41 2} vi B=|3 2
1 4
Khi dé:
C=AB=

[1x1 +2x3 + 3x1 1x2+2x2+3x4] [10 18
[4x1 + 1x3 + 2x1 4x2+1x2+2x4| |9 18

[1x1+2x4 1x2+2x%1 1x3+2x2 9 4 7
D=BA=[3x1+2x4 3x2+2x1 3x3+2x2|=|11 8 13
| Ix1+4x4 1x2+4x1 1x3+4x2 17 6 11

Vidu 2: Cho
193 111
A=[4 L 2}Bz 312
121
10 9 8 .
Taco: AB= 0 , nhung khéng ton tai B.A.
9 9 8
Vidu 3: Cho
- -1 - : 3 6
A= 10 vai B= 12 = AB= 1 -2 ‘:B.A=
2 3 3 0 11 4 -3 0
Nhan thiay A.B = B.A.
Vidu 4: Cho

Aol 2 va B= 2 -6 :A.B:O 0
2 4 -1 3 0 ¢

Nhan thdy A # O va B# O nhung A B=0.
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2.3.2. Tinh chat

1)AB+C)=AB+AC;
2) B+ C)A=B.A+ CA;
3) k(B.C) = (kB)C;
4) (A.B)C = A(B.C);

5HAI=1TA=A:
6) A 0O=0.A=0.
Vidu 1: Cho
413 1 11 1 00
A{ } B=[3 1 2| c=|0 1 0
4 1 2
1 2 1 0 01
fa1a] 21 rig12 1o
A(B+C)=|: :lx 3 2 2 =[ }
4 1 2 13 10 10
1 2
AB+AC = 10 11 9 N 4 1 3 _ 14 12 12
9 9 8 4 1 2 13 10 10
Vidu 2: Cho
413 0 00
Az[4 . 2i|;0= 0 0 0| >2A0=0.
0 00

2.4. Phép chuyén vi
24.1. Dinh nghia

Cho ma tran A = [ay],.,, Khi ta d8i hang thanh cdt hosc cot thanh hang ta

dudc ma tran méi goi 14 ma trén chuyén vi cia A. Ky hiéu 1a A®, ma tran A' ¢6 ¢ nxm.

Vidu:
-4 3 2
= Al = [ ]
1 .07 2x3

3Ix2

J
N W A
=N o =

2.4.2. Tinh chét
1) (A+B)'=A'+ B

16
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I'=T1;
3) (A.B)' = B".A".
Vidu 1: Cho

321 021 34 2
Vi du 2: Cho
123 L2 10 18
A= . B=|3 2|=>AB= = (AB)! =
412 9 18
1 4
131 e 10 9
B! = At =2 1 = B' A =
22 4 s o 18 18

BAI TAP LUJNG GIA

Hay chon két qud dung:

1 -2 0 0
1. ChoA=|3 2 1|; B=|1]|.Tinh A.B.
0 1 2 2
K&t qua:
-2
A. AB=| 4 B. AB=[-2 4 5]
| 5
[ 2
C. AB=|-4 D. Két qua khac.
-5
1 -2 2 1 O
2. ChoA=|3 2 1,B=[1 . :|.’I‘1’nhC=A.B‘.
0 1 2

2- TOANCAOCAP
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-1 -6 -1
A oo L8 } B
L7 5 8
i 5 8
C C= D
-1 -6 -1
2 -1
Chomatran A = 3 } Tinh A™
Két qua:
1 o] . 2
A A'= néun =2k, hoic A" =
0 1] 3
T o]
B. A"=
1 o] . 2
C. A'"= néun =2k + 1, hoic A" =
0 1] 3

D. Két qua khac.

. 2
Tim ma trian X thoa man: AX =B, v4i A = [1

Két qua:
-2
A X= [2 3] B
0 8
2
C. X= l: 23} D.
0 8

Tim ma tran X thod min: X A=B, véi A = [

Két qua

A. X= 0 '1} B.
3 9

c. x=|1 O} D.
| 2 3

-1 7
C=|-6 5
-1 8

Két qua khac.

-1 .
]néun=2k+1;keZJr

X = 0 8
2 -23

Két qua khac.
1 1 -3 0 -1
; B= A
0 1 12 3 5

S

Két qua khac.



Bai 2
PINH THUC

MUC TIEU

Hoe xong bai nay sinh vién ¢6 kha ;u"mg:

1. Trinh bay duwoc khdi niém vé dinh thitc va cde tinh chat eua dinh thite.
2. Thye hién duge cde ph.w;mg phdp tinh dinh thiie.

3. Trinh bay duge méi lién hé gidta dinh thitc va ma trdn.

1. DINH THUC

1.1. Ma tran con

("ho ma Lrin vudng cip n:

Ul e &5 e By
ay;  Agy  Any ... Qg
4‘,_\: I..l ._.. . 23 . I_D
App  dpz dng Ann

Ta chi v dén phan i i néu bo hang i, ¢t j ta thu dude ma tran (n — 1) hang

va (n - 1) cdt. tie la ta duge ma tran cap n — 1; ma tran nay dude goi 1A ma trdn
con ing véi phan ti aj;, ky hiéu la M;;.
Gup Sye g
Vidy: Cho A =|ay; ayy asy | tacéd 9 ma tran con cip 2 ung voi 9 phén tit a;
%81 a2 B33

cua A la:

; i
H ST dn: as an- A ¢
i\(i]l = A =9 | I\'I]z _{ o 23:|. 1\{13 2{ 21 32]

| 3z d33 | | ag; Aagy dq1  Agw

i dya a bk . a a 9
My = 12 13} Mgzz{ 11 11} M%:[ 11 ]

| dy2 agy Az a3z a3y agg

19



a9 43 311 413 ap) Ay
M31=[ ; Mgy = ; Mgy =
o1 ag3 491 Agy

1.2. Pinh thic ctia ma trin vudng cip n
1.2.1. Pinh nghia

Dinh thitc cua ma trAn vudéng A cip n, ky hidu 1 det(A) duge dinh nghia
dan dan nhu sau:

1) Ala ma tran c8p 1: A =[a;;] thi det(A) = a,,;
, a;; a
2) A la ma tran cap 2: A { 1 12] thi
dg1 29

det(A) =a,, det(M;;) -a;pdet(M5) = ay 899 —a10891;

3)Alamatrancdpn: A= [aij ]( ) thi
n

det(A) =a,; det(M;,) —a,5 det(M;q) + a3 det(M;5) +... + (-1)"*ta;, det(M,,)
(1.2.1)
Chi ¥: ayq, ayg,-.., 81, 12 cAc phin tit nim & hang 1 clia ma tran A.
Ta con dung | | (hai gach ding dit & hai bén) & ky hiéu mét dinh thie.
Dinh thic ciia ma tran vudng cip n goi la dinh thie cip n.
T bay gid quy ude thay vi diing det(A) ta dung ky hiéu D,, cho dinh thiic cip n.
1.2.2. Mt 36 vi du

Ap dung dinh nghia tinh:

12
1) D, = ‘=1x4—3><2=—2.
3 4
2) D, = c?sa sina = cosacosf — sinasinP = cos(a +PB) .
sinf3 cosP
123 5 6 4 6 4 5
3) Dy=|-4 5 6[=1 -2 +3 = 240.
-8 9 709 7 -8
7 -8 9

a b c
4) Dys=|c¢c a b =a% +b% +c® - 3abe.
b ¢ a
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1.3. Dinh thic cua tich hai ma trin

Dinh ly: Néu A va B la hai ma tran vuéng cing cip thi:
det(A.B) = det(A).det(B).

Vidu: A = 8 1 . B= -1 3 — AB = 2 17 :
2 1 5 8 3 14
Nhan thay: det(A) = 1; det(B) = -23; det(A.B) = —23.

Vay: det(A.B) = det(A).det(B).

2. TINH CHAT
Cho A la ma tran vudng cédp n.
2.1. Tinh chit 1

det(A) = det(A).
Ta cAn chling minh céng thic

det(A) = a;; det(My, ) — a9, det(My, )+ a5, det(Mgy)+...+ (1) a | det(M, ;)

trong d6 ayy, a5y, Ag1,- . ., 8, 1a cAc phan ti ndm 4 cot 1 cia ma tran A.

Nhan thiy:
- Néun =2 thi (1.2.2) 14 dving.

- Gia st (1.2.2) diing véi ma tran ¢idp n — 1, ta ¢An chiing minh né ding véi ma

tran cap n.

That vay, tiép tuc bidu dién cac dinh thic cla cidc ma tran My, My,,... M,
theo cong thic dinh nghia (1.2.1) ta sé ¢6 cong thice (1.2.1) trung vdi cong thic

(1.2.2), tic 1a ta cé diéu phai chiing minh.

1 2 2
Vidu: Tinh D={2 1 0
4 2 3

3

1 0 2 0 2 1
Taco: D =1 -2 + 2 =-9
2 3 4 3 4 2

2 2
10

hoac D =1 =-9,

1 0 2 2
-

+ 4
2 3 231

Hé quad 2.1. Moi tinh chi't khi phat biéu vé hang ctia dinh thic thi luén ding

khi phat biéu vé ¢dt va ngudc lai.



2.2. Tinh chat 2

Khi déi ché hai hang (hay hai cdt) cia mot dinh thite thi dinh thitc déi déu.

Vidu 1: Ta cé
1 2 2 2 1
21 0|=-|12
4 2 3 2 4
1 2 2 1

va 1 0f=-]2
4 2 3 4 3

2
0
3

-2

1

2

2
0 =

2
0
3

(d6i chd cbt 2 va cot 1)

B N
O o
Il
w o N
D N

1
2
4

Vi du 2: Cho dinh thuc D,, dinh thuc thay d6i nhu thé nao néu ta viét cac

hang theo thit tu nguge 1ai?

Gidi: Ta thuc hién ddi chd hang 1 véi hang 2, r6i hang 2 méi véi hang 3,... véi
hang n. Nhu vay cé (n - 1) lan d8i ché.
Ta thuc hién d6i chd hang 1 (tic hang 2 cii) véi hang 2 (tdc hang 3 cii),... véi

hang n - 1. Ta ¢6 (n — 2) 14n d6i cha.

Khi viét dude tat ca cac hang theo thii tu nguge lai thi ta da thyc hién

n(n-1)

JAn déi ch va khi d6 ta duge dinh thic méi Dy, .

n(n-1)
D,=(-1) 2 xD,
00 0O0O0 1
00001 O
000100
Vidu 3: Tinh Dy =
00100 O
010000
10000 O
6x5
Ta c6: Dg= (-1) 2 xDg = —1, trong d6
100000
01 000 O
. loo1 00 0
Dg =
00010 O
00001 O
000O0O0 1
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2.3. Tinh chit 3
Khi c6 hai hang (hay hai cét) nhu nhau thi dinh thite bang khong.

That vay, gia sit dinh thite D cé hai hang nhu nhau, khi d6i chd hai hang nhu
nhaudétacé: D=-D < 2D=0= D =0.

Vidu 1: Cho
1 2 1
D=2 5 221‘52‘—2‘2 2-l*l 25‘=16—0—16=O.
4 9 4 2.4 4 4 4 2
Vi du 2: Giai phuong trinh
1 1 1
1 1-x 1
1 2-x . . . 1 =0
1 1 1 .. . (n-1)-x

— Néu x = 0 ta c6 hang 1 = hang 2 = dinh thdc = 0.
- Néu x = 1 ta c6 hang 1 = hang 3 = dinh thic = 0.

- Néu x =n -2 ta cé hang 1 = hang n = dinh thitc = 0.
Vayx=0;x=1;x=2;...; X =n — 2 12 nghiém cha phudng trinh.

Ban doc tu chiing minh ngoai tit ca cAc nghiém trén thi phudng trinh khéng
¢6 nghiém néo khac.

2.4. Tinh chat 4
D det(A)=(-1)""[a;; det(Mj;) ~ a;5 det(M,9) +... 2 a5, det(M;,)] (1.2.3)

hay: det(A)=(-1)"ta;, det(M;;)+(-1)*2a;y det(M;p) +... + (=1)'*"a, _ det(M,, )

1
n . 3
=Y (-1)Majdet(M;);i=1,2,...,n
=1
(cdng thitc khai trién dinh thitc theo hang thi i).
2) det(A) = (-1 [alj det(M,) - ay;det(My;) +... 2 a det(Mm-)] (1.2.4)

hay:  det(A) = (-1)"*1a;jdet(My;) + (-1)**ay; det(My) + ..+ (-1)"a, det(M,;)

=Y (-)"Ma;detM;);j=1,2, ..., n
i=1

(cdng thite khai trién dinh thic theo cot thit j).

23



Vidu I:

1 2 2 122
312 1 0[=3(-9)=|6 3 0|=-27 (nhan 3 véit hang 2).
4 2 8 423
Vidu 2:
4 80 120 120
D=12111=4)12 1 1|=4212 1 1,=8.0=0.
422 4 22 211
Vi du 3: Khong khai trién dinh thic chitng minh ring:
0 x y z 0 1 1 1
x 0zyl |10 22 y?
vy z 0 x| |1 22 0 x2
zy x O 1 y2 2 0

Giai: Xét v& trai, nhin cdt 2 v6i yz, nhin cét 3 v6i xz, nhan coét 4 véi xy,
ta dugc:
0 xyz xyz xyz

1 x 0 xz* xy?

2y ly v22 0 xly

Z yzz x2z 0

VT =

Dua thira s6 chung cia hang 1, hang 2, hang 3, hing 4 ra ngoai ddu dinh thuc,
ta dugc

O 1 1
1 0 22 y2
VI=— T xyz| ,| = VP.
X“y°z 1 z 0 x
1 y2 x2 0

2.7. Tinh chat 7

Khi ¢ hai hang (hay hai cét) ty 18 thi dinh thizc bing khong.
That vay, ap dung hé qua 2.6 va tinh chit 3 ta c6 tinh chat 7.
Vidu:

1 1 3 11 3
D=[x%2 %% 3x?%=x?|1 1 3/=x%2.0=0
4 2 0 4 2 0
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2.8. Tinh chat 8

Khi cdc phén ti cia mét hang (hay mét c6t) c6 dang tong cuia hai s6’ hang thi
dinh thirc c6 thé phan tich thanh téng cua hai dinh thize.
Ching han nhu:

1 Il ]
211 Ahgtang & A2 Ay "y
g a'gatalyy| | 821 a'gy| |ag) ay
Vi du: Ching minh ring:
b+c c+a a+b a b ¢
b] + Cl Cl + al al + bl = 2 al b1 cl
bz +02 Cy + 32 32 + b2 82 b2 Co

Giai: Xét vé& trai ta co:
b c¢+a a+b ¢ c+a a+b
VI =|b; c;+a; aj+by| +{cy ¢y+a; a;+b
by cy+as ag+by Cy Co+ap ap+by

b ¢+a a b c+a b c ¢ a+b ¢c a a+b
=|bye;+a; ay| +|b; ¢;+a; byl +]|c; ¢ a;+by| +ic; a; a; +b
by, ¢y +ag9 as b, co +a, by Cy Co a9 +Dby Cy Qg a9 +by
b ¢ a b a a c a a c a b1l a b ¢

=/by ¢, ay| +|by a; a;| +|c; a ay| +le; ay by[=2|a; by ¢ |=VP

bz C2 212 b2 212 a2 C2 a2 32 Co 82 b2 'r12 b2 Cg

2.9, Tinh chat 9
Khi dinh thite ¢6 mot hang (hay mot cét) la t6 hop tuyén tinh cia cdc hang
khde (hay cde cot khdc) thi dinh thizc bang khong.
D6 1a hé qua cua tinh chit 7 va tinh chat 8.
Vi dy: Tinh
125 1 2 1x1+2x2 121 1 2 2

D=1214|=2 1 1x2+2x1|=(21 2|+2|(2 1 1|=0+2x0=0.
4 2 8| |4 2 1x4+2x2 4 2 4 4 2 2

2.10. Tinh chat 10

Khi ta cong boi k cua mét hang vao mét hang khdce (hay cong béi k ctia mét cét
vao mot edt khdc) thi duge mét dinh thic mdi bang dinh thiie cii.
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Vi du 1: Bién d6i dinh thic sau:

21 3 2 1 3 2 1 3
D={4 5 7 1=14+(-2)x2 5+(-2)x1 7+(-2)x3}|=;{0 3 1
61 5 6 1 5 6 1 5

2 1 3 2 1 3

= 0 3 1 =10 3 1

6+(-3)x2 1+(-3)x1 5+(-3)x3 0 -2 -4

2 3 1 2 1 3
0 -4 -2 0 0 10

Ta nhan dude mét dinh thic cé dang don gian hon.
Vi du 2: Tinh dinh thie sau:

a2 (a+1)® (@+2)?% (a+3)
b? (b+1)2 (b+2)* (b+3)
? e+ (c+2)? (c+3)?

d2 (d+1)2 (@+2)?% (d+3)

Giai: Nhin cdt 1 véi (-1) edng vao ¢dt 2; nhan cét 1 véi (-1) cdng vao cdt 3;
nhan cot 1 véi (1) cong vao ¢t 4, ta dude:
a?2a+1 4a+4 6a+9 a? 2a 4a+4 6a+9 a? 1 4a+4 6a+9
b? 2b+1 4b+4 6b+9| [b22b 4b+4 6b+9] [b® 1 4b+4 6b+9
¢® 2c+1 4c+4 6c+9 ¢z 2 4c+4 6c+9 c® 1 4c+4 6c+9
42 2d+1 4d+4 6d+9 [d®2d 4d+4 6d+9] |d® 1 4d+4 6d+9

Tach mbi dinh thitc thanh téng hai dinh thiic (dp dung doét véi cot 3) ta cé dinh
thiic c6 hai c6t ty 1& véi nhau nén dinh thitc bang 0.

Tiép tuc tich mbi dinh thitc thanh téng hai dinh thiic (Ap dung déi véi cot 4) ta
c6 dinh thic ¢6 hai ¢t ty 18 véi nhau nén dinh thie bang 0.

Vay D =0.
Vi du 3: Chiing minh ring dinh thiic sau chia hét cho 17.
2 0 4
D=[(6 2 7
2 5 5
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Giai: Nhan thay, cac s6 204, 527, 255 chia hét cho 17 nén ta nhan cét 1 véi
100, nhan ¢4t 2 v 10 va cong vao cot 3, ta cé:

2 0 204 2 0 12
D=(5 2 527|=17|5 2 31
2 5 255 25 15

Vi du 4: Khdng khai trién, tinh dinh thie
a b ¢ 1
b c a 1
D=} ¢ a b 1

b+c c+a a+b
2 2 2

Gidi: Céng cot 2 va 3 vao cot dau, ta duge

a+b+c b c 1 b 1
a+b+ec c a 1 c a
D=la+b+e¢ a b 1/=(+b+c)|1 a b =0
a+bic c+a a+b 1 1 c+a a+b 1
2 2 2 2

2.11. Tinh chat 11 (V& cac dinh thitc c6 dang tam giac)

Pinh thirc cia ma trén tam gidc bang tich cdc phdn ti2 chéo.

ajy a2 A3 .. Aqp
O 322 ‘1123 azn
0 0 333 B.Bn =a11xa22xa33x...xann
0 0 O 2nn
au 0 0 0
a21 322 0 0
hay ag; age azg .. 0 |=ayxagxaggx..Xay,
apn1 an2  ap3 v Apy

That vay, dua vio khai trién hang 1 (hay cot 1) ta tiép wuc khai trién theo
hang 1 (hay cot 1) caa dinh thie cip con nhd dan.
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3. MA TRAN NGHICH PAO

3.1. Pinh nghia

Cho A la ma tran vuéng cap n. Néu tén tai ma tran vuéng B cdp n sao cho
AB = BA =1 thi ta néi A kha dao (A c6 ma trdn nghich dao) va B goi 1a ma trdn
nghich dao cua A.

Ky hiéu ma tran nghich dao ctia A la A7}, ta cé:

AAl = A“A =1

-2 1
1 2 _
Vidu: A= thiA™'=
idu |:3 4:| 1 3 _1-
2 2

wooan=l 2y Gl

3 4|72 X701
2 2
-2 1
1 2 1 0
‘AIA: =
R FREI N F

T dinh nghia suy ra, néu A kha dao thi A kha dio va ma tran nghich dao
cua A7 1a A

3.2. Cac dinh 1y
3.2.1. Dinh ly 1

Néu A la mu trén vuédng cé ma trén nghich ddo A~ thi det(A) #0.
Ching minh: That vay, vi AA7' =1 = det(AA ") = 1 = det(A)det(A ) =1
= det(A) # 0 va det(A™") # 0.
3.2.2. Dinhly 2
Ma tréan nghich ddo A™ ctia ma trén A néu c6 thi chi c6 mét ma théi.

Ching minh: That vay, gia sti B va C déu 1A ma tran nghich ddo cua A, tic ia
ta cé:

AB=BA=1vaAC=CA=1
Khi d6 C(AB) = CI va (CA)B=1B.
Suy ra: CI=IB=> C=B.
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3.2.3. Dinh ly 3

Cho A la ma trén vuéng cdp n. Néu det(A) # 0 thi ma trén A co ma tran nghich

ddo A™!. Ma tran A™" duoc tinh boi cong thize:

Ci1 Gy ... Cyy
a1 Ct = 1 Co1 Coo ... Cyy
det(A) det(A)

Coi Cps v Can
trong d6: Cy; = (—1)' det(M,), det(M;)) la dinh thiic con ing véi phdn ti a;;

Ta thua nhan dinh ly.

Khi det(A) # O, tidc 12 ma tran A cé nghich ddo, ta néi A 12 ma tran khong
suy bién.

8.3. Cach tim ma tran nghich dao

Vi du: Tim ma tran nghich dao ctia ma tran:

1
A=|2 5 3

1 0 8
Gidi: Cdch thu nhét: Dua vao dinh 1y 3:
Ta c6: det(Ay=-1#0,

Cy =-16 Cope= 5 Cyy =2
Cy=-9 Cy= 3 . Cys=1
Suy ra
40 -13 -5 40 -16 -9
C=|-16 5 2| va C'=/-13 5 3
-9 3 1 -5 2 1
-40 16 9
~Aat-Lctoli1s 5 -3
- 5 -2 -1
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4. CAC PHUONG PHAP TINH DINH THUC

4.1. Tinh dinh thic theo céng thirc dinh nghia

Vi du 1: Giai va bién luan phuong trinh

1 x x2

a 1l x|=0 Va bekR.

b ¢ 1

Gidi: Ta ¢é:

1 x x2
1 x 2 2

a 1 x|=1| |- X Xip|* X
C

b e 1 c 1 1 x

=(l-cx)-a(x-cx2)+0
=(1-cx)1-ax)=0

~ Néu a = ¢ = 0 thi phuong trinh vé nghiém.

— Néu a = 0; ¢ # 0 thi phudng trinh c6 mét nghiém x =

— N&u a # 0; ¢ = 0 thi phudng trinh ¢6 mét nghiém x = 1 .
a
. . . L L - . ) N 1
— Néu a # 0; ¢ # 0 thi phudng trinh ¢6 hai nghiém x = = vax= —.
c a
Vi du 2: Dong dinh nghia chiing minh:
a5; a9 413 314 A5
g1 A9 Az A8gy Ags
D= a31 3.32 0 0 01=0
a4, ag O 0 0
5.51 3.52 0 0 0
Giai: That vay:
899 Q23 a4 Ayj gy 4dgy Ag4 A4Ags
a 0 0 0 a 0 0 0
D=a,, a2 _ay, 31 N
Ay 0 0 0 3.41 0 0 0
ag, O 0 0 ag; O 0 0



21 842y 4ap, Adgj gy A2g9 Adg3 Aa25 a9y Agg Agzy Aagy
) 3.31 3.32 0 0 631 8.32 0 0 331 332 0 O
+a3 —254 T a5
agn ag 0 O ay; a4 0 0 agy age 0 0
as; as; 0 0 as; agpy 0 0 as; as 0 0
=a;,.Dy; —a19.Dyp +a,3.Dy3 —a;4.Dy4 +2,5.Dy5
X6t tiép : Dy = 249.0 — 2545.0 + a5,.0 — 2,5.0=0;
D12 = O:
Dy3=0;
D=0
Dy;=0
= D=0.

4.2. Phuong phap bién dai dinh thie
Si dung cac phép bién ddi:
— Nhan cac phan ti cia mét hang (hay cét) véi mot s6 k (k = 0).
— Cong t& hdp tuyén tinh vao hang khac (hay cét khac).
— Déi chd hai hang (hay hai cét).
Vi du 1: Tinh dinh thuc:

1 x x° a 1 x a 1 x
a 1 x|=-{1 x x3=-{1-ax 0 0O
b c¢c 1 b ¢ 1 b ¢c 1

=(1-ax)

1 x‘=(1—ax)(l—cx).
c 1

Vidu 2: Tinh dinh thiic:

2 2

sin“a cos2a cos“a

D = | sin? B cos2B cos? B

sin? Y cos2y cos® Y

Gidi: Nhan ¢t 1 v8i (-1) roi cdng vao cot 3 ta ¢b:

2 2

sin®o cos2a  cos® o —sin? o sin®a cos2a cos2a

D=|sin’p cos2pB coszﬂ—sin2ﬁ =|sin®B cos2B cos2B(=0.

sin? Y cos2y cos? y— sin” ¥ sin? ¥ cos2y cos2y
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Vi du 3: Tinh dinh thitc:

a4, X X .. X
X a5 X X
D,=| x x ag
X X X a,
Giai: Nhian hang 1 véi (-1) sau d6 cdng vao hang 2, 3,..., n, ta dudc:
a, X X X
X—2a; a,-—X 0 0
D, =|x-2a; 0 ag-x .. 0
X—2a; 0 0 o 8, —X
Rut (a; — x) 6 coét 1 lam thira s6 chung:
| X X X
a; — X
-1 az-x 0 .. 0
D, =(a, —x
n = (& —%) -1 0 ag-x .. O
-1 0 0 e Ay —X
Tuong tu rat thira s& chung cua cét 2, 3,..., n:
a, X X X
a;—-X 8s~-X ag-—X a, —x
-1 1 0 0
D, = (a; —x)(as —X)...(a, — X
n = (a) ~x)(ag —x)...(a, —x) 4 0 1 0
-1 0 0 1
Céng t6 hop tuyén tinh cac cdt vao cbt 1, sau dé 4p dung tinh chat 11:
a, +§: X X X X
a-x Sa;j-x ay-X ag-Xx a, — X
n
0 1 0 0
Dn = H(ai —X)
L] 0 0 1 .. 0
0 0 0 1
o2 o5 ) Fle o3
=1 {(a; —-x) + =] | (g —x)[1+ .
1 81X 287X g i=18) ~X

3- TOANCAOCAP




Vi du 4: Tinh dinh thue:

Giai: Nhan hang 2 véi (-1), sau dé céng vao cac hang con lai, ta co:

n

n-2

Khai trién theo hang 1 va ap dung tinh chat 11:

Dn = (_1)

1 2 2
2 2 2
D,=|2 2 3
2 2 2
100
2 2 2
D,=l0 0 1
0 0 0
9 2 2 2
01 0 0
00 2

4.3. Phuong phap truy hoi
Vidu 1: Tinh dinh thiec:

Giai:

34

a;

ay

X X
Ay

X a3
X X
X
ag

X as
X X
X

g

X 83
X X

0 | =(¢-1.2.n-2)!=-2(n-2).

X
an
x+0
x+0
x+0
x +(a, —x)
al X X
X 32 X
+| X X ag
X X X X




Nhén cft cudi cua dinh thitc thit nhat véi (-1), sau d6 coéng vao cac ¢t trude
né; khai trién theo cbt cudi cua dinh thuc thi hai, ta duge:

a; —X 0 0 .. X
0 a, — X 0 R ¢

D,=| O 0 a3 -X .. x|+ )", -x) D, ;4
0 0 0 e X

Ap dung tinh chat 11:
D, =x(a; —x)(ay —x)..(a,_; —xX)+(-1)"""(a, -x)D, _;-
Truy héi, ta cé:
D,_; =x(a; —x)(ag —x)...(a,_ —-x)+(-1)>"2(a, ; —~x)D,_,
Tiép tuc truy hdi ta cé:
D, =x(a; -x)(ag —x)...(a,_; —x)+x(a; = X)...(a,_9 —X)(a ~X)+...
+x(ag —x)(ag —x)...(a, —x)+(a; —x)(as - x)...(a, —x).

Vi du 2: Tinh dinh thitc Vandecmon:

1 1 1 1
X1 X2 X3 Xn
2 2 2 2
D, =[xy x5 x3 Xp,
xiloxB7t xRl

Gidi: Lay hang phia trén nhan véi (-x,) cong ngay xuéng hang phia duéi, lam
tir hang (n — 1) dan 1én, ta dugc:

1 1 1 1
0 X9 —Xq X3 —X4 o X, Xy
D,={ 0  x3-x.% X2 —XgX; ... X2 - X, Xq

0 xp7'-x57%x, xB'-x§%;, .. xM7l- x"72x,
Xy — X1 X3 —-¥X4 X4 —Xy Xn—xl

X9(Xg —X1) Xa(x3 —%;) X4(x4 —%1) o Xp(x, X))
-2 n-2 n-2 n-2

X5 (X9 —%Xp) X3 (Xg-X)) xTU(xg-%p) . Xy (Xp—Xy)
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Pua thita s6 chung cua timg cét ra ngoai dau dinh thie:

1 1 1
] X0 X3 Xy Xn
2 2 2 2
D, = (%9 —x1)(X3 = X1)...(X, = X;)| x2 X3 X4 .. Xy
x2—2 xg—2 X2—2 KE_2

= (xg — Xy XXg —\xl)...(xn -x)D, ;.
Tuodng ty nhu trén:
D,_1 = (X3 —X5)(Xy —Xg)...(X, —X9)Dy_5.
Tiép tuc truy héi ta cé:
D, =[(xg =% X% —%1)..x, ~x1)|[(x3 = Xg WXy —Xg)...(x,; —Xg)]x

x[(x4 — X3)(X5 — Xg)...(xpy ~%X3)] - (¥, —Xp_1)

:>Dr1 = n (Xi—Xj).

1<j<i<n

Vi du 3: Tinh dinh thic:

1 0 0 . . 1
1 ¢ 0 . . x
Dn+1: 1 C]é C% . « X2

1 2 -1
1 ¢, Cz . ¢Ccyp— x°
Giai: Nhan (-1) véi cac hang (tit hang 1 d&én hang n). Sau d6 cdéng hang duédi
v41 hang trén.
Ap dung céng thic:

k k k-1 k-1 k k
Cn :Cn—l +Cn—1 <:>Cn—1 =Cn _Cn—l

Ta cé:
0 ci 0 x-1
0 Ci-Cl C3 x? - x
D =1y |© cl-¢  cZ-c3 0 x3 - x?
o cL-¢t_, c2-¢%, cot_co x"-xt
Ch CZ Ccp? x"
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Khai trién theo cot 1 va ruit (x — 1) 3 ¢t cudi ra lam thia s6 chung, ta dude:

1 0 0o .. 1
1 C% 0o .. x
Dr1+1 =(x-D1 C]é C% . x? =(x-1)D,.
1 C}I—l CI?I—]. . . Xn_l
Tiép tuc truy héi ta ¢é: D, = (x—1)D, = (x=1)*D, | =... = (x — 1)".

BAI TAP LUONG GIA
Hay chon két qua diing:

2 3
1. Tinh dinh thic:D3=)1 3 6
9 24
Két qua:
A 3 B. -3
C. 18 D. K&t qua khAc.
01 1 1
2. Tinh dinh thdce: D, = 1011
11 01
11 10
Két qua:
A. D,=-3 B. D,=3
C. D,=-1 D. Két qua khac.
1 x x°
3. Gidi phuongtrinh: ja 1 x | =0
bec 1

Két qua:

A. - Néua = 0;c # 0: b tity § thi phuong trinh c6 nghiém x = © hotic x = ;
a C

—~ Néu a # 0; c=0; b tiy y thi phuong trinh ¢6 nghiém x =

3

- Né&u a=0;c # 0; b tuy y thi phudng trinh ¢6 nghiém x =

1

ol— » ~

- Néu a =0; ¢ = 0; b tuy ¥ thi phuong trinh vé nghiém.
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4.

38

B. N&u a = 0 thi phuong trinh ¢6 mét nghiém
C. Néu c =0 thi phuong trinh ¢6 moét nghiém
D. K&t qua khac.

1+a, as
i a l+a
Tinh dinh thitc cdp n: D, = 1 2
a4 ag
Két qua:
. ' n
A. Dn = Zai
i=1
B. D,=a,+aa,+a;aa3+...+a;a;..a,
n
¢. D=l

D. K&t qua khae.
Tim ma tran nghich dao ctia ma tran

1 -2 0
A=1[3 2 1
0 1
K&t qua:
3 4 -2
A A'=1L|s 2 -1 B, A=
Pla a8
[ 3 -6 3
c. Al=L| 4 2 -1
15L-2 -1 8

1+a
3 4
-6 2
3 -1

D. K&t qua khac.

-2
-1



Bai 3
HE PHUONG TRINH TUYEN TINH

MUC TIEU

Hoc xong bai nay sinh vién ¢6 kha ning:

1. Ttm duge hang ciia ma trdn bang cdc phuong phdp.

2. Trinh bay dugc cde dang ‘hé phuong trinh thuong gap nhu hé phiwong
trinh tuyén tinh tong qudt, hé phuong trinh Cramer, hé phuong trinh
thuan nhat.

3. Trinh bay duge diéu kién dé hé phuong trinh da cho cé nghiém, vé s6
nghiém hay vé nghiém,

4. Giai dugc cdc hé phuong trinh néu trén.

1. KHAI NIEM HANG CUA MA TRAN

1.1. Pinh nghia 1

Cho ma tran A = [a,] ...
Ma tran vuéng cip p (p la sd nguyén duong; p £ min(m, n)) suy tit ma tran A
bing ciach bé di m — p hang va n — p cét goi la ma trdn con cdp p cua A.

Dinh thiec clia ma tran con vuéng cip p cua A goi la dinh thize con cap p cla A.

1 -3 4 2
Vidu:Cho A= 2 1 1 4
-1 -2 1 -2

Ta cd ma tran con cap 3, ma Lrin con cip 2, ma tran con cip 1.
('4c ma tran con cap 3 la:

1 -3 4] [1 -3 2 1 4 2][-3 4 2
4 2 1 411 1 4

2 1 1312 1
of sl | =L 8 9| = 1 -8l 3 2
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Cac ma tran con cap 2 la:
1 -3 [-1 4
2 11 1| ™"

Cho A = [ajj]uxn- Hang ctia ma tran A la céip cao nhat cua dinh thdc con khéc
khéng ctia A. Ky hidu 1a p(A).

1.2. Dinh nghia 2

Ta c6: 0 < p(A) < min(m,n).
Dé tim hang cia ma tréin A ta c6 thé lam nhu sau:
- Tinh céc dinh thic con tif cdp 2 trd di.

- Gia st tim duge mét dinh thie D # 0 ¢dp r cia A, khi d6 tinh ti€p dinh thie
cdp r + 1 khac bao quanh D, néu né bing 0 thi tinh cac dinh thic r + 1 khac, néu
tat cA cac dinh thitc cip r + 1 déu bing O thi hang cta A bing r.

Tuy nhién ngusi ta thuong tim cach khac.

Chu y: Ta ludn c6 p(AY) = p(A).

1.3. Phuong phap tim hang cuia ma tran
1.3.1. Cdc phép bién déi so cdp ctia ma trén
Pinh nghia: Cac phép bién déi sau day vé& ma tran dudc goi 1a cac phép bién
d6i so cp vé hang (hay cot) clia ma tran:
— Nhén t4t cd cac phan tit cia mét hang (mét cot) véi mot sé khac khong;
~ D6i chd hai hang (hai ¢4t) cho nhau;
— Cong vao mot hang (mdt cdt) cde phan ti tudng ing cua hang khac (cdt khéc).
Pinh ly: Cdc phép bién déi so cép vé hang (vé cbt) khong lam thay déi hang
cua ma tran.

1.3.2. Ma trédn bac thang

Pinh nghia: Ma trén bdc thang 1a ma tran c6 tinh chat sau:

— Cac hang khac khong (hang khac khéng 1a hing cé6 phin ti khac khong)
ludn 3 trén cac hang khong (hang khéng 1a hang cé tat ca cac phin tit bang khéng).

— Véi hai hang khac khéng lién ké thi phan ti khac khong 8 hang duéi bao gia
ciing 3 bén phai c¢ét chita phan tii khac khéng ddu tién § hang trén.
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Khi thyc hién mét s& phép bién ddi so cip c6 thé dua ma tran bat ky vé ma
tran bac thang.

DPinh ly: Hang ciia ma tran bic thang bang s6 hang khdc khong ciia né.

Ap dung cac phép bién d6i so cap, ta bién d6i ma tran da cho vé& ma tran dang
bac thang dé tim hang ca ma tran dé:

Vidu 1: Cac ma tran sau 13 ma tran dang bic thang:

1 -3 0 4 ' 1 -3 0 4 1 2 3
A=(0 0 1 2 B={0 0 1 2 C=|0 4 5
0 0 0 5 0 0 0O 0 0 6
va p(A)=3;pB)=2;p(C)=3.
Vidu 2: Tim hang cta ma tran:
1 -3 4 2 1 -3 4 2 1 -3 4 2
A=l2 1 1 4| ->|0 7 =70 (0 7 -7 0
-1 -2 1 -2 0O -5 5 0 0O 0 0 O
Vay: p(A) = 2.
Vi du 3: Tim hang cia ma tran:
[1 5 3 4 1 5 3 4]
2 -1 -1 3 0 -11 -7 -6
B= -
0O 1 3 b 0 1 3 b
-4 14 12 4 0 34 24 20]
[1 5 3 4 1 5 3 4] 15 3 4
0 -11 -7 -6 01 3 5 01 3 b5
- - -
0o 1 3 5 0 0 26 50 0 0 13 25
0 17 12 10| |0 0 -39 -75] [0 0 O O

Vay: p(B) = 3.

Vi du 4: Tim ma tran nghich dao ctia ma tran:

A=

— N
o ot o
o W W

Gidi: Ta c6: det(A) = -1 = 0, c6 thé tim ma tran nghich dao theo cich 2 (bdng
phuong phap bién d6i sé cap ctia ma trén) hay con goi 1a phuong phap Gauss—Jordan:
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A I
1 2 3 1 0 0 L,
2 5 3 0 1 0 L,
1 0 8 0 0 1 L,
1 2 3 1 0 0
0 1 -3 -2 1 0 2L+, > L,
0 -2 5 -1 0 1 1 RS P N
I 2 3 1 0 0
0 I -3 -2 1 0
0 0 -1 -5 2 1 A+ Lo Ly
1 2 3 1 0 0
0 1 -3 -2 | 0
0 0 1 5 -2 -1 -1L; > L,
1 2 0 -14 6 3 3L+ L= L,
0 1 0 13 -5 -3 i+ 1L,> L,
0 0 1 S -2 -1
1 0 0 - 40 16 9 2L+ L, > L,
0 1 0 13 -5 -3
0 0 1 5 -2 -1
I A
-40 16 9
Vay:A'=| 13 -5 -3
5 -2 -1

2. HE PHUONG TRINH TUYEN TINH

2.1. Dinh nghia hé phuong trinh tuyén tinh

Hé m phuong trinh bac nhit, n 4n c6 dang

a11X] + 819Xy + Ay3Xg +... + 8puX, =b;

a91X) + AgoXg + A9gXg + ... + BgyX, =Dy

am1X, + a;,2X9 + am3X3 +... + AmnX

dude goi 1a hé phudng trinh tuyén tinh.
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Trong hé phudng trinh trén:

~ ’ P g
X1, Xg,..., X, 12 cAc an s0;

a;; 12 hé s6 4 phuong trinh i cia 4n X,1=1m,j=1n;
b, 12 hé s6 v& phai cia phudng trinh thit i, i = 1,

Dang ma tran cua hé phudng trinh 1a: AX = B, trong dé:

a;7 a3 213 A1n X1 by
a a a a X b
A= 21 22 ?3 2n ’ X = 2 : B- -2
Aml Am2 Amg - Amn mxn Xn nxl bm mx1
o day: A 13 ma tran hé sé;

X 12 ma tran an;
B 12 ma tran vé phai.
Dic biét khi m = n (hay A la ma tran vuéng) thi hé n phuong trinh, n 4n sé& goi
1a hé phuong trinh vuodng.
2,2, Pinh nghia hé Cramer
Hé n phuong trinh béc nhit, n 4n c6 dang
8)1X; + 8y19Xg + 813Xy +... + A;5X, =Dy

Ao1Xy +290Xo + AgaXa +... + 20X, =D

a,1Xy +8,9X9 + A,3X3+...+ A X, =by
dudc goi 12 hé Cramer néu det(A) = 0.
Dang ma tran ctia hé phuong trinh la: AX = B, trong dé:
A = [alny X = [Xjlnx; B = [bil -
2.3. Pinh nghia hé phuong trinh thuan nhat
Hé m phuong trinh bac nhat, n 4n c¢é dang
ay1X; + 2y9Xp + Ap3Xg+... +ay,%, =0

291Xy +290Xs + QonXq +...+a,.X_ =0
2181 2242 2343 2nn (138)

8,1X] +2p9Xo + B 3Xg +...+a, X, =0

dugc goi 12 hé phudng trinh thudn nhdt.
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Dang ma tran cua hé phuong trinh la: AX = O, trong dé:
A= [aij]mxn X = [xj]nXI; B= [O] mx1]+

3. PIEU KIEN DL HE PHUONG TRINH TUYEN TINH TONG QUAT
CO NGHIEM

3.1. Pinh ly Kronecker - Capelli

Cho hé phuong trinh tuyén tinh:
811Xy + A19Xg + AgXg +... + a1 X, = by

891Xy + A99Xg + AggXg + ... + AgonX, = b2 (1 3 4)

Am1X] T 8poXo + 8p3Xg +... +a,, X, =b
hay biéu dién dudi dang ma tran: AX = B, trong d6
A = 8] mxns X = [X]nx1s B = [bi] mr-
Goi A 1a ma tran:

- 1

aj; a2 813 .. 8y by
_|221 2 a3 .. g by
A=|ag ag a3 .. az, by

Laml am2 am3 war amn bm_mx(n+l)

A dudc goi 1a ma trén déy dii hay ma trén bé sung.

Diéu kién can va di 6 hé phuong trinh AX = B ¢6 nghiém la: pf(A) = p( A).
-Néu p(A) = (A ) = n hé xdc dinh (c6 nghiém duy nhét).

—Néu p(A) = p(A) =k < n hé vé dinh (c6 v6 s6 nghiém).

~ Néu p(A) # p(A ) hé vd nghiém.

Chitng minh:
Xét hang cua ma tran A:
a;; 812 a3 - a1y by
|31 a2 3y . ag, by
A = 331 332 333 agn b3
_aml Ang 8mg - Amp bm Jmx(n+1)
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~ Gia sl a;; # 0 (néu a;, # 0 ta thuc hién cic phép bién d6i so cap vé hang cia

ma tran A hoic phép d6i chd hai cot ctia ma tran A kém theo d6i thi tu 4n thi

dugc mét hé méi tuong ducng hé da cho).

LAy hang 1 nhén véi (—m), sau dé cOng vao hang 2, ta duge hang 2 mdi.
a1

L4y hang 1 nhén véi (-231), sau d6 cong vio hang 3, ta dude hang 3 méi.
a3

Tiép tuc nhu trén dén hang thid m, ta cé:

ayy a9 f13 - a5, by
0  apy agy .. agn Dby
L 0 ama amny e Amn bm Jmx(n+1)

— Tiép tuc, coi any # O va bién ddi nhu trén ta duge ma tran A, :

a;1 a1z 3 - a1y, by

0 agy ap; - 25, be

Ap=| 0 0 agy .. ag, bs
L 0 0 a3 Amn bm dmx(n+1)

- Tiép tuc qua trinh trén ta thu dude:

417 212 &3 . Ay, bl-‘
0 Q99 323 . Agp b‘z
0 Q asgg ... Qgp b3
An*—’:
n n
8nn bn
0 0
B * Jdmx(n+1)

o Néu p(A) = p(A) = p(A_« ) = n, khi d6 (1.3.4) s& tuong duong véi hé sau:
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(a1 Xy +a19Xg + A1g3Xg+.. A X + o + 8y X, =Dy

ano Xo + A93 X3+... + a9y Xk+ et a9, X =b2

.........

nn n n
Giai tit dudi 1én ta duge ding mdt nghiém: x4, x,,..., X,
Vay hé xac dinh hay ¢6 nghiém duy nhat.
e Néu p(A) = p(Ay» ) = p(A) =k <n thi:
ayp fg A1z .. A - Ay Dy
0 a,, 223 .. 2% .. @'y by
0 0 agy - agg -+ ag, by
Ak* =
'S 'y Kk
0 0 0 akk akn bk
0 0 o .. 0 .. 0 0
| . . . . . + Jxna1)
Khi @6 hé (1.3.4) sé tuong dudng vdi hé sau:
(au X)tajgXg+ aygXg+... tax X+ a1<k+1)xk+1 + o+ A Xy = bl
899 X9 + a'23 X3 + ... +a'2k Xk t+ a.z(k+1)xk+l + ... + a'2nxn = blz
k' k" k" k'
agk Xg + Akk+1)Xk+1 T - +akn Xp = by
Ox;, + 0%y + Oxg +... + Ox; + Oxp1+ ... + Ox, =0

Ta xem: Xy4y,..., X, 12 cac an tu do (tdc 14 nhan gia tri tuy y), dua cac an tu do
sang vé phai, giai tir duéi lén. Suy ra hé (1.3.4) c6 v s6 nghiém.
e Néu p(A) < p(A), gid st p(A) < k va p(A) =k thi:

(a1 213 a3 . a . Ay by
0 ay 2'23 .. 89k .. ', by
0 0 ay - ag - ag, by
Ak. = *
0 0 O 0 0 by
0 0 0 0 0 0
. G e e S P
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Khi dé hé (1.3.4) tuong dudng véi hé sau:
’auxl +a19Xg+ a1z Xg+... +ayy Xx +

Q99 X9 + 3‘23 Xq +. .. +a'2k Xk+

o+ 0Oxy +

Phuong trinh thi k 8 hé phudng trinh trén sé vé6 nghiém. Vay hé phuong trinh

vd nghiém.

Ap dung dinh 1y nay, ngudi ta thudng bién ddi ma tran b8 sung A vé dang ma

tran bac thang dé gidi va bién luan hé phuong trinh.

Vi du 1: Cho hé phuong trinh:
X; +2xg +axg =3
3x; -Xg—ax3 =2, Va, b e R.
2% + X +3x3 =b

1) Tim a, b d& hé c6 nghiém duy nhat;

2) Tim a, b d& hé ¢6 vd s6 nghiém;

3) Tim a, b @& hé vé nghiém.

Giai:

—
DN
=]
vV}
—
o
o
[ve)

A=(3 -1 —a 2| 5|0 -7 -4a -7
2 1 3 b 0 -3 3-2a b-6
1 2 a 3 1 2 a
>0 1 ia 1 - 10 1 ial
7 7
0 -3 3-2a b-6 0 0 21;23

b-3

oD . > . ’ Y N 21 .~ s
- Diéu kién dé hé c6 nghiém duy nhat la p(A) = p(A)=3 haylaa+# R b tuy y.

.

1 2 3

1
b-3

2
2
—Véia=271tacé: A= 6
0

1
0

o Q
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Nhan thay p(A) = 2.
Khib = 3 thi p(A) = p(A) = 2, hé vb s6 nghiém.

Khib = 3 thi p(A) = 2 va p(A) = 3, hé vd nghiém.
Vi du 2: Giai va bién luan hé phudng trinh:

2x-y+3z=1
—-4x +2y+az=3
2% +y+4z=4
10x -5y -6z =-10
Giai: Ta cé:
2 -1 3 1 2 -1 3 1
Ao -4 2 a 3 0 0 a+6 5

_)
-2 1 4 4 0 O 7 5
10 -6 -6 -10 0 0 -21 -15

2 1 3 1 2 1 3 1
0 0 a+6 5 00 7 5
- -
00 17 5 0 0 a+6 5
00 o0 o 00 0 0
s 1 3 11 2 .13 1
S o 7= 00 7 5
- - 5
0 0 a-1 0 00 0 -2@-D
00 00 Jo00 o |

— N&u a # 1 thi p(A) = 2 # p(A) = 3, hé vb nghiém.

Hé v6 nghiém con dude nhan thay dé hon khi biéu dién hé phudng trinh da cho
dudi dang sau:

2x - y+3z =1
< 7z =5

0x+0y+0z=—%(a-1)¢0

— Néu a =1 thi p(A) = p(A) = 2, hé phudng trinh ¢6 vb s8 nghiém.
Hé phuong trinh da cho cé dang:

48



2x—-y+3z=1
72=5

»
{l

|}
«
It
el K N
>
+
Rl

"N
Il

3.2, Dinh ly Cramer
Cho hé Cramer dang (1.3.2):

anxl + 312)(2 + a13X3 +... + alnxn = bl

891X + 99Xy + A93Xj3 +... + aQan = b2

a,1X] Ta,9X0+ ApaXg ...+ a,X, =by

Hé phuong trinh Cramer c6 nghiém duy nhdt tinh bing céng thitc:

X=A7B,
tize 1é:
det(A;
X = eu J),J=1, 2., n
) det(A)

trong do: A = [a,],; A™ la ma trdn nghich ddo cia A;
B =[b;],.; la ma tran vé phai;

A;la ma trgn dugc suy ra tir ma trgn A bang cdch thay cét j bdi cét hé 86
vé phdi.
Chung minh:
Theo dinh nghia hé Cramer c6 detA # 0, vay A c¢6 nghich dao A™?

t
Cll Cl2 o Cln
Al = 1 ct = 1 [Cy Coyy . . Cgy
det A det A .. .
Cnl Cn2 oo Cnn

Thay X = A™'B vao dang téng quat cia hé phuong trinh ta cé:
AAT'B)=(AAT)B=B.

Vay: X = A™’B la nghiém cta hé.

Mat khac, ta cé:
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C\ 1 C21 PR Cnl bl X4
C
X

v=atge L |Gz Co ne | |P2|_|%2
det A . . . . .
C]n C2n e CnnJ [bn Xn
. Cljbl +C2jb2 + ... +Cl‘1'br1 detA
nghia la: x. = )0 _ i
) det A det A

Chitng minh nghiém d6 la duy nhit:
Gia su ¢6 hai nghiém X va Y ta ¢6: AX = B; AY = B.
Suy ra: AX -AY =0
o AX-Y)=0
= ATAX-V)=A"10=0
< IX-Y)=0X-Y=0X=Y.
Viay hé c¢6 nghiém duy nhat.
Vi du: Giai hé:
X) + 2x53 =6
—-3x; +4x5 +6x5 =30
—X; — 2%X9 +3x3 =8

Giai:
1 0 2
detA=|-3 4 6/=4420 = hé da cho la hé Cramer.
-1 -2 3
6 0 2
detA, =|30 4 6| =-40
8 2 3
1 6 2
detA, =-3 30 6 =72
-1 8 3
1 0 6
detAg =|-3 4 30/=152
-1 -2 8
-40 10 72 18 152 38
= Xl - = = -

=, Xy =——=<-—, Xg = =—.
44 11 44 11 44 11
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3.3. Hé phuong trinh tuyén tinh thuan nhat

Cho hé:
a11X] + a19Xg + aygXg+.. +a;x, =0

891X] +a99Xg + AgyXy ... +ag9 X, =0

am1X) Ta9Xe + a3Xg . ta x, =0

Ta luén c6 p(A) = p(A) vi ma tran ddy dd A va ma tran A chi khac nhau mét
cdt toan s6 0. Nhu vay, hé ludn c6 mét nghiém x; = xo = ... = x, = 0, goi 1a nghiém
khong, hay nghiém tam thuong.

- Néu p(A) = p(A) = n hé cé nghiém duy nhit, d6 1a nghiém tAm thudng.

— Néu p(A) = p(A) < n thi hé ¢6 vd s6 nghiém, ngodi nghiém khéng con cé
nghiém khéac khong goi 12 nghiém khong tém thuimg.

Chi y ring: Néu (x;, Xg,..., X,) 12 nghiém cda phuong trinh thuan nhat thi
(AX;, AXo,..., AX,)) cling 1A nghiém cua phudng trinh, A € R.

Vi du: Giai hé thuan nhat:

2x -y +2z =0
{ X +2y -z =0

2 -1 42 O

’: _= ): = K :2.
Xét: A L o _1 O] ta c¢6: p(A) = p(A)

Hé ¢6 v6 s6 nghiém (ké cd nghiém tam thudng x =y = 2 = 0) @6 la:
x =-3X1; y=4A; z=5A, d day A la hing sb bat ky.

4. PHUONG PHAP TRU XOAY GAUSS (hé tam giac trén)
Cho hé phudng trinh:
allxl + 3.12)[2 + a13X3+A.. +alnxn =b1
a91Xq +a22X2 + a93Xg +... +aann = b2

b

Anm1X1 + am2X2 + am3X3 + ...+ 8y, X, = Dby

Ta lap dudec ma tran b sung A cua né, ngudc lai cho A thita dung lai duge
hé phudng trinh tudng \ing.

a;; 82 a3 . . &y by

a5 A8y A3 . . A9, by
A=|ag agy az3 . . ag, by

[8ml 8m2 3np3 mn bm_mx(n+1)
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Phuong phép tru xoay cua Gauss:

Khi thuc hién cac phép bi&n déi so cap vé hang ctia ma tran A hoic phép déi
chd hai c6t cia ma tran A kém theo d6i thi tu &n thi dude mét hé méi tuong duong
hé da cho.

e Gid su a;; # 0 (hé s6 ay; goi 1a tru xoay).

PN .., Q . N . .
— L&y hang 1 nhan vdi (——=2L), sau 46 cOng vao hang 2, duge hang 2 mdi.
a5 .

¢ N A 4 a Ve A N N ~ 4
— Lay hang 1 nhan véi (-=31) sau d¢ cdng vao hang 3, duge hang 3 mé.
ay

— Tiép tuc véi cac hang con lai, ta duge:

a;; a2 2 a;, by |
0 g9  Agg3 Aoy Do
A =| 0 ago azgg - - 4z, bg
L 0 am?2 Am3 - - Amp bm dmx(n+1)

e Hé s6 a'y, 14 tru xoay, thyc hién qua trinh trén ta duge:

a1 a2 243 a;, by

0 agy asg agn Dy

Ag=| 0 0 ag agn by
L 0 0 aAng - - Amn bm dmx(n+1)

¢ Tiép tuc qua trinh dé mét s (hitu han) budc ta sé té6i mdt ma tran bac thang

L

a1
0

0

dyo
99
0

413
agg

a33

an3
0

A1

]

aogp

"

b; |
b'y

* dmx(n+1)

va tudng dng vét ma tran nay 1a mét hé tuong dudng véi phudng trinh da cho.

Giai hé méi ti dudi 1én ta tim duge nghiém cia hé phudng trinh (néu cé).



Vi du 1: Giai hé phuong trinh:
2x) + 4x9 +3x3 =4
3%+ X9 —2%x3 =-2 ()
4%y +11xg +7xg3 =7

Gidi: Ap dung phuong phép bién dé6i so cap (Gauss) nhu sau:

2 4 3 4 2 4 3 4
A=1l3 1 -2 -2 - |0 -5 -85 -8
4 11 7 7 0 3 1 -1

2 4 3 4
- 0 -5 -6,5 -8
0 0 -29 -58

Hé da cho tuong dudng vai hé:

2x; +4x9 +3x3 =4
5)(2 +6,5X3 =8
2,9)(3 = 5,8

Giai hé tam giac tir dudi 1én ta duge: x, =2; x, = -1; %, = 1.
Vi du 2: Giai hé phuong trinh:
[Xl +3Xg -2xg5 +X4 x5 =1
X, 43X, —X3 +3x4 +2x5 =3
J\xl +3x5 —-3X3 —X4 =

Gigi: Ap dung phudng phap Gauss ta c6:

13 -2 1 11 13 -2 1 1 1

A=1 3 -1 3 23, 51|00 1 2 1 2
13 -3 -10 2 0 0 -1 -2 -1 1
13 -2111

> |00 1 21 2
00 0 00 3

Nhan thay p(A) =2 = p(A) = 3.
Vay hé phuong trinh &3 cho v6 nghiém.

Ban doc c¢6 thé nhan thiy hé phuong trinh da cho tuong dudng véi hé phuong
trinh:
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X; +3X9 —2xX3 +X4 +X5 =1
Xq +2x4 +X5 =2

Vi du 3: Giai hé phuong trinh:
2x 43y -z +t =2

2x 43y +z =4

2x +3y +2z =3

2x +3y =

Giai:
23 -11 2 23 -1 1 2
— 12 3 1 0 4 00 2 -1 2
A= -

2 3 2 0 3 00 3 -11
23 0 0 5 00 1 -1 3
2 3 -1 1 2 2 3 -1
00 1 -1 3 0 0 1

- —>
O 0 0 2 -8 0 0 O
00 0 1 -4 00 O

Ta cé: p(A) = p(K) = 3.

Hé cé vb s6 nghiém: x =%—%k; y=Az=-1;t=-4,helR.

BAI TAP LUONG GIA
Hady chon két qud dung:

3 A 1 2
1 4 7 2
1. Tim hang ma trin: A=
1 10 17 4
4 1 3 3
Két qua:
A p(A)=2 néu A=0;p(A)=3 néu L= 0

o(A)=3 néu A =0
p(A)=2 néu A =0
Két qua khac.

Caw
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Cho hé phuong trinh:

l

J(l—a)x + 2y =0

2Xx +(4-a)y =0

Tim a dé hé c6 nghiém khéng tim thuong.

Két qua:
A. a=0hodca=5
C. a=5

Cho hé phuong trinh:

B. a=0

D. Két qua khac.
ax+ y + z =1
X +ay+ z =a

X+ y +8z=a’

Tim a 4@ hé c6 nghiém duy nhat?

Két qua:
A a=x-2
C. Va

B. a=-2
D. K&t qua khac.

2x +y -4z =0

Giai hé phuong trinh: {3x +5y -7z =0

Két qua:

A. Phuong trinh ¢6 v6 s6 nghiém: x =13,y =2 ;2=7A, Ae R

o

4x -by -6z =0

Phuong trinh c6 v6 s6 nghiém

C. Phuong trinh chi ¢é nghiém tam thudng

D. K&t qua khac.

Tim a, b, ¢ d€ phuong trinh sau ¢6 vé s6 nghiém:

X -+ay
x +by

X +ey
Két qua:
A b=catuyy
C. b=zc

+a2Z = a3
+h?z =bd
+c?z =

B. =-c
D. K&t qua khac.
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Chuong II
HAM SO, PAO HAM, VI PHAN - UNG DUNG

Bail
HAM SO

MUC TIEU

Hoc xong bai nay sinh vién c¢6 kha ning:
1. Trinh bay dude dinh nghia ham s6, ham nguge va ham hypecbol;
dibu kién du dé tén tai ham nguve, do thi cia ham nguoc.

2. Tim duge ham ngudc (néu cd) ciia ham s6'so cap.

1. PINH NGHIA

Cho X # @, X ¢ R. M6t ham s6 f xac dinh trén X 13 m6t quy téc cho tuong ting
moi phan ti x thude X véi mot va chi mot s6 thuc y.

X goi la tap xde dinh (hay mién xéc dinh) cua ham s8 f, ky hiéu la Dy.

x bat ky thuode X goi 1a bién déc lap (hay bién s6, hay d61 ).

86 thuc y tudng dng véi bidn doc lap x goi 1a bién phu thude, y con duge goi 1a
gid tri cua ham sd f tai x, ky hiéu 1a f(x); ta viét y = f(x).

TapY ={y:y=f(x); Vx € X} goi 12 tdp gid tri ciia ham s6, ky hiéu 12 R

Ham s6 vira dinh nghia dude ky hidu nhu sau:

f: X—> R
X — vy = f(x).
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Cé thé viét gon hon la:  y=f(x); x € X
hay: y=fx);D;=X
hay: y = f(x); Dp X.

Nhu vay, mét ham s duge xac dinh néu ta biét tap xac dinh X cia né va quy
tic tim gia tri y = f(x) cia ham s8.
Dé chi cac ham s6 khac nhau ta ding cac chi khac nhau nhu:
y=1(x),x € X; y=g(x): x=0(t);t20,...
Trong cudn sich nay khéng néi vé phudng phap cho ham sé, d6 thi ham sé,
ham hgp, ham don diéu, ham chin - 1é, hAm tuan hoan, ham bi chin, giéi han day
0, g161 han ham sg, tinh lién tuc ctia ham s& (vi it nhiéu d4 biét & phd thong).

2, HAM NGUGC, PO THI CUA HAM NGUGC

2.1. Dinh nghia

Cho ham s6 : f:X-> R
x — y = f(x), vé1 tap xac dinh X va tap gia tri Y.

Néu véi moi gid tri y € Y ¢6 mdt va chi mét x € X sao cho f(x) = y; tiic 12
phudng trinh f(x) = y véi &n la x ¢6 nghiém duy nhat. Khi d6 theo dinh nghia ham
56 ta c6 mot ham s6 méi

g:Y-> R
y — x = g(y) (x thod min f(x) = y)

Ham s6 g dude goi 1a ham sé nguoce cia ham f, ham ngude cta f ky hidu 1a £,

Théng thudng, ngudi ta dung chit x dé chi bién déc lap, chit y chi bién phu
thudc. Khi @6 hAm nguge ciia ham y = f(x) (néu ¢6) sé dudge ky hiéu 1a y = g(x).

T dinh nghia ham ngudc ta suy ra:

— Né&u ham y = f(x) ¢6 ham ngude y = g(x) thi ham y = g(x) ¢6 ham nguge va
ham s6 ngude cia him y = g(x) lai 1a ham s6 y = f(x). Ta néi: y = f(x) va y = g(x)
12 hai him s8 ngudc nhau.

— Tap xéc dinh ctia ham ngude y = g(x) 14 tap gia tri Y cia ham s6'y = f(x), tap
gia tri cua ham sd ngudce 1a tap x4c dinh X cia ham s6'y = f(x).

2.2. Diéu kién di d€ c6 ham sé ngudc

Pinh 1y: Moi ham sé6 don diéu ting (tuc déng bién) hay don diéu giam (tic
nghich bién) trén tap xdc dinh ctia né déu cé6 ham nguoc.
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Minh hog: Xét ham y = f(x) ¢6 D; = X va y4
R =Y, la him don diéu ting (hoic don diéu
gidm) trén D; = X. Khi 46, moi duong thding |7 4
song song véi Ox va qua (0, y); y € Y chi cit d6 Y
thi ham s6 tai mot diém duy nhat (hinh 2.1).

2.3. D6 thi ctia ham sé ngudce

i Y
Cho ham s8'y = f(x) va y = g(x) 14 hai ham froieeeees
s0 ngugc nhau, va gia st D; = X; R = Y thi
D,=Y;R=X. Hinh 2.1

Ung véi mot diém M(a, b) bt ky thudc dudng cong f(x) 12 mét diém duy nhat
M'(b, a) thudc dudng cong g(x) (a € X, b € Y) = M va M' dé1 xitng véi nhau qua
dudng phén giac géc phan tu thit nhat (cé6 phuong trinh x - y = 0).

Vay, d6 thi ciia hai ham s ngude nhau d81 xitng véi nhau qua dudng phan giac
géc phan tu thi nhat.

2.4. Vi du vé ham ngugc

1)-Haihims6y=x%x20vay= Jx 13 hai ham ngude nhau.
- Véia>0,a#1hai hAm y=a* vay=log,x 13 hai hiam s8 ngugc nhau.
2) Mét s6 vi du vé ham ngudc ciia ham s8 lugng giac:
Vidy I: Ham s6'y = sinx, x e[—gg] c6 tap x4c dinh 13 [-gﬂ tap gia trila

[-1, 1] 1A ham don diéu tang trén tap xac dinh.

Vay, ton tai ham ngudc, ta goi la

y
y = arcsinx vl x € [-1, 1] va tap gra tri la - y=x
ToTn 2 :
e R I ) P (N
2°2 L
Ly = ginx
Ta cé L
nTom . \ - 0 boZox
-~ Vx € | -—,— | = arcsin(sinx) = x; 2 _ 2
272 P y = hresinx
1
- V¥x € [-1, 1] = sin(arcsinx) = X. x
Vidu 2: Ham s6y = cosx, x € [0, 1] 2
12 ham don diéu giam trén tap xéc dinh;
Hinh 2.2

c6 tap gia tri la [-1, 1].
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Vay, ton tai ham ngudc, ta goi ham ngude nay 1a ham y = arccosx, véi x e [-1, 1];
tap gia tri la [0, «).

Ta ¢6: Vx e [0, 1] = arccos(cosx) = x; Vx € [-1, 1] = cos(arccosx) = x

SX

| @

SRR

Hinh 2.3

Vidu 3: Ham s8 y = tex, x € [-gg] l2 ham don didu ting trén tap xic dinh

vacotap giatrila R.

Vay, tén tai ham ngudgc, ta goi 1a y = arctgx, vdi Vx € R ; tap gia tri la [—E,Ej .

Véi Vx € [—g,g] = arctg(tgx) = x; vé1 Vxe R = tg(arctgx) = x.

-‘,' X
y =gy v =x
)4
2
_x 0 z x
2 2
x
2
Hinh 2.4

¥

\y = coign

y ~ arceolgx
= ———

i

Hinh 2.5

n
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Vidu 4: Ham s6 y = cotgx, x € (0, ) 1a ham don diéu giam trén tap xac dinh

vacotapgiatrila R.

Viy, ton tai ham ngude, ta goi la y = arccotgx véi Vx e R ; tap gia trila (0, 7).

Ta ¢6: Vx € (0, m) = arccotg(cotgx) = x; Vx € R = cotg(arccotgx) = x.

2.5. Mgt s8 tinh chat ctia ham lugng giac ngugc

1) arcsinx + arccosx = 'g; Vx € [-1, 1].
2) arctgx + arccotgx = g; vVxe R.
3) sin(aresinx) = X, Vx € [-1, 1].

4) sin(arccosx) =vV1-x2; Vx € [-1, 1].

5) sin(arctgx) = = ; Vxe R.
1+x2
. _ 1
6) sin(arccotgx) = . Vxe R.
1+x?
7) arcsin(sinx) = x; Vx € —E,E .
22
8) arcsin(cosx)= g - X; Vx € [0, 7).

Ban doc c6 thé chimg minh cac ddng thic trén.

3. HAM SO SO CAP CO BAN, HAM SO SO CAP

3.1. Ham sé so cAp co ban

60

Cac ham s6 sau dudc goi 14 ham s6 so cdp co ban:

1) Ham hing: fx)=c,ce R.

2) Ham luy thita: y=x"a e R

(Néu o v6 ty va dudng thi xét véi x > 0, néu a vé ty va Am thi chi xét véi x > 0).
3) Haim mi: y=a%a>0a=1,

4) Ham logarit: y =log.x,a>0,a=#1.

5) Ham lugng giic: y = sinx, y = cosx, y = tgx, y = cotgx.

6) Ham lugng gidc ngude: y = arcsinx, y = arccosx, y = arctgx, y = arccotgx.



3.2. Ham s6 so cAp

Cho hai ham f(x) va g(x) theo thtt tit ¢6 tap xac dinh la D¢ va D,. Cac ham téng,
hiéu, tich, thuong ctia hai ham di cho 14 ham dude xac dinh tuong Ung theo cac
quy téc sau:

x— f(x) +gx); VxeDinD,
x — f(x) -gx); VxeDn D,
x — f(x) xg(x); VxeD;nD,

(o f

; Vx € Dy~ D, va g(x) # 0.
g(x)

Ham s6 s0 cdp 1a ham s6 dude tao thanh bdi mét sé hitu han cac phép: tdng,
hiéu, tich, thuong, ham hop d6i véi cac ham sé so cAp cd ban.

Vidu:y=x-3;y=sin2x;
X 2
y= lng;y=—2x +\/;;

xz

i 2_23){_ :
y:23x+e2;y= smx

arccotg-x—x2 +X

Trong sé cac ham so c&p ta quan tAm dén ba dang don gian sau:
e Ham da thiic bdac n

P (x)=ag+a,Xx+89X> +. .. + a,x"

trong d6:a, #0;a,€e R;n e N.
o Ham phan thiic hitu ty

P,(x) _a, +a1x+a2x2+ co.+oagxt
Qm(x) by +bx+byx®+ ... + b x™

trong dé: a,, b,,#0; a;,,b;e R;n,me N.

e Ham hypecbol

- Ham sinhypecbol cua x: shx= 2=

- HAm coshypecbol cia x:  chx =
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X _ X
- Ham tanghypecbol cua x: thx = e —e _shx
e* +e ¥ chx

X -X
— Ham cotanghypecbol clia x: cothx = < °— - chx 1

ex _e-x shx thx )

Mot s6'tinh chét:
1) ch®x + sh? = ch2x
2) ch?x - sh®x =1
3) sh(a + b) = sha.chb *+ cha.shb
4) ch(a + b) = cha.chb + sha.shb.

BAI TAP LUGNG GIA

Hay chon két qud ding:

]_l
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Véix € [-1, 1] tim tg(arcsinx).
Két qua:

X C. tg(aresinx) = X

1-x?2 V1+x2

D. K&t qua khac.

A. tg(arcsinx) =

B. tg(arcsinx) =

1-x
Ham ngudc cta ham sé y = shx duge ky hiéu 13 y = areshx. Tim arcshx.

Két qua:
A. arcshx = ln(x2 +x? + 1) C. arcshx = In(x+ Vx? + 1)

B. arcshx=In (% + % Vx? + 1] D. K&t qua khac.

Ky hiéu ham ngugc ciia him sd y = chx, x 2 012 y = arcchx. Tim arcchx.

Két qua:

A. arcchx = ln[%x+—;— x2 —1] C. arcchx= In(x+Vvx%-1)

B. arcchx=In

x—Vx?2 - 1| D. K&t qua khac.

Tim t4p xAc dinh va tap gia tri cia ham s6: y = In(1 - 2|cos x| ).

Két qua:



A %+k21‘c <x<—53£+k27c,ke Z va-o <y< In3

B. §+kﬂ: <x<2?7t +kn,ke Zva-o0o<y< O

C. §+k2n< x<2?n +k2n,ke Zva-o <y< 0

D. K&t qua khac.

Cho ham f(x) = X' — x, 0(x) = sin2x. Tim £[o(x)], {[£(x)]. o[0(x)].
Két qua: .

A. f[(p(x)] = gin2(x® - x); f[f(x)] =x?—3x7 + 3x° - 2% + x:

o[ ¢(x)] = sin(2sin2x)

B. f[o(x)] = sin2x’® - sin2x; f[£(x)] =x°—8x"+ 3x° —x* + x;
o[0(x)] = 2sin(sin2x) cos(sin2x)

C. f[o(x)] = -sin2x cos’2x; £f(x)] =x°- 8x" + 3x° - 2x* + x;
(p[(p(x)] = sin(2sin2x)

D. Két qua khac.
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Bai 2
PAO HAM VA VI PHAN

MUC TIEU

Hoc xong bai niy sinh vién c6 kha néng:

1. Trinh bay duge dinh nghia, ¥ nghia, diéu kién tén tai cia dao ham, cdc
phép todn vé dao ham cia ham sé. Tim duode dao ham ciia cde ham sé'sd cap.

2. Trinh bay duge dinh nghia, ¥ nghia hinh hoc ciia vi phén, tinh chdlt cta
vi phdn.

3. Trinh bay duoc dinh nghia dao ham va vi phdn cdp cao. Tim duge dao
ham va vi phan cdp cao ctia ham s6.

4. Van dung dao ham dé khdo sdt duge mét s6 ham s6 ing dung trong y hoc.

1. PINH NGHIA PAO HAM

1.1. Pinh nghia

Xét ham sé f(x) xac dinh tail x, va lan can cua x;. Cho x, sd gia Ax c6 \Ax‘

du nho,

Af  fixg +4x) - fixg)

Néu ty so
Ax AX

co gi6l han (htu han) khi Ax — 0 thi ta né
f(x) kha vi tai x;, hay c6 dao ham tai x,. Gidi han dé dudge goi 1a dao ham cua f(x)

theo x tai x, va duge ky higu 1a £,'(x,) hay f (x,).

f'(xo): lim éiz lim f(XO'O-ﬂX)—f(){O:] b
Ax—0 AX  Ax—0 o

Vi du: Tim dao ham cia {(x) = x° tai Xg = 2.
Giai: Cho x; sd gia Ax, tinh sd gia tudng ung cua ham:
AT = f(xy + Ax) — f(x) = (2 + Ax)? — 2% = 4Ax + (Ax)2.

AfdAx+(Ax)®

Lap ty s6 -4+ AX .
L Ax AX
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= f(x)=x>khd vitaix = 2 va £(2) = 4 hay %) |,., = 4.
Vay ham f(x) xac dinh trén (a, b), kha vi tai x4 € (a, b) khi va chi khi:

Af = f(x, + Ax) ~ f(x) = f (xg)Ax + O(Ax),

trong dé: O(Ax) la vé cing bé (VCB) bac cao hon Ax khi Ax — 0 (tic la
lim O(Ax)
Ax—0 Ax

=0).

Né&u f(x) c6 dao ham tai moi diém x € (a, b) thi ta néi f(x) kha vi trén khoang
(a, b), f (x) 12 ham s6 x4c dinh trén (a, b).

1.2.Y nghia ca dao ham ham sé&
1.2.1.Y nghia chung (¥ nghia toén hoc)

. . o A Ay e " . , .
Xét ham s6 y = f(x), ty s6 i‘—— = Zii 14 van téc bién thién trung binh caa f(x) khi
X

. o . . - , . A R oy -
bién déc lap x bién thién tit x; dén x; + Ax. Do d6, f'(x)= lim 2Y 13 vén téc bién
Ax—0 Ax
thién tdc thoi clia f(x) tai x,. Trén (a, b), f (x) phan anh tdc db bién thién clia f(x)
khi x bién ddi trén khoang dé (ban doc sé& thay 15 hon didu nay khi nghién cttu cac
dinh 1y vé tinh chat cia ham kha vi va khao sat ham sé).

1.2.2.Y nghia hinh hoc

Xét ham f(x) xac dinh tai x, va 14n can cua x,, diém M(x,, yo) V8l yo = f(xg). Gia
st ton tai fl(xo).

~ Af _ f(xq + Ax) - f(xg)

Ty s6 chinh y4

Ax Ax
12 hé s6 géc cna cat tuyén MC = tgB
(B 13 géc hgp bdi MC véi truc Ox)
(xem hinh 2.6).

fixo + AX)

Khi Ax — O ciing la khi C > M, (%)
cat tuyén MC — tiép tuyén MT khi _ o]
0

B — . nhu vay f (x,) = hé s8 géc cla

t1ép tuyén MT = tgo. Hinh 2.6
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Tom lai: f(x) kha vi tai x4 thi tai M(x,, yo) ¢6 ti€p tuyén duy nhit véi duong
cong khéng vudng géc véi truc Ox va hé s§ géc cha tiép tuyén d6 1a k = f (x,),
phuong trinh tiép tuyén nay ia:

y = Vo = f (xp)(x — xq).

Dua vao ¥ nghia chung cia dao ham, ¢6 thé suy ra dao ham con ¢6 nhiéu y
nghia khoa hoc thuc tién khac, ching han:

— Van téc titc thoi clia mét chat diém tai thai diém tg: v(ty) 12 dao ham cta ham
s6 s = f(t) tai tO; vitg) =s'(ty) = f ‘(to) : s = f(t) 1a phudng trinh chuyén déng clia chit
diém.

— Phudng trinh Q = f(t) 1A phudng trinh cua dién lugng @Q truyén trong day
dan, f(t) 12 ham s6 c6 dao ham thi Q'(t) = f (t) = I(t) 1 cudng d6 dong dién tai thdi

diém t.

1.3. Pao ham bén phai, bén trai va dao ham vé han

- - . "y . . L .. Af .
Khi dinh nghia dao ham cua ham f(x) tai x,, ta ¢ xét lim —, gidi han nay
Ax—0 AX

4 2 A A . P R LR ‘ . Af - Af \ A -
c6 thé khong ton tai, nhung ¢6 thé ton tai lim — hay lim — . Tu day ta cé
Ax—0* AX Ax—0" AX

dinh nghia sau:
Xét f(x) xac dinh tai x4 va 1an c4n phai cliia x,. Pao ham bén phdi caa f(x) tai x,

dude ky hidu 1a f (x, + 0) hay f (x,") va

f'(xqg+0)= lim fxo + 4%~ fX0) (15 han).
Ax—0* Ax

Xét f(x) xac dinh tai x, va 14n can trai cua x,. Pao ham bén trdi cua f(x) tai x,
dude ky hiéu 1a f (x, — 0) hay f (x,) va

fixg —0)= lim f(xg + Ax) —f(xq)
Ax—>0~ Ax

(hitu han).
V& mat hinh hoc, f (x, + 0) va f (x, — 0) bing hé s6 géc cla tiép tuyén phai va
trai tai M(x,, y,) cua duong cong y = f(x).

Ham s8 f(x) ¢6 dao ham tai x, khi va chi khi tén tai ca f (xy + 0), f (x, - 0) va
bing nhau, kh dé6:

£(xg) = f (xg+ 0) = £ (xp - O).
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N&u tén tai ca f (xp + 0) va f '(xo - 0) nhung khong bing nhau thi khéng tén tai
f '(xo) hay f(x) khong kha vi tai x,. Khi dé6 diém M(x,, y,) dudc goi 1a diém géc cua
dé thi (hinh 2.7).

Hinh 2.7
Vidy: Xéthamy = |x|,taix=0.

Ta c6:

sy [0+Ax]-jo] Jax| [ 1 néuax>0
Ax Ax CAx |1 néu Ax <0

= y'(0+0)=1,y(0~0)=-1=hamy = |x| khéng cé dao ham tai x = 0, diém
(0, 0) 1a diém géc ctra d6 thi ham s8'y = |x| (hinh 2.8).

yA

Hinh 2.8
Néu f(x) kha vi trén (a, b) va tén tai f (b — 0), f (a + 0) ta néi £(x) kha vi trén

doan [a, b).

Af

Khi dinh nghia dao ham cia f(x) tai x, ta cAn xét lim —.
Ax—0 AX

Néu % o+ AZ): ~fX0) _, (1) hay (- ®) khi Ax > 0, thi ta néi £x) c6 dao

ham vé han tai x;.
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Pay 14 mot trudng hgp dic biét, vé mit hinh hoc, khi d6 dudng cong y = f(x) ¢6
ti€p tuyén vudng géc véi Ox tai M(x,, y,) (hinh 2.9).

y4

Vo

0 X0 X

Hinh 2.9 Hinh 2.10
Vi du: Xét ham: f(x) = 3x .

1

. Af 3 1 ] f
Taixy=0,c6 —= (4%) = = lim At 400 ,
Ax Ax %/(AX)Z Ax—0 AX

Ta néi f(x) = ¥x c6 dao ham vé han tai diém x = 0.

Tai diém (0, 0) clia dudng cong y = ¥Yx cb tiép tuydn thing ding, tring véi
truc Oy (hinh 2.10).

1.4. Lién hé giira tinh kha vi va tinh lién tuc ciia ham sé
Néu fix) c6 dao ham tai x, thi né lién tuc tai x,,.
. Af ' .
That vay, vi f(x) c6 dao ham tai x, nén ™ — f (x¢) khi Ax > 0.

= i—f = f'(Xo) + o(Ax) ; a(Ax) > 0 khi Ax — 0.
X
= Af=f (x)AX + 0(Ax).Ax = Af - Okhi Ax — 0
nghia la f(x) lién tuc tai x,,.
Diéu ngude lai khong dung, tic 13 ham f(x) lién tuc tai x, thi chua chic né cé
dao ham tai x,,.
Vi du: Ham y = |x| lién tuc tai x = 0, nhung khong c6 dao ham taix = 0.
Ham y = ¥x lién tuc tai x = 0, nhung khéng ¢6 dao ham theo dinh nghia
(hitu han).
Tuodng tu ta c6, néu f(x) c6 dao ham phai (trai) tai x, thi né lién tuc phai (trai)

tal Xp-
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1.5. Phuong phap tim dao ham

Ngoai viéc dung dinh nghia con 4p dung cac dinh 1y sau dé tim dao ham.
1.5.1. Pinh ly 1 (vé dao ham ctia ham hop)

Xét ham hop y = flu(x)] xde dinh trén (a, b), x, € (a, b). Néu u = u(x) khd vi tai
%o va flu) kha vi tai uy (uy = ulxy) thi:y = f [u(x)] kha vi tai x, va

Y'lxg) = [ ufuga'(xo).

1.5.2. Dinh ly 2

Cho u(x) va v(x) la hai ham s6 xdc dinh trén (a, b) va khad vi tai x e(a, b). Khi

u(x)

) cing kha vi tai x va:

dé: ux) + v(x), ulv(x), ==
v(x

Diu(x) + v(x)] =u'(x) + v'(x);

2) [ulx).v(x)] = u'(x)v(x) + ulx)v'(x), néi riéng: [e.ulx)]’ = c.u’(x), ¢ la hang s6"

3 {u(x) ] _ u'(x).v(x)2— u(x).v'(x) vx) * 0.
v(x) ve(x)

1.5.3. Dinh Iy 3 (vé dao ham cua ham ngugc)

Gid sz ham 6y = flx) khd vi tai x,, f (xg) #0 va cé ham ngude x = g(y). Khi dé

> .. . 1

ham x = g(y) kha vi tai y, = flxy) va g'(yq) = — )

f (xg)

Chitng minhk: Vi ham f(x) kha vi tai x, v 6 f (xg) # 0 nén khi Ax = 0 thi:

Af = f(%, + Ax) ~ £(x,) # 0 va %é > £ (x,) khi Ax - 0;

Ag _Ax 1
Ay Af Af
Ax

Vi ham y = f(x) kha vi tai x, nén né lién tuc tai x,, suy ra khi Ax — 0 thi Ay - 0.

Nhu vay, khi Ay — 0 thi 28 5 s x4c dinh ———.
Ay f (Xo)
Vay g'(y )-#
T (%)
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Vidu 1: Tim (Inx)".

Ham y = Inx ¢6 ham nguge x = e¥. C6 x', = ¢’ (ban doc ¢6 thé chiing minh dudc
nhg dinh nghia dao ham).

Theo dinh 1y 3, ta ¢6 y' = —— = — =—— =~
' X'y oY  elnX

Vay: (Inx)' = —1—, x> 0.
X

Nh¢ dinh nghia dao ham, ban doc cling chitng minh duge (Inx)' = l
X

Vidu 2: Tim (ln|x

)"

Néux>0= (]nlxl)‘ = (Inx)' = l
X
N&u x <0 = (Infx])’ = (In(-x))' = ix(_x)' __ 1.1

Vay: (1n|x‘)' = l, x = 0.
X
Vi du 3: Tim (arcsinx)', (arccosx)', (arctgx)', (arccotgx)'.
Ham y = arcsinx 1a ham ngudc cia ham x =siny, y € {—g,g] .

Tu dinh nghia, ta chimg minh dugc:

‘' = 3 [ S — 1 _ 1 _ 1
X'y = cosy = (arcsinx)' =y', = — = = : .
x', cosy cos(arcsin x)

Vi sin(arcsinx) = x = cos(arcsinx) = V1 - x?

: 1
Vay: (arcsinx)'= ; (arccosx)' = — .
1-x2 1-x2
Tudng tu ta cé:
] t 1
(arctgx)' = 7 (arccotgx)' =- 7
l+x 1+x

Vi du 4: (shx)' = chx; (chx)' = shx.
Ban doc tu kiém tra duge cae k&t qua nay.
Vi du 5: Tim dao ham ciia ham c6 dang:

y = [u@E]"®, ux) > 0.
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L4y logarit t1t nhién hai vé& ta dudc:

Iny = vinu
= y—=vlu'+v'lnu
y u
, u'v , via'v ,
= y =y{——+vlnu}=u [——+vlnu]
u u

Chéing han, choy =x* x>0, tim y',.

Ta c6: Iny = xInx;

y—=1.lnx+xl:y'=x"(lnx+1).
X

y

X
Vidu 6: Tim dao ham ctia hAm s8 y =£x«(xlnx— x—-1).
e

, [xlnx—x—lj x Xlnx-x-1

. (XX)|

X
e

e

_(nx+1-1)e* —-(xInx-x-1)e* xx+xlnx—x—1

“ox i x (Inx+1)
xx
:—x[lnx~xlnx+x+1+(xlnx—x~l)(lnx+1)]
e
Xx+1
= = [Inx(Inx —1)].

Vidu 7: Tim dao ham ctia ham y = x| +|x - 2|.

-2x+2 néu x < 0 -2 néu x < 0

y=12 nfu 0 <x<2 =y'=40 néu 0<x <2
2x -2 néu x > 2 2 néu x > 2

~ Xét tai x = O:

. : 200+ A -

lim &y _ lim 20+ Ax)+2-2 =-2;

Ax—-0 AX Ax—-0 Ax

im &Y~ im 222 _

Ax—>+0 AX Ax—=+0 AXx

Suy ra tai x = 0 ham s6 khong ¢6 dao ham.



—~ Xét tai x = 2:

im &Y _2 . lim & _p

Ax—+0 AX Ax—-0 Ax
Suy ra tai x = 2 ham s6 khéng ¢6 dao ham.

Nhd dinh nghia dao ham vi cac dinh 1y da trinh bay & trén ta c6 bang dao ham
ctia mot s ham sd s cAp co ban va cong thite cAn nhé sau:

1) (c) =0, cla hang s6 15) (sinx)' = cosx
2) x))=1 16) (cosx)' = - sinx
3) (kx)'=k, kla hang s6 17) (tgx)' = - 14 tgzx
4) (x*) =ax®! cos” X
1 I 1 18) {cotgx)'=— 5= —(1+cotg2x)
5) " = _X_Q sin” x
) 19) (shx)'=chx
&) (Jx)'= I 20) (chx)' = shx
7 (a%) =a*lna 21) (aresinx)' = ———
v1- X
8) (eX)c = eX
1 22) (arccosx)'= 1
9) (nx)' ==~ 1-x2
X
1
.1 23) (arctgx)'= -
10) (nfxp’=— e e
- " 24) (arccotgx)'=-
11) (log, x) ZIna 1+ x2
12) (shx)' = chx, (chx) =shx 25) [uj u'v—uv’
13) (u+v)' =u'+ v v vZ
14) (uv) =u'v+uv' 26) y=y(u); u = u(x) thiy', =y’ ,u',

2. DPAO HAM CAP CAO

2.1. Dinh nghia dao ham cip cao

Cho ham sé f(x) xac dinh trén khoang (a, b), f(x) dudc goi 1a kha vi n Ian trén
(a, b) néu f(x) kha vi (n — 1) 1an trén (a, b) va dao ham cip (n — 1) cia f(x) ciing kha
vi. Khi dé6 dao ham c&p n cua f(x) duge ky hiéu 1a fM(x) va duge dinh nghia bsi
hé thuc:

72



f(x) = [ D))"
Cac f™(x) vdin > 2 1a dao ham cép cao cia f(x).
Ky higw: {0 =f, {0 =, =¢",..
Vidu 1: Him f(x) = x* (k nguyén duong) ¢é dao ham mol cip:
fx) = k(k - D(k-2) ... k-n+1)x* " néun<k:
fO(x) = k! néun = k;
f™(x) = 0 néu n > k.
Vidu 2: Him y =2a*, a>0, a# 1c6 dao ham moi cip:
y™W(x) = (a)™ = (Ina)"a*.
Néi riéng: (e9)™ = e*.

Vidu 3: Ham y = sinx ¢é:

y' = (sinx)' = cosx = sin[x+g];

T . m
y" =cos| X+— |=sin| x+2.—|;
( 2] [ 2]

y™ = (sinx)™ = sin[x +n.g).

Vidu 4: Ham y = cosx c¢6:

y' =(cosx)' =[sin(x+£ﬂ :cos{x+f];
2 2
y" =(cosx)" :[cos(x+%ﬂ =cos(x+2.g];

y™ = (cosx)™ = cos[x + n—g-j
Ban doc ¢6 thé kiém tra lai cic vi du trén nhd chiing minh bang phudng phap
quy nap.
Vidu5:Choy= l, tim y™.
X

' 1, 1.2 -1.2.3 (-1)"n!
v 3 - Ly oD

y =—, = Y .y .
X2 XB x4 Xn+1
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Ching minh:

(s _ DT+ 1)

n+2

—1Y 1yt
x"* X

Giasa y™

That vay, ™+ = [(-1)“ (n)!} _-EDP@n+ DX DM+

Xn+1 x2(n+1) Xn+2

. (-1)"n!
Vay: y™ =2
X

T vi du trén ta suy ra

(-1)* L (n-1)!

Xn

(In )™ =

Vidu 6:

1) OMf + ug)™ = Af® + ug™, trong d6 A, p € R; f va g ]2 nhitng ham cha x kha
vin lan.

2) y(x) = f(ax + b) = y™(x) = af™(ax + b), fkha vin 1dn; a, b e R, a # 0.

Ap dung:

ax+b n)
a) Cho y=——, tim y'".

cx+d

_ax+b a be-ad
cx+d ¢ clex+d)
= y™ = bec—ad (-1)"n'c” (bc- ad)(-1)"n'e™ _(ad —be)nl(—c)* !
¢ (ex+d)*! (ex +d)+t (cx +d)**?

b) Cho y = 5 tim vy,

1-x

! _1\n
1-x2 211-x 1+x 92 (1-)()1”1 (1+X)n+1

2.2. Dinh ly Lepnit (Leibnitz)

Néu fix) va g(x) la hai ham khd vi trén D tdi cap n, thi tich f(x)g(x) cing kha vi
trén D cdp n va:

n
(&) =) CrfPgn®.
k=0
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X

Vidu: Tim dao ham c4p 10 cia e

X
YO
x

L1 (10) 10 K
(1) - 2o
k=0

10 k 10 k
-1 k! (-1)
3 ok CUKL ke CGDT
Eo O ket Z‘oao—m! K+

1 (k)
T (ex )(IO—k)
X

il

3. VI PHAN

3.1. Dinh nghia
Cho ham sd'y = f(x) xac dinh trén (a, b) ¢6 dao ham (hay kha vi) tai x € (a, b).
Nhu di biét:
Af =f(x + Ax) — f(x) = f (X)Ax + O(Ax)
trong d6 Ax 12 s6 gia ciia bién déc lap x tai x, O(Ax) 12 vé cung bé bac cao han Ax
khi Ax — 0.
Ta go1 f I(X)AX 13 vi phén cdp 1 ctia ham f(x) tai x. Ky hiéu 1a dy, hay df(x), hay df.
df = £ ()Ax.

Nghia 13, vi phan cta f(x) tai x bing tich ctia dao ham f(x) véi 6 gia dbi s8 Ax.

3.2. Y nghia hinh hoc ctia vi phan, tng dung vi phin vao phép tinh
gan dung
T dinh nghia ta thay, tai diém x ma ham s6 ¢6 dao ham f (%), & d6 ta tinh

dude vi phan df = f '(X)Ax va néu f l(x) # 0 thi Af, df 14 hai v cung bé tuong duong
khi Ax — O (ban doc kiém tra).

Nhu vay, f(x) kha vi tai x thi Af = df + O(Ax). Khi |Ax| dt nhd thi Af ~ df.

f(x + Ax) — f(x) = £ (x)Ax hay f(x + Ax) = f(x) + f (X)Ax.
DAy 1a céng thic tinh gia tri gain diing ciia ham 6 nhag vi phéan.

V& tiép tuyén MT véi dudng cong f(x) tai M(x, f(x)). Goi C 1a mét diém thudc
duong cong (C = M) vdi toa 40 (x + Ax, f(x + Ax)).

Ta cb: NC = Af; NT =df, TC = O(ax); NC=NT + TC.
Khi Ax = 0, TC = 0 nhanh hon Ax — 0, hay khi |Ax| &t nho thi NC = NT.
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AN

0 X X+ A\x

Hinh 2,11

Vi du: Tinh gia tri gin ding cha sin46°.

sin46° = sin(45O +1% = sin z +—£—J
4 180
zsinE+cos£.~n—=i§-+£iz0,7194_
4 4 180 2 2 180

3.3. Céng thirc tinh vi phan, biéu thite vi phan, tinh bat bién cua biéu
thic vi phan cap 1

Trd lai dinh nghia vi phan: Ham y = f(x) kha vi tai x thi vi phan cuaa f(x) tai
xla

df = f (x)Ax (2.2.1)

Xét ham dong nhit y = x, theo dinh nghia thi dx = (x)'Ax = 1.Ax = Ax, tic la vi
phan dx cua bién déc 1ap x bang sé gia Ax ciia né. Nhu vay (2.2.1) trd thanh

df = £ (x)dx (2.2.2)

Cong thic (2.2.1) va (2.2.2) goi 12 coéng thitc tinh vi phin, vé& phai ctia né 1a
biéu thdc vi phan ctia ham kha vi f(x).

Tu (2.2.2) ta cé:
f'(x) :g (2.2.3)
dx

Nghia 13, dao ham cta ham sé ]a thudng cia vi phan ham s6 véi vi phin dé

s6. Biéu thie f'(x) = :—f 1a ¢dng thite tinh va cling 1a ky hiéu cua dao ham.
X

Bay gid ta xét ham y = f(x), véi x 14 bién phu thuée: x = x(t); x(t) 14 ham kha vi

dot vél bién déc 14ap t, tite 12 xét ham hgp y = fx(t)].
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Theo cong thue (2.2.2) thi vi phan cha ham f[x(t)] 81 véi t, tai t la:
df[x(t)) = {f [x(V)]}' At = £ x' dt.
Vi x(t) 1a ham kha vi d6i véi t nén x',dt = dx.
Do dé: Aflx(t)] = £, dx.
Nhu vay, f 1A m6t ham s& phu thudc vao bién x; cho du x 1a bién déc 1ap hay x
12 bién phu thudce vio mét bién ddc lap t ndo d6 (x 13 moét ham kha vi clia bién doc
1ap t) thi luén cé: df = f ,dx. Tite 1a dang cia bidu thic vi phan ham f khong d6i. D6
14 tinh bat bién clia dang biéu thic vi phan (cap 1).
Vidu 1: Cho y = sinx thi d(sinx) = cosxAx hay d(sinx) = cosxdx.
Néu y = sinu, u la ham kha vi cGa mét bién doc 1ap khac thi van cé:
dy = cosudu.

Vi du 2: Cho f(x) = 3x® thi df(x) = f (x)dx = 9x%dx.

Néu xét ham f(x) = 3x® véi x = t2 thi df[x(t)] = 18t°dt = 9x%dx = f (x)dx. Tiic 13
ta ludn cé: df = f'(x)dx.

Vi du 3: Cho ham sd phu thuéc tham s8 y = y(t), x = x(t). Tim y'(x).
Gidi: y phu thubc vao x, do tinh bat bién cla bidu thitc vi phan nén cé:

dy = ydx =y =

X
y = y(t) nén dy = y'(t)dt;
X = x(t) nén dx = x'(t)dt
- yw-ToE-Te

. Y =y() oy Y'(E)
Vay: {x:x(t) = y(x)_x'(t)'

Céng thic tinh vi phan cha mét s6 ham sd cdp ¢o ban va mdt sd cong thic
khiac:

1) dc=0,clahingsd
2) dx® = o x“ ldx

3) da* = a¥*lnadx

4) de*=e"dx
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b) dln|x[ =ldx
X

6) dsinx = cosxdx

1)) dcosx = — sinxdx

8  Vdiu=u®x), v=v(x) thi:
d(u+v)=du+dv

d[l_l_]: vdu - udv

v v2

d(uv) = udv + vdu

df(u(x)) = £ ', dx = f ,du

9) dtgx = dx = (1 + tg’x)dx
cos”x
1
10) dcotgx=-— 5 dx
sin“ x
3 1
11) darcsinx = dx
JV1-x?
1
12) darccosx=-— dx
1-x2
1
13) darctgx = 5 dx
1+x
1
14) darccotgx = - 5 dx
1+x

3.4. Vi phin cAp cao

Cho f(x) kha vi tai moi x € (a, b). Vi phan df = f '(x)dx 1a vi phan ¢&p 1 (goi tét

14 vi phan) cua f(x) tai x, né 1a mét ham caa x, trong d6 dx khéong déi.
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Vi phéan ctia vi phén c&p 1 12 vi phan cap 2 dude ky hiéu 1a d2f:
d2f = d(df) = d(f (x)dx) = f (x)dx.dx, ta viet 1a d%f = £ (x)dx>.
Tuong tu, vi phan cap 3 ky hiéu 1a d%f va d°f = d(d@%0); d*f = fPVx)dx>.
C¥t nhu thé, vi phéan cdp n ky hidu 1a d°f va d°f = d(d" 'f); d°f = fV(x)dx".
Cac vi phén cip 2 trd di duge goi 14 vi phén cép cao.
d’f 3 nf

Suy ra: f"(x) = — f(3)(x)=——3,..., _—
d dx dx"

; £ (x) =
X2 X



Vi du: Xét f(x) = 3x>.
df = 9x®dx; d°f = 18xdx?; d*f = 18dx>, d*f=0.

Luu y: Cac cong thic vi phan cip cao d%f, d°f,... d™f viét & trén chi ding cho
ham f(x) véi x 14 bién doc lap.

Néu y = f(x); x = @(t), t 1a bién d6c lap thi dx khdng phai 1a hang s8, khi dé,
ching han:

d2f = d(dy) = d(f ®)dx) = d(f ())dx + f (x)d%x = f (x)dx? + f ()d%x.
R4 rang khi x 13 bién déc 1ap thi d% = 0, khi d6 d’f méi bing f (x)dx>.
Vi du: Xét f(x) = 3x% x = t%.

Né&u cho la dang cua biéu thitc vi phan cip 2 ¢6 tinh bat bién (nhu & dang biéu
thic vi phan cap 1) thi ta cé:

d*[x(t)] = £ (x)dx? = 18xdx? (= 18t%(2tdt)? = 72t*dt?).
Nhung thuc ra thi: d*f[x(t)] = (3t8)"dt® = 90t*dt? = 72t'dt2.
(Thiy ngay 90t'dt? — 72t*dt? = 18t*dt? = f (x)d%x)

Vay, khi tim vi phén ¢4p cao ta chi ¥ vi phéan cap cao tinh theo bién nao.

BAI TAP LUONG GIA

Hay chon két qud ding:

: o . 1 .
. — nétu x=z0
1. Chohamsd f(x)= * oY
0 néu x=0

Xét tinh kh4 vi cuaa f(x) tai x = 0.
Két qua:
A. f©Y=0;f©)=0.Taix=0ham s5da cho kha vivaf (0)=0
B. f(0Y=1;f(©0) =1 Vayténtaif (0)vaf(©)=1
C. Khong tén taif (0)
D. K&t qua khac.
2. Cho f(x) = xATCSINX i (%)

Két qua:
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A

C.

Inx 1 . -
+—arcsin x B. Xarcsmxlnx

Ji-x% X

Xarcsin X [ arcsin x Inx

+
x -

] D. Két qua khac.

Tinh A, =1+ 2x + 3x*+ ... +nx" L.

Két qua:
A. Néux=1: An=1+2+...+n=n(nT+1)
n+1 n_
Né&u x # 1 A = nx +(n+;)x 1
(x-1)

B. Néux=1: An=1+2+...+n=n(n2+1)

Néu x # 1 A, = 1 2[1~(n+1)xn —(n+2)x“+1]
‘ (1-x)
C. Néux=1: An=1+2+...+n=£‘2’i)
. 1_ n n+l
Neux=1 A, -i-dFfnX i
(1-%)

D. Két qua khac.

Cho y = x%sinx, tim y(wo).

Két qua:

A,y = x%inx — 200xcosx — 9900sinx

B. yU% = x?sinx — 200xc0sx

C. y@% =100x%sinx — 9900sinx + 323400sinx

D. K&t qua khac.

Cho y = sin2x, tinh dy.

K&t qua:

A. dy = 2cos2xd(2x)

oo w

dy = cos2xd(2x)
dy = cos2xdx
Két qua khac.



6. Choham s6y =sin2x, x =t". Tim d° theo t.
K&t qua:

dy = -36t"sin2t’dt?

d?y = (36t%sin2t> + 12tcos2t®)dt?

>

d%y = -36t" sin2t’dt* + 12tcos2t*dt”
Két qua khac.

o o v

4- TOANCAOCAP
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Bai 3
MOT SO TINH CHAT CUA HAM KHA VI

MUC TIEU

Hoc xong bai nay sinh vién ¢6 kha ning:

1) Trinh bay duge cde dinh ly, cong thic Ferma, Rolle, Lagrange, Cauchy,
Taylor, L Hospital.

2) Tim duoe gidi han ham s8'bdng céch dung dinh Zy LHosp;tal
8) Khai trién Taylor, Maclaurin duge mét s’ ham s6's0 cdp.

Nhac lai khai niém cife tri cta ham sé:

Cho f(x) xic dinb trong khoang (a, b) va ¢ € (a. b).

- Ham f(x) dat cyuc dai tai ¢ néu f(c) = f(c + Ax) vé1 YAx ¢6 |Ax| da bé.
- Ham f(x) dat cuc tiéu tai ¢ néu f(c) < f{c + Ax) véi VAx co |Ax| du be.

Cac gia tri cde dai, cue tidu cua ham s6 ¢é duge trong mdt khoang dude goi
chung 14 cite tri cua ham trong khodng dé.

1. DINH LY FERMA
Cho ham fix) xdc dinh trong (a, b), fix) dat cue tri tai ¢ € (a, b). Néu ton tai
f'(c_J thi f.r'c_i =
Chung minh:
(Gia su f(x) dat cue dai tai ¢ e (a. b) thi véi VAx b ‘i\x\ du bé ta cd;
f(c + Ax) — f(c) < 0.

fle+Ax)  f(c) <0
AX B

— Néu Ax > 0 thi

Vi3 () nén I (c+0)= lim He + A8 -M0)
Ax 0! AX
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— Néu Ax < 0 thi

f(c+ Ax) - f(c) >0
Ax 20.

Vi3f'(c) nén IH'(c—0)= lim LCHIO-HO), 4
Ax—0~ AX

Vay: f()=fc+0)=f (c—0)=0.
Trudng hop f(x) dat cuc tiéu tai ¢ e(a, b) duge chiing minh tuong tu.

Minh hoa hinh hoc: Tai diém M(c, f(c)) ham f(x) dat cuc dai (hay cuc tiéu), cé
tiép tuyén duy nhat véi dudng cong thi tiép tuyén song song véi truc Ox.

y A
M
E y = f(x)
o a c b X
Hinh 2.12

Suy ra, dé tim nhiing diém cyc tri ctia f(x) trén (a, b) ta chi cAn huéng vé
nhiing diém thude (a, b) ma tai dé f(x) khong tén tai dao ham ho#ic cé6 dao ham
bang 0.

2. DINH LY ROLLE

Cho ham flx) xdc dinh, lién tuc trén [a, b]; c6 dao ham trén (a, b) va co
fla) = f(b). Khi dé ton tai it nhét mot diém ¢ e(a, b) sao cho f (c) = 0.
Ching minh:

Vi f(x) lién tuc trén [a, b] nén it nhat mét 1an nd dat gi4 tri 16n nhat, it nhit
mot 1an né dat gia tri nho nhat trén [a, b).

Goi x;, Xy € [a, b] theo thi tu 13 diém ma tai d6 ham f(x) dat gia tri 16n nhat,
nho nhat.

— Néu xq, X, déu trung véi hai ddu miit a va b thi f(x;) = f(x,) = f(a) = f(b), suy
ra f(x) 1a hiing s& trén [a, b}, titc 12 ¢6 v6 s6 diém c cAn tim.

~ Néu ¢6 it nhat mdt diém trong sé hai diém x,, X, thudc vao (a, b), ching han
X, € (a, b), f(x) dat cyc dai tai x;. Theo dinh 1y Ferma f.(xl) = 0. Diém c cdn tim

chinh la x;.
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3. PINH LY LAGRANGE

Cho f(x) xdc dinh va lien tuc trén [a, b], kha vi trén (a, b). Khi d6 ton tai it nhét
mét diém ¢ (a, b) sao cho

f(b) ~fla) = f (c)(b -a) (2.3.1)
Chu e Los _ f(b)—f(a) s,
ung minh: Xét ham F(x) = f(x) - f(a) ~ T ora (x - a). F(x) thoa man céac
—~a

gia thiét cua dinh 1y Rolle, nén 3¢ € (a, b) dé F'(c) = 0, titc 12 3¢ e (a, b) dé

fl(c) _ M: 0
b—a
= fl(c) — f(b)_f(a)
b-a

= f(b) - f(a) = (c)(b - a).
Nhan xét: Dinh 1y Rolle 14 truong hdp riéng cia dinh ly Lagrange.
Minh hoa hinh hoc:

{(a) = f(b)

Hinh 2.13

Theo Lagrange, trén cung AB (dudng cong f(x) trén [a, b)) ¢6 it nhat mét diém
ma tai 6 tiép tuyén véi cung AB song song vdi diy AB (hinh 2.13a).

Né&u f(b) = f(a) thi ti€p tuyén dé song song ca v8i Ox (hinh 2.13b). Hinh 2.13b
minh hoa cho dinh 1y Rolle.

4. PINH LY CAUCHY

Cho hai ham s6 fix) va g(x) cung xdc dinh, lién tuc trén [a, b], kha vi trén

(a, b); g'(x)=0 vdi Vx & (a, b). Khi dé tén tai ¢ € (a, b) sao cho:
fb)-fla) _ fc)
gb)-gla) g'(c)

(2.3.2)
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Chung minh.:

Xét ham: H(x) = [f(b) - f(a)]g(x) - [g(b) - g(a)]f(x).

Ta ¢6: H(b) = H(a), H(x) lién tuc trén [a, b] va kha vi trén (a, b).
Theo dinh 1y Rolle 3¢ € (a, b) @€ H'(c) = 0, hay 3¢ € (a, b) dé:

[£(b) - f(a)]g'(c) - [e(b) - g@)]f (©) = 0 (2.3.3)
Do g'(x) # 0 véi Vx € (a, b) nén g'(c) # 0 va c6 g(b) — g(a) # 0. Vi néu g(a) = g(b)
thi theo dinh ly Rolle, tén tai it nhit mét gia tri d e (a, b) dé g'(d) = 0, didu nay
trai véi gia thiét g'(x) # 0 véi Vx € (a, b).
Vay tit (2.3.3) ta cé:
fb)-f(a) _ f'(e)
g®)-gla) g'o)
Ta thay dinh ly Rolle 12 mét trudng hop riéng ciia dinh 1y Lagrange, dinh ly
Lagrange lai la truong hgp riéng cua dinh ly Cauchy.
Theo (2.3.1) ta ¢6 céng thic:

f(b) — f(a) = f (c)(b - a).

Pata=x, b=x,+Ax,b—a=Ax. Vic € (a, b) hay ¢ € (x,, Xy + AX) nén cé thé

viét: ¢ = ¥, + OAx, trong d6 6 1a s6, 0 < 8 < 1. Suy ra céng thic (2.3.1) dude viét

thanh: f(xy + Ax) — f(xg) = f (x + BAX)AX (*)

Céng thiic Lagrange d dang (*) dudc goi 1a coéng thiic s6 gia hitu han va cé
nhidu ting dung. O cong thie (*) v& trai c6 dang tdng, v& phai cé dang tich, né thuan
101 cho viéc giai bai toan xét ddu biéu thite f(b) — f(a) hay udc lugng |f(b)—f(a)|
Ban than (*) 1a céng thic tinh ding véi moi Ax > 0 (di nhién f(x) 1ién tuc trén doan
(%o, Xo + Ax] va kha vi trén khodng (x,, X, + Ax)). Didu nay khac véi cong thic tinh
gin ding bing vi phan 6 Bai 2: {(x, + Ax) ~ f(xp) ~ f (Xp)Ax véi |Ax| dn bé.

Tuy (*) 1a céng thic tinh ding, nhung khéng ding né dé tinh dding f(x, + Ax)
dudc vi khéong biét cu thé 0.

. ; ; N . . 5 1 .
Néu cho 6 mét gia tri nao dé nam gita O va 1, chang han 6 = %, %, 10" thi
(*) trd thanh c¢dng thitc gan dung dude ap dung vdi Ax di bé.
Moét dang khac cua (*) la:
+Ax)-f
f'(xg +06Ax) = f(xq + Ax) - (x) :0<8<1 **)

Ax
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Cong thic s6 gia hitu han Lagrange (*) hay (**) cho biét: Né&u f(x) Ian tuc trén
doan [xq, Xp + Ax] va kha vi trén (x;, x5 + Ax) thi tdn tai it nhat mot diém trong
khodng (xg, X, + Ax) @& dao ham cla f(x) tai dé6 bing téc d6 bién thién trung binh
cua f(;c) trong quing bién d6i cha d8i sd ti xy dén x, + Ax. Ngudi ta goi nhém cac
dinh 1y Lagrange, Cauchy, Rolle 14 cac dinh ly vé gi4 tri trung binh. Néi dung cum
tilt "gia tri trung binh" 8 day la gia tri trung binh ctia dao ham ctia ham f(x). Trong
chuang 3 chiing ta ¢6 khai niém gi tri trung binh cta ham f(x) trén doan [a, b] 1a

1 b
f(g) = Eajf(x)dx .

5. PINH LY TAYLOR (cdng thitc Taylor)
5.1. Pinh 1y

Néu ham fix) xde dinh, lién tuc trén [a, b], c6 dao ham tdi cép (n + 1) trén
(a, b) thi flx) viét duge dudi dang:

F@) = floag) + L0

" (n)
(x—x0)+%(x—x0)2 + ... +f—('xo—)(x—xo)" +

.\ f(n+1)(c)
(n+1)!

(x —xp)" (2.3.4)
trong dé: x, € (a, b); x € [a, bj; ¢ la mét diém ndm giita xp va x.
Cong thic (2.3.4) dudc goi 1a khai trién Taylor bac n ctia ham f(x) tai x,.
Chitng minh:
St dung gia thiét vé f(x) va 14y x4 bat ky thude (a, b) ta tim duge da thic P, (x)
c6 bac khéng 16n hon n thoa man:
Pp(xo) = f(xq); P'a(xg) = f'(x(,);...; Pn(n) (xp) = f(n)(xo)-
That vay, dit da thic can tim P, (x) ¢6 dang:
P,(x) = Ag + Ay(x — xg) + Ay(x = xp)” +... + A(x — x)"
véi Ay, A4,..., A, 12 cic hé s8 cAn tim.
Pao ham céc cip (ti caAp 1 dén clp n) ta duge:
P (%) = Ay + 2A5(X —Xg) + ... + DA (X —x0)" ]
P" (x) = 2A, + 3.2.A5(x — Xp) + ... + n(n — DA (x — xp)" 2

P, x)=nmn-1)..1A,=nlA,.
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Thay x = x, vin cac ding thitc trén ta cé:

Pu(x0) = Ag
P.n(Xo) = 1!A1
P".(xp) = 2!A,

P.™ (x5) = nlA,.

R6 rang da thic cin tim P, (x) 14 da thic cé6 dang nhu di néu véi:

v " (n)
Ag =f(xg); A, = £'(xo). Aq :f_("O_); i A, _ P (xo)
1! 2! n!
Da thic P, (x) cAn tim la:
' " (n)
Pn(x)=f(xo)+f (1}i0)(x—xo)+ f (;0)("—"0)2 + ... +f n('xo)(x—xo)n

Dat R, (x) = f(x) — P,(x), ta sé& tim dude dang cua R, (x).

Vi R, (x) = f(x) — P,(x) nén ¢é:

R.(xo) = 0, R',(%0) = 0, R",(x)) = 0, ..., R,™(x() = 0.

Piat G(x) = (x — xo)" 7 1, ta cé:

G(xg) = 0, G'(xp) = 0, G"(x¢) = 0, ..., G™(xp) = 0.

Véi x bat ky thuée [a, b] va véi x, € (a, b) ta thdy ham R, (x) vad G(x) thod min
céc gid thiét cha dinh 1y Cauchy trén [x,, ] hay [x, X,]. Cu thé la chiing ciing lién
tuc trén [x,, x] hay [x, xg) va ciing kha vi trén (x,, x) hay (x, xp).

G'(t) = 0 vé1 Vt € (%, x) hay (x, xp). Nhu vay, theo dinh ly Cauchy 3§, € (%, %)
hay (x, x,) dé:

R0 -Ry(xg) _RYHE) | RGO _RY%(E)
G(x)-G(xy)  G'(&) Gx)  G'E)

Ham R',(x), G'(x) ciing thoa min gia thiét ctia dinh 1y Cauchy trén [x,, &,] hay
[£1, X,]. Suy ra 3¢, ndm gilia x, va &, dé:

R'y(5) =Ry (x0) _R"(Ey) _ RYy(E) R ()
G'(E)-G'(xo) G"Ey)  G'E)  G'(E)
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Dén lan thit (n + 1), ap dung dinh 1y Cauchy, suy ra 3c nim giita x, va &, dé:

RME,) _Ry"P(0)
G(n)(&;n) G(n+l)(c)

Nhu vay, 3¢ € (x,, x) hay ¢ € (x, x,) dé:

R,(x) _R,""(o)
G(X) G(I\+1)(c)

R,""V(c) A O n+l
O G T ey T
trong d6 ¢ 12 mét s nio dé nim giita x, va x.
Cudi cung: f(x) = P, (x) + R, (%), tdc la:
f "
£00) = £0x0) + 2 x - x0) + o (x-xg) +
f(“)(xo) n £ nel
+ ot (X'—Xo) +m(x—x0)
trong d6: x € [a, b); X, € (a, b); ¢ 14 diém nim gilta x, va x.
£V (o) o1 b
R, (x)= (—1)'—(x ; R, (x) 1a v6 ciing bé bac cao hon (x —xg)" khi x — x,.
R, (x) dude goi 12 phdn du bic n cua f(x).
Cé thé viét:
' n (n)
f(x) =f(xp) + f ():0) (x-xp)+ f (;0) (x —xo)2 + ... +-f—&(x -xo)" + R, (%).
! n!

Dinh ly duge chitng minh.
Luu y va nhan xét:
- Ap dung cong thitc khai trién Taylor bac n clia f(x) tai x, = 0 ta dude:

" (n) (Il+1)
f(0> PO, L0 o 0 aa
2! n! (n+ 1!

f(x)=f(0)+

trong d6 c 12 s6 nam gita 0 va x.

Hay:
" (n) (n+1)
£(x) = £(0) + f(o) )1 @2 O e V0K g ch <1 (2.8.5)
2! n! (n+1)!
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. £+ ox) .
Goi R, (x)= m—x“*l la phan du bac n clia f(x), khi x — 0 thi R, (x) 1a v6
n .

cung bé cap cao hon x", tite 1a: R, (x) = Ox").

Khai trién nay dude goi 1a khai trién Maclaurin bac n caa f(x).

— Dinh ly Taylor l1a su m3 réng cua dinh ly Lagrange. Vi n = 0 thi khai trién
Taylor chinh 12 cong thiic s6 gia hitu han:

f(x) — f(xy) = f'(c)(x — Xy), ¢ 12 diém trong cta (x,, X).

~ N&u dit x = x, + Ax; X, € (a, b); [Ax| dinhé dé (xy + AX) € [a. b] thi khai trién
Taylor bac n cua f(x) tai x4 ¢6 dang:
f'(Xo) f '(x0)

1! 2!

(n)
Ax)Z + ... o (")(A) +
n

f(xp + Ax) = f(xq) +

. £+ D(x, + 0AX)

D (Ax)"*1 0 < 0<1.
n-+ H

Tit day ta cé thé tinh gAn dung gia tri cua f tai 1an cln cha x, khi biét cac dao

ham tdi cip n cua f tai x, nhu saw:

f(n)(xo)

F(xo + AX) = £(xg) + f'(lxlo) £ ("0) (Ax)” + (Ax)"

Khi d6 sai s6 mic phai Ja:

(n+1)
o —{f ((TIJ;!MX)(AX)IM B (nil)t‘Ax\Ml £+ (xy +0A%)
1 n+1
5(n+1)!|Ax‘ M,

trong dé:

f(’”l)(x)‘ <M,.,, Vx  (a, b).

Cang c6 thé néi, tit khai trién Taylor bac n cta f(x) tai x, ta ¢6 thé xap xi ham
f(x) bai da thie P (x) nhu sau:

£ (Xo) "( o)

£(x) ~ f(xg) +

(x-%xg)2 + .. +

(x—x%g) +

Khi nay sai s8 méic pha1 la:

R |__ f(n+1)(c)
[Ro| = (n +1)!

+1
(x ~xp)"

6 day M,, , ; 1a s6 duong sao cho

f(n+1)(x)| <M,,, v6iVx e (a, b).
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Céc x4p xi trén cang chinh xac néu x kha gin x; va n (cAp kha vi caa f(x))
cang 1én,

5.2. M6t s& vi du vé khai trién Taylor

Vi du 1: Khai trién ham f(x) = 3x theo (x — 1) dén 88 hang bac 5, tim phin
du R;.

Gidi:
1
f(x)=x3 = fa) =1
2
1 -2 1
f' =— 3 = f'a ==
(x) 3 ¥ (1) 3
12 -2 2
F0) = — 12 3 £ =2
(x) 3X3X = 1) 3
8
£ (x) = 252 «3 3 = f(3>(1)=1_0_
3°3°3 27
11
f(4)(x)——lxgx§x§x 3 = f(4)(1)=—&
3 3°3°3 81
14
=L 2,2, 8 0 7% o o880
3737373 3 243
17
f(6)(x)— 880:14x 3
3
Vay
1 2 9 3 80 4 880
fR)=1+=(x-1)——2(x-1)2 + o2 -1t ~1)5 +R
W) =1+ g x- D g G D o g D e D g g e D s

17
£© &) 6 12320 & 6 C
aR:.= -1 ="k 3 (x-1)°; R, ¢ na ida 1 va x.
va Ry Y (x-1) 729x6!§ ( )Y x € Enam g va x

Vi du 2: Khai trién Maclaurin ham f(x) = (1 + x)™, m nguyén duong.
Giai:
Dé dang thay ring f(x) xac dinh va lién tyuc véi moi x, kha vi moi c&p.
f(0) = 1; f'(O) = m; f"(O) =m(m - 1); ...
O =mm-1)...(m-k+1), véik<m
£™(0) = m!
"+ D(0) = 0.
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Vay, véi moi x thi:

_ - - '

(1+x)m=1+mx+£(i;l_'.i)x2+ o+ m (m 1)'i('(tm k+D) xk+...+£;xm+Rm(x)
(m+1)

Rm(x):w M+l _ g

(m+1)!
Hay véi moi x, ta cé:

m
1+x)™ =C x® +CLx+CZ x%+..+ Cfnxk+ e + Cx™ = Z Cl,;xk

(tring véi khai trién nhi thitc Newton)

Suy ra:
Q1-x)"= Z Ck (-D*x® véi mol X.
k=0
Vi du 3: Khai trién Maclaurin ham f(x) = e*.
Giai:

Ham e* thod man diéu kién dinh 1y Taylor trén moi doan (a, b]; (e* ) 0" 1

X=
v61 moi n.

Vay, véi mot x thi:

2 3 n 0x
Slix Xy e & x™lgcp<l
2. 3! n! (@+1)!
n eex 1
ha +R ;R (x)=——x"": 0<0<1
y ; n(X); Ry (%) @D

Ap dung tim gia tri clae:

ezl+1+—1—+i+ +iz2,‘71827
2! 3! 8!

eO

Sai s6 méic phai [Rg| = o

< 5 = 0,000008267.

. . L2 . . .
Vi du 4: Khai trién Maclaurin ham f(x) = sinx.
Giai:
- P . s a A P . . e P . 2
f(x) = sinx xac dinh, lién tuc trén R, c6 dao haim moi cip, suy ra cd khai trién

Taylor ctia sinx tai moi x. Néi riéng 1a khai trién Maclaurin:
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f(x) =sinx = f0)=0

f'(x) =sin(x +%j =f{'0)=1
£1(x) =sin[x+2 g] ={"(0)=0
£3 (x) =sin(x+3gJ = 3y =-1
f(4)(x);sin[x+4 %J = £f40)=0
Vay: sinx = x — ;? + ;'5 — :: + o+ (-1 (;ji;)! + (—1);’;;;(0)() X"

Ox*™)
viivxe R;0<0<1.

Ap dung tinh gin diing sin%:

3
m
T T [9]

sin—~—-~-—“—x=0,343.
9 9 3!

Sai s6 méic phai trong tinh gan diing néi trén la:

. 4
sin(@x+2m) L(E] ~ 0,0006.
4! 2419

Vi du 5: Khai trién Maclaurin ham f(x) = cosx.

Giai: Tuong tu nhu vi du 4 ta cé:

[Ry(x)| =

9 4 6 on cos(6x+(2n +1);]

cosx=1-—— 4 > X +(—1)nx +
ot 4l ! @n)!  @n+D)!

O(x2|1+l)

2n+1

vil:x e R:0<0< 1.
Vi du 6: Khai trién Maclaurin ham f(x) = In(1 + x).
Giai: Dy= {x : x> -1}
)" ' (n -1
1+x)"
f(0)=0; £'(0)=1; £"(0) = -1; {P ) =21; ...
£™(0) = (-1)" 1 (n -1)!

Cé £ (x) =
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Vay:

-1 2! -1 -1y
In(1+x)= 0+%x+ ~2—;x2+3’ 3+ (-1) n(tn D! x" + R, (x),
2 3 4 n-1_n

i _ . X ¥ X (-1

hay: Inl+x)=x > + 3 n + ...+ —.n—+R“(x)’
_1\n 0+l
trong d6: R, (x)= — D X véi x >-1,0< 0 < 1.
! (n +1)(1 + 0x)™*?
O(;(I\)
Nhd khai trién nay, d& dang thay lai lim In(+x) 1.
x—0 X
That vay, lim 22X _ iy X000
x =0 X x—0 X

Ap dung tinh gin ding:

In(1,5) = ]n(1+ 1] L1 11 1640104,
5 64

2 8 24
Sai s6 cua phép tinh la:

sl 1,1 | 1 ~0,0063
5 32 (1+0x0,5)° 160
Suy ra:
2 3 4 n n+l
In(l-x)=-x- — - > _* X _ X .
2 3 4 n (n+1)1-06x)"*

viix < 1; 0 < 0 < 1.

6. DINH LY L'HOSPITAL

Céc dinh ly L'Hospital (con goi 14 quy tdc L'Hospital ) sau day rat thuan loi
cho viéc khit dang vé dinh trong viéc xét gidi han cua ham sé.

6.1. Dinh ly L'Hospital 1

Néu trong lén cén ctia diém x, hai ham f(x), g(x) khd vi va g'(x) = 0; khi x - x,

thi flx) >0 va g(x) -0; hm f.(x) =a (a hitu han) thi

o, g(X

e @ L [
x->1xy (%) xox 8 (x)
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Chung minh:
Vi f(x), g(x) kha vi trong 1an can ciia x, nén chiing cling lién tuc trong 1an cin

cla x,.

Vi lim f(x)= lim g(x) =0 nén x, hodc la diém lién tuc cta f(x) va g(x); hoic
XXy X—Xq

%o néu 1a diém gian doan cua f(x), g(x) thi cing 12 diém gian doan bd dudc, nghia 14
tinh lién tuc duge khac phue 3 x,. -

V6i x thude 14n can caa x, thi f(x), g(x) thoa man dinh ly Cauchy trén [x, x,]
hay trén [x,, x], titc 12 tén tai c nim giita x, va x dé:

f0)-fxe) _ ' f® _ f'©
g(x)-gxg) g'le) gx) g'(c)

Khi x > x; thi cling ¢6 ¢ — x5. Vay:
lim 20 _ i £O gy T
XXy g(x) c>Xg 8 (C) X—Xg 8 (X)

Nhan xeét:

- Truong hgp lim £'(x)

x—x, g'(x

= o dinh 1y L'Hospital 1 van ding.

Thiat vay, khi d6¢6 lim _g__(_x) = 0 va trong l4n can cha x, thi f'(x) = 0.
X—=Xq f‘(x)

Ap dung dinh ly vira chiing minh cé:

lim X _ jim £® 5 o i 0y £

X—»X( f(x) B X—>Xq f'(x) X—Xq g(x) X—Xg g'(x) B

— Trudng hop x — © van ap dung dude dinh 1y L'Hospital 1.

That vay, d8i bién x =% hay t = L , ta dugc:
X

f(x)=f[%] = p(t) g(x)=g[%] —qt)

vacé: lim pit)] = lim p(t)
x>0 g(x)  t-0 q(t)

Ta thdy p(t) va q(t) thod min dinh 1y L'Hospital trong lan can ctia diém t = 0.
Do dé:
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lim Yy PO
t-0 a(t) -0 q'(t)

Vay: lim £ RO POy G0
x—x g(X) t—-0 q'(t) t—0 q'(t)y*t', xo® g'(X)

6.2. Dinh ly L'Hospital 2
Néu trong lan can cta diém x, cde ham f{x), g(x) kha vi va g'(x) =0; khi x — x,

\]
thi f{x) - wova g(x) — oo lim JANE) = a (hitu han) thi
x=xy '(x)

lim M= Iim M~a

xoxy (X)) xox, g'(x)

Nhan xét: Dinh 1y nay cang ap dung duge cho truong hop lim f'x) = vaca

x—-x, g'(xX
truong hdp x — .

Nhu vay, dinh ly L'Hospital 1 va 2 cho phép ta thay viéc tim giéi han cua

thudng % c6 dang vd dinh % hay = bing viéc tim gidi han cla thuong cac
g(x o
dao ham f ‘((X)) (méu cac diéu kién caa dinh ly dude thoa man).
g'(x

6.3. Mot s6 vi du 4p dung quy tic L'Hospital

Vidy 1: Tim lim x%Inx, a >0 (dang 0.c0)

x—>0"
Giai: §
1
lim x“Inx= lim Inx _ lim —%— = {—1] lim x® = [—lJ.O =0
x—-0* xo0" x ¢ x50* _ax—u—l a,/ x-ot a
Vay: lim x%Ilnx=0;a>0.
x—0"
Vidu 2: Tim lim x* (dang 0°).
x-0*
Gigi:Goi A = lim x*=InA=Inlim x*= lim (Inx*)= lim xlnx=0
x=0* x—=0" x—-0* x—=0*

= A = 1.

Vay, lim x*=1.
x—0°¢
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1)&
Vidu 3: Tim lim [—] (dangooo).

x>0 A\ X
Giai:
tegx
A= lim [lj
x—07 L X
1\ 1
InA= In Iim [—] = lim [tgx ln-—]
x—0" \ X x=0" X
~ lim (ctgxlnx) = - lim —2X
x—>0" x—0" COth
1
. sin? x
=—lim —% — = lim = 0x1=0
-0t _ 1 x—0* X
sin? x
1) '
x>0 L X
tgﬂx
Vidu 4: Tim lim (2-x) 2 (dang 17)
x -1
Giai:
] tgnx i 1 (1-x) t:gﬂ?F
lim (2-%x) 2 = lim[1+(1-x)]1-x 2
X~ x—1
. 1-x
lm
_ e}(i-rs(l—x)tg"; C e x—1 coth
. -1
S
2 sinz[-,—t—)f] 2 Iim sinQ(m{) 2
- e 2 = en x—1 2 = gn

Vidy 5: Tim lim —22*=% (dang 9.
x=0 X (1-cosx) 0

Gigi: Ap dung khai trién Maclaurin, ta cé:

sinX — % = — %xa + O(x4), ¥ (1 —cosx) =% X3+ O(x4)

: 1 x3 + O(x)
N . sinX — X ) 1
nén lim ——— = lim 1 = 3
x>0 X (1-cosx) x—0 ; RN O(x4)
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Mot cach giai khac (dung quy tic L'Hospital):

2 X

. -28In
i sinx -x i cosx —1 !

= - = Hhm
x-0 X (1 —cosx) x=>0 l1+Xx8Inx—-cosx

. X .
x>0 95in? 5 +xsinx

: -1 -1 1
=lim——— = = —-=
x—-0 X X
cos 2 =
l+x —2 1+ lim —2
sinz(— x>0 5in X
2
Chi y:
Dinh ly L'Hospital 1 va L'Hospital 2 chi 14 diéu kién di ma khong phai 13 diéu
kién can dé ton tai lim @, tic 1a:
g(x)
Néu ton tai lim f‘(x) thi tén tai lim oo _ lim i‘ﬁ Nhung khéng ton tai
g'(x) g(x) g'(x)
lim & f") thi chua két luan gi vé lim 25
g'(x) g(x)
Chang han, tim lim >230X
X 2x
N&u 4p dung dinh 1y L'Hospital ta tim lim IJ’%’—‘ giéi han nay khéng tén
X —a0

tai. Tuy vay, khéng thé cho la gidi han dang tim khéng ton tai. Xét giéi han nay
bang cach khac:

. X+sInx 1 . slnx 1 1
hm ———— = —+ lim = —+0 = —,
X->xC 2x 2 x-» 2x 2 2
Cé thé ap dung lién tiép quy tic L'Hospital, ching han:
. e _3x-1 . 3e3% -3 . 9e%X 9
lim—= = lim - = lim—— = —.
x>0 gin?5x <0 10sinbxcosdx .0 H0cos10x 50

BAI TAP LUONG GIA

Hay chon két qua dung:

1.

a-b a-b
3 a b b *

Cho 0 <b < a, so sanh cac gia tri: In

o |

Két qua:
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A, a—b(a—b<1n3 B. a;?_(lng<a—b
a b b a b b
c. 2 ,Azb_a-b D. K&t qua khac
b a b

Khai trién Maclaurin d6n bac 3 ham s§ a*; . > 0, a # 1.

Két qua:

2 3 4 4 4
X 2 X 3 (a+6x) (Ina) x
A. aX=1+x1na+ET(lna) +—3—'(lna) +( )4(’ )

0<0<L;xe R

B ax:.1+lna +lna2 o Ilna

X X
1 21 3!

0xIna*

x°+ Rg(x)

trong d6: Ry(x) = x}:v6i0<0< I:xe R

o In?a 3Ina x*a® In*a
—_—4 +

6 24

C. a*=l+xlna+x :0<0<1;xe R

D. Két qua khAc.

Cho ham s& f(x) = x® — 2x% + 3x + 5. Bing khai trién Taylor, hiy tim két luan
ding.

Két qua:

A f(x)=x-1)2+10x-1)>+5x-1)+7

B. f(x)=(x-2)"-8x-2°%+7x-2)+11

C. f)=x+1’-5x+1)2+10x+1)—1

D. Két qua khac.

Tim lim "—’Qf&’i
X—»0 b
ex -1
Két qua:
A 2 B. _2
3 3
C. 0 D. Keét qua khac.
x2 sin 1
Tim lim ——% |
x—=»0 sInx
Két qua:
A1 B. 0

C. -1 D. K&t qua khac.



Bai 4
HAM HAI BIEN
PHUONG PHAP BINH PHUONG BE NHAT

MUC TIEU

Hoe xong bai nay sinh vién ¢6 kha néng:

1. Trinh bay duge khdi niém ham hai bién, dao ham riéng, tim duoc cuc tri
ctia ham hai bién,

2. Trinh bay duoc dinh nghia, cong thize, ¥ nghia ctia hé s6 twong quan.
3. Tim duge ham thuc nghiém y = ax + b, y = ax’ + bx +c.

1. HAM HAI BIEN

1.1. Mot s6 khai niém, dinh nghia

Khéng gian R = {tap cac s6 thue x}.

Khéng gian B ={(x.y) 1 x,y € R}. R? la
tap hop cac cap so thue cd thit tir. Néu xem méi
phin tii ca R? 14 toa dé ciia mot diém M(x, y)
thi B*1a tap cac diém trong mit phing da dudce
in dinh mot hé toa dd vuéng goéc Oxy.

Mat cach tudng tu:

Ri'={x,v.2):x,v.2€ R}

g

R"={(x;,Xg,..., %) :Xx, € R,i=1n} 0 Xp X

Lan can & cia Myix,, vy la tap hop tat ca
cac diém M(x, y) trong R“ sao cho 0 < MM < & Hinh 2.14
(hinh 2.14).



Cho G c R2 G # @, mét quy tic f cho tuong ting méi phan ti (x, y) € G véi
mot sd thue z € R 14 méot ham hai bién véi tap xac dinh G.

Ky hieu: (x, y) € G, (x, y) — z={(x, y) hay z=1(x, y); D;=G.

(%, y) la bién déc 1ap, z 14 bién phu thude.

Tap F={z:z=1(x,y), (x, y) € G} 1A tap gia tri caa ham.

Khi gidi thiéu ham z = f(x, y), néu chi c6 biéu thie giai tich ma khong néi gi
hon thi ta hiéu (x, y) 14 bién dac 1ap va tap xac dinh cia ham s6 12 nhiing diém (x,
y) sao cho f(x, y) ¢6 nghia.

Vidu: Him z = x>+ y% x 2 0, y 2 0 ¢6 tap xac dinh 12 géc phan tu thit nhat ké
¢4 b3 trong mat phing Oxy (hinh 2.15).

}'T

%N

Hinh 2.15 Hinh 2.16
Ham z = x* + y2 12 ham cé tap xéc dinh 13 ca mat phing Oxy.
Ham z=41-x%-y% ¢6 D, 1a hinh tron tdm O(0, 0), bén kinh 1 trong mat
phing Oxy (hinh 2.16).

Trong R® d38 thi cia ham z = f(x, y),

D;= G la tap cac diém )

P, y,z=f(x, y)) véi (x,y) € G.
Nhin chung d6 thi ham hai bién z = f(x, y)

12 mit cong trong khong gian RS,

Ham z = x® + y* c6 db thi 1a mat parabol
tron xoay (hinh 2.17). Hinh 2.17

Tuodng ty, ta ¢6 dinh nghia hAm n bién:

ChoGc R", G# &, mdt quy tic f cho tuong \tng méi phan tt (xy, Xg, ..., X)) € G
v6i mot s6 thuc z € R 12 mét ham n bién véi tip xac dinh G. Ky hiéu:

z = f(x;, Xy, .-, X, ), Dy = G.
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Trong R? cap (x, y) 1a toa d6 cia diém M(x, y) nén ham z = f(x, y) dude goi 1a
ham diém z = fM). Ham u = f(x, v, 2z) 12 ham diém u = fM); M e D,c R®,...

Tudng t¢ nhu ham mdt bién y = f(x), ham hai bién z = f(x, y) cing c6 khai niém
vé gi6i han, lién tuc, dao ham, vi phén, tich phan, cuc tri... o) day ta chi trinh bay
sd luge vé dao ham va cuc tri.

1.2. Dao ham riéng ctia ham hai bi€n
1.2.1. Pinh nghia ‘

Cho ham z = f(x, y) xac dinh tai My(x,, yp) va ldn can cua My(x,, yg). C6 dinh
y =y, ta dude ham z = f(x, y,) 12 hAm mdt bién (bi&n x).

Né&u ham nay c6 dao ham theo x tai x, thi ta né1 dao ham Ay 14 dao ham riéng

cha z theo x tai (¥g, yo) va k¥ hiéu la:
, , 0z of ne AT
z'y(x0,¥g) = {'x(X0,¥0) = —(X0,¥0) = —(Xq,¥0) = mot s6 hitu han.
ox ox

Suy ra, néu z = f(x, y) ¢6 dao ham riéng theo x tai moi diém (x, v) € G thi
2’ (%, y) 12 mét ham hai bién (x, y) trén mién dé.

PE tim z' (x, y) ta xem y 1a mdt hing s6, x 1a bién dde lap.

Tuong tu, cho z = f(x, y) thi dao him riéng theo y tai (x,, yo) 12 mét s6 xac dinh,

ky hisu la:

a—z(xo,yo) = i(xo,yo) =mot s6 hitu han

oy oy

vi 7' (x, y) ciing 12 ham hai bién (x, y). Khi tim z', ta xem x 1a hang sb.

Zly(X05yO) = fly(XO>YO) =

1.2.2.Y nghia ciia dao ham riéng

Cho z = f(x, y), 2/, (hay z',) phan 4nh t8¢ d6 bién thién clia ham z = f(x, y) theo
bign x (hay theo bién y) khi bién kia khéng dai.

Vi du:
1 1
a) z = arctg ~ = z2', = == = 23’ -
x2y X“+y
1+
y
' 1 X —X
Zy = 2 [” 2]= 2 2
X y X" +y
1+ 3
y
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. oz oz n
b)z=sinxy =»> — = yco , —|1,=|=0;
) v = 2= yeomy, 217
oz = XCOSXy, %(1,0) =1
oy dy

1.2.3. PDgo ham riéng cdp 2

Cho z = f(x, y); z';, 'y 1a nhitng dao ham riéng, d6 la dao ham riéng cép 1,
ching 1a nhiing ham cua (x, y) va ¢6 thé c6 dao ham riéng. Pao ham riéng cia dao
ham riéng cip 1 14 dao ham riéng c4p 2. Tuy theo thi ti 14y dao ham ridng theo x
hay theo y ta c¢6 4 dang dao ham riéng cip 2 sau day:

oA Pt .

oxlox | ( aX)2 -7 XX (dao ham vubng theo x)
, {af *f £ (dao he sng theo v)
— == = a0 ham vuong theo y
ovloy) (ay)

ooty 2% ., .

g = = ax_ay =f xy (dao ham chii nhat)
oot &% _,.

xl\ay ) oyox | ¥* (dao ham chi@ nhat)

Sau day la dinh ly vé diéu kién dé dao ham riéng cia ham hai bién khéng phu
thudce vao thit tu 14y dao ham riéng theo ting bién.

Dinh ly Svac (Schwartz): Néu trong mét lan cén nao dé cia diem (xp, yg) ham
z = flx, y) ¢6 cdc dao ham chiz nhat f",,(x, y), ", (%, ¥) va néu cdc dao ham Gy

Lién tuc tai (xg, yo) thi ",y (x0,¥0) = F"y(%0, ¥0)-

Vi du: Cho z =2x3y? + y°.

Ta c6:
2
P2 _gxly2, 92 _ 4xBy 45yt 97 _19x2y
ox oy oxQay
2 2 2
0 e =12xy?, 9—22 _axde20y?, OE _1axly
(ox) Oyox
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1.3. Cyc tri ciia ham hai bién

1.3.1. Dinh nghia

Cho ham z = f(x, y) x4c dinh lién tuc tal My(xg, yo) va lan can ctia M. f(x, y)
dat cuc dai tai My(x,, yg) néu f(x,, yo) = f(x, y) v8i moi (x, y) thudc 1an can cia M,,.
Diém M(xq, yo) goi 1a diém cue dai, f(x,, yo) 12 gid tri cue dai tai M,

f(x, y) dat cue tiéu tai My(xg, vo) néu f(x,, yo) < f(x, y) véi moi (x, y) thude lan
can ciia My, Diém M (xo, o) goi 1a diém cuc tiél, f(xq, yo) 12 gid tri cuc tiéu tai M.

Gia tri cye dai, gia tri cuc tiéu dude goi chung 1a cue tri.

Tuong tu dinh 1y Ferma d hAm mét bién ta cé:
1.3.2. Dinh ly

Néu z = f(x, y) dat cue tri tai diém My(X, ¥o), tai d6 tén tai cAc dao ham riéng

(hitu han) f (X, yo),  ¢(Xo, ¥o) thi cic dao ham riéng &y bing 0:

£x(%, y0) = 0; f (%o, o) = 0.

Dé tim My(x,, yo) ma tai d6 ham z = f(x, y) dat cuc tri, ta hudng vao cac diém
ma ta goi 1a diém tdi han bao gdm:

- Cac diém tai dé cac dao ham riéng déu bing 0.

— Cac diém tai d6 khéng ton tai it nhdt mét dao ham riéng.

Sau day 12 mét dinh 1y (hay mét quy tdc) givip ta tim diém cute tri ctia ham hai
bién z = f(x, y).
1.3.3. Dinh ly

Xét ham z = f(x, y) c¢é cAc dao ham riéng lién tuc tdi cdp 2 trong lin can cua
didm M(xo, o). Tai Mo(Xo, vo) €6 T x(Xy, ¥o) =0, £ y(Xq, yo) = 0.

Gol: £ (0. ¥0) = A, £ 4y (X0, ¥9) = B, £ (%0, 39) = C.

Bang sau diy cho ta biét ham f(x, y) ¢6 dat cue tri tai My(x,, ¥o) hay khéng.

B2 _ AC A K&t luan tai My(xq, Vo)
_ Cyc dai

+ Cuc tiéu

+ Khong ¢6 cuc tri

Diém nghi ngd, cAn xét thém
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Vi du 1: Tim cuc tri cda ham z = (x — 1)% + 2y%.

" n L

a . . iy b ~ A .
Ta thdy D, = R? tai moi diém (x, y) € R? déu tdn tai Z' 2y 20 2y 2y

chiing déu 1a nhitng ham lién tuc trén R %

}
y’

z‘x = 2(x - 1), Z'y = 4y, Z”xx =2, Z"xy =0, Z"yy = 4.

Tim diém t6i han:

a. 2% =0 x=1 » 2 )
Xét hé: | | & - = chi ¢é mot diém t81 han M(1, 0).

. . VA y — O y = 0
Nhu vay:

A=2",(1,0=2B=2",(1,0=0,C=2",01,0) = 4.
Cé: BZ- AC=-8va A=2>0, suy ra z chi dat cuc tri tai mot diém My(1, 0) va
th_lc tidu ~ Z(l, O) =0.

C6 thé thily, z = (x - 1)* + 2y° 2 0 v8i V(x, ) € R? = 2z, 42, = 0 dat duge khi
va chi khi

x-1=0 x=1
hay
y=0 y=0
Vi du 2: Tim cuc tri ctia ham z = x3 + y3 - 3xy.
Tap xac dinh 1a R 2 Tai moi diém (x, y) € R* déu cé:

1"

z'y = 3x% -3y, z'y = 3y? - 3x, 2" =0%, z"; vy

=-3, z",, =6y.

y
Ching 1a nhiing ham xac dinh, lién tuc véi moi (x, y).
Diém téi han:

Xét hé: {Z'x =0 = {3)(2 ~3y=0 = {le hodc {x=0
C |z = 3y*-3x=0 y=1 y=0
Suy ra hai diém M,(1, 1) va M4(0, 0) 14 nhiing diém tdi han.
— Xét tai M (1, 1):
A=2"(1,1)=6,B=2"y(1,1)=-3, C=2",(1, 1) =6.

C(): B2 —_ Ac =9-36< 0 va A =6> 0, suy ra z dat Cl}C tléu tal M](l, 1) va
Zm._xc wée = Z2(1,1) = -1,

— Xét tai My(0, 0) c6: B2 —~ AC =(- 3)2 - 0.0 = 9 > 0, suy ra z khéng dat cyc tri
tai My(0, 0).
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2. PHUONG PHAP BINH PHUONG BE NHAT

2.1. Hé s6 tuong quan tuyén tinh ctia hai dai lugng
3 ly thuyét xac sust théng ké di c6 dinh nghia hé s6 tudng quan tuyén tinh
cia hai dai lugng ngdu nhién X va Y, d6 12 mét s6 duge ky hiéu la R, va:
_ MI(X - MX)(Y -
v VDX JDY.
trong d6: MX, MY 1a ky vong toan (trung binh ly thuyét) cia X, Y;
DX, DY 1a phuong sai cua X, Y;
M(X - MX)(Y - MY)] 12 hiép phudng sai cia X va Y.

R MY)];DX>0,DY>O

Dé thay R,, = R,,, vi vy néu khéng sd 1an véi mét diéu gi khac, c6 thé vist gon
lai 1a R.

Ta cong nhan mot s6 két luan sau ddy vé R,;: ~-1<R, <1

— Néu hai dai lugng X, Y ¢6 su phu thude tuyén tinh véi nhau that sy, tic 14
Y =aX+bhay X=a'Y + b, trong d6 a, b hay a', b’ 1a nhiing hing s thi R, =%l

Ngudc lai, néu |ny\ =1thiP(Y=aX+b)=1hay PX=a¥Y +b) =1.

|ny' cang gan 1 thi mic 84 phu thudc tuyén tinh gita X va Y cang manh hay
cang chit, khi d6 néu R, > 0 thi su phu thudc gidia chiing 1a déng bién, néu R,, <0
thi su phu thudc gitta chung 1a nghich bién.

‘ny| cang gan 0 thi mic d6 phu thudc tuyén tinh gita X va Y cang yéu hay
cang long léo.

Ryy =0, ta néi X, Y khéng phu thuée tuyén tinh hay X, Y khéng tuong quan véi
nhau.

C6 thé néi hé s tuong quan tuyén tinh R,, 1 s& do mic d6 phu thude tuyén
tinh gita hai dai lugng X, Y (R, con dugc goi 1a hé 86 twong quan).

- Néu X, Y 1a hai dai lugng déc 1ap véi nhau thi R,y = 0. Nhu vay, hai dai
lugng ddc lap thi khéng tuong quan, diéu nguge lai khong diing.

Tuy hé s6 tuong quan R,;, mang lai mét s0 théng tin vé hai dai lugng X, Y.
Nhung tim duge R, 12 viée rit khé. Mot cach gan diing, nguoi ta ude lugng R,y bdi
hé s6 tuong quan miu thie nghiém r, (néi tit 1a hé s6 tudng quan mau r,,), tirc 1a

xem R,y ~ 1.
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2.2. Hé s tuong quan miu thuc nghiém (hé sé twong quan mau)

Dinh nghia: Xét hé hai dai lugng bién thién phu thudc nhau (X, Y). Goi gia
tri cua X 1a x, gia tri ciia Y 14 y. Ta dung chil (x, y) vita chi tén vira chi gia tri ca
hé X, Y).

Nha quan sat do dac thi nghiém, tir hé (x, y) ta thu dude n cip gia tri tudng

ung (x;, y;);1=1, 2,..., n.

X X1 X9 X3 X,

Xn

(M)

Yy |n Y2 ys3 Yi - Yn

Ngudi ta goi ddy 12 miu thuc nghiém kich thuée n ¢6 duge tit hé hai dai lugng

(%, ¥)-
Hé s6 tudng quan miu cua mau (M) duge ky hiéu la r,, va duge xac dinh
nhu sau:
18 - -
S
Ly = 1=1 (2.4.1)
1 —\2 1 —\2
(3 L S
i=1 1=1
- 1 & - 1 &
trong d6: x== ) X;, y==D.V;.
N nin
Hay 1y, =——>2 — L > (2.4.2)
(5 5= )
i 21 2 2_ 1< 2
trong dé: xyz—zxiyi,x =—in,y :—ZYi-
i=1 ] nia
n n n
ny xyi- | 2% 2w
H _ i=1 1=1 1=1 43
ay Iy - 5 (2.4.3)
n o n n 2 n
nzxi~(2xi] X nZyl—{ZyI]
i=1 a1 i=1 in

CAc céng thite (2.4.1), (2.4.2), (2.4.3) 14 tuong duong.
That vay:
- Gia st r,, viét 3 dang (2.4.1):
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5 )=
L=
~~
”
|
]
S’
—~
=
|
<
S’

I
g
et
~~
>4
B
”
=
4
s
N
N’

1 & -1 1 & = = == == =
=—leyl—x—z - —Z + XY =Xy -2X y+X Yy=Xy-XYy
0 in ] n i
19 = 1< - =2 -1 3 —2 3 -2
—Z(xi—x)2= —Z(x?~2xxi+x)= —Zx?—lein+x = x°-x >0
mia nioy n {2 n (-
(vi hién tugng x; = X, = ... = x,,-xem nhu khong xay ra).

1 & — > -2
Tuong tu: o > (v ~y)P=yi-y
i=

Vay (2.4.1) & (2.4.2).
— Gia su r,y viét 6 dang (2.4.2):

- i=1 i=1 i=1
Xy 2 2
1 n 2 [1 n ] \jl n 9 1 n
__le_ —le Xl Zyl_ Zyl
nig o n 1=1 n i=1
n n N n
n Yy - zJ >
Suy ra: Iy = i=1 1=1 -1

Vay (2.4.2) < (2.4.3).
Tinh chdt:

1) Iyy = Lyx
2) P61 bién:

N A ’ N Al - ~
vi viy c¢6 thé viét gon lailar.

Xi —Xg

Né&u dit: u=—"—— & x; =Xg+Axuy;
Ax
Vi—¥
Vi = 2 70 [l y] = yO + Ay.Vi
Ay

trong d6: %, yp tuy ¥: Ax tuy ¥ khac 0, Ay tuy y khac 0, thi:
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Truong hgp Ax, Ay ciing d4u thi:
uv - ux v
T - = Yy

@

Chitng minh:
Dat: %, =x,+ Ax.u; = X = Xg + AXU;
Yi=Yo+Ay.v; = y=yg+Ayv.

n

1 — _ -
= = (xg + Axu; )(yg + AyV;) = XgYg + XgAyV + yoAxu + AxAyuv
n :
1:
X X =(x + Axu )(yo +Ay;) = XoYo +x0Ay;+yoAxa+AxAyE;
= 7 ;; = AxAy(E;—HG).

Tudng tu cé: x_2 — (;)2 =A3 [;2— - (5)2]; y2 - (;)2 = A? [:/E - (;)2]

Vay:

_ AxAy uv-u xv . uv-ux v - 4

L I R e N e e

Néu Ax.Ay > 0 thi

uv-u x v _
I, = =Ty

e

Nhu vay, nho viéc d61 bi€n da ndu & trén véi cach chon x,, yp, AX, Ay thich hdp

sé dua viéc tim r,, véi x;, y; v€ viée tim ry, v6i u;, v; 12 cdc s6 liéu ¢6 nhiéu s6
nguyén va gia tri tuyét déi nho.

3) | <1 hay ~1<r <1,

Chung minh:
2
1< - =
L
'rxyl_lc» Iy Sle Tz T ) 1
LB S5
n- =1 i=1

Bit déng thitc nay ding theo Bunhiacopxki.
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ryy =+ 1 khi va chi khi:

Ny _ Y2y - YiTY _ - YnTY_ 5 4 hings6khacO.
X) =X  X9g—X X; —X X, — X
Tic 1a: ry=tle i s vi=Tn

xi—x

= Y= ax; +;—a; .
Hay r,, = £1 khi va chi khi hai day s6 lidu x;, y; ¢6 syt phu thuéc tuyén tinh.
Bay gio ta gia st y;, X; ¢6 su phu thude tuyén tinh, chang han:

yi=ax, +b, khidé y; - _a(x —x)
1 n _ _ n _\2
;Z(xi"x)(yi—y) %E(Xi_x)

— 1=1 =
e 13 _\2 18 e _\2 aZ &
; 2 (Xi—X) ;g ;izzl(xi—)() X :l:z; X. —X

"<|

_ ig(xi—Ef =2 -+
‘_iii(xi_;]z 2|

Vay: r,, =1khiva chi khi x;, y; ¢6 su phu thuéc tuyén tinh dang:
y;=ax; +b,a>0.
r,, = —1 khi va chi khi x;, y; ¢é su phu thudc tuyén tinh dang
y; = ax, + b, a<0.
Nhu vay, ¢é thé ding r,, dé do mic d phu thudc tuyén tinh giita hai diy s

liéu x;, v; ctia miu. Tir d6 c6 thé danh gia (hay suy ra) su phu thude tuyén tinh
gita hai dai lugng x va y.

- Néu |rxy| cang gan 1 thi mic d6 phu thudc tuyén tinh giita x;, y; cAng manh,

Khi dé, néu r,, > 0 thi su phu thudc giita x;, y; 1a dong bién (hay x;, y; ¢6 tuong
quan thuan); néu r,, < 0 thi su phu thuée giita x;, y; 12 nghich bién (hay x;, y; ¢6
tuong quan nghich). DPac biét nhu da biét, néu \rxyl =1 thi that su x;, y; ¢6 sy phu

thudc tuyén tinh hay tuong quan tuyén tinh.
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- Néu ‘rxy‘ cang gin 0 thi mitc d8 phu thude tuyén tinh giita x;, y; cang yéu.

Trudng hgp r,, = 0 ta néi x;, y; khong ¢6 sy phu thude tuyén tinh, hay khéng
tuong quan.
Ngudi ta thudng quy uée:
0 < |r| < 0,3: Xem nhu x va y khéng ¢6 su phu thudc tuyén tinh;
0,3 < |r| < 0,6: Xem nhu x va y ¢6 su phu thuéc tuyén tinh;

0,6 < |r| < 1: Xem nhu x v y c6 su phu thuge tuyén tinh chit ché.
2.3. Bai toan tim duéng thingy=ax +b hay phuong trinhy=ax+b

2.8.1. Pgt vén dé

Nhd quan sat thi nghiém hé hai dai lugng (x, y) ta cé6 duge mau thuc nghiém:

X X4 Xo X4 X; Xy

y [ Yo Y3 - Vi o . Yn

hay ¢6 duge n cap s6 liéu (x,, y,), 1= 1,n, tit hé hai dai luong (x, ).

Tinh hé s8 tuong quan méu r. Gia st ¢6 |r| gan 1. Khi d6 ta c6 thé cho la c6 sy
phu thudc tuyén tinh kh4 chit ché giila hai dai lugng x, y. V& dua vao n cip s6 liéu
(x;, v;) da cho ¢6 thé biéu thi gin ding mét trong hai dai lvong bing mét biéu thitc
bac nhit ctia dai lugng kia. Ching han, 3 day sé xdp xi: y=ax + b, trong 26 a, b 1a
hai s6 cAn tim sao cho téng:

(axy +b) -y | +|(ax, +b)-yo|+ ... +|(ax{ +b)—y;|+ ... +|(ax, +b) -y,

n
= zt(axi +b) - yi‘ 12 bé nhat.
i=1

Bai toan dugc minh hoa hinh hoc nhu sau:
Trén mit phing Oxy, vé cac diém M.(x;, v)). Can tim hai s& a, b hay dudng A ¢6
n
phuong trinh y = ax + b dé téng khodng cach Z M;N; 12 nhé nhéat, trong dé
i=1

Ni(xi$ ax; + b), 1= I,; .
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Giai:

Xj

Hinh 2.18

n
Ta c4n tim a, b dé > |ax; +b-y;| dat gia tri nhé nhat, muén vay ta tim a, b

i=1

n
dé Y |ax; +b-y;[° nhé nhat, hay 13 tim a, b 4§ ham

i=1
n

f(a, b) = Z (ax; +b—yj)2
i=1

dat gia tri nho nhat.

Day la bai toan tim diém cye tiéu (a, b) cila ham hai bién

& 2
f(a,b)=Zax +b- yl ,

trong dé: x,, y; 1a cac s6 da biét.

f(a, b) xac dinh va c6 dao ham riéng lién tuc tai moi diém (a, b) € R2

af n
a—a‘zizz‘i 2(axi+b—yi)

& _,
Xét hé: oa N
o
Z_0
2b

Xi;

ob

[ n
Sx?|a+
i=1 i=1

n

2.%;

n
oA > 2(ax; +b-y;).

n
]b =D xy;
=1
n
i=1

(2.4.4)
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n
Héco det(d)=n D x? -

1=1

2
n

[Z xi] >0 (theo Bunhiacopski), dau biang xay ra khi
1=1

va chi khi x; = x, = ... = x,,, nhung diéu nay xem nhu khéng x3y ra trong thuc t&.

Vay det(A) > 0.
Hé phuong trinh (2.4.4) ¢6 nghiém duy nhat:

Diém My(a,, by) 12 diém téi han duy nhit cda ham f(a, b).

Tai moi diém trong R 2 ham f(a, b) con c6 cac dao ham riéng cap 2 lién tuc.

P ~ A A A a P - N L azf
Néi riéng, trong lan can cua My(ag, by), ta cd cac dao ham riéng ;

9a2’ adb’ b2

lién tuc.

ot o S 2. % o °f

— X = 2 X, —_—= 21‘1.
52 5 da db 2:: Vo ob?

D& dang tim dudc:
0%t

A=—My)= 2 Y xf; B= Mp) = 2Y.%; C=—5(Mp)=2n.
oa i=1 a 3}

Tacé: A > Ova

2 2
n n n n
B2—AC=4{in] -4n) x%= -4 nzxiz-[zxi} = —4det(A) <0.
i=1 i=1 1=1

1=1

Vay My(a,, by) 12 diém cue tiéu ctia ham f(a, b). Hai s8 a, b cAn tim chinh la

a =ag b = by trong ¢o6ng thic (2.4.5).

Dai lugng y dude bidu thi gin dung: y ~ agx + by, v6i (ag, by) xac dinh béi (2.4.5).

Phucng phap gial quyét van dé dat ra via trinh bay dude got 1a phuwong phdp

binh phuong bé nhat.
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2.3.3. M6t 56 luu y

Trong cong thic (2.4.5) & biéu thiic tinh a, ta chia ca ti va mau cho n?, dudc:

a = —
@ (x)
trong dé: ;:lix-'§=12yv'ry=lix»y-' x—z_zlix-2 ™)
- n 1’ n 19 n 1719 n: 1°

Tt ddy suy ra a va hé s6 tudng quan mau r cing d4du va gidi thich dude néu
r > 0 thi sy phu thudc giita hai day s6 liéu x;, y; 12 déng bién. Mé réng ra cho sy
phu thudc gita hai dai Iugng x va y 1a déng bién. Trudng hop r < 0 thi ta clng cb
suy luan tuong ty.

Chia c3 hai v& ctia phuong trinh thi hai & hé (2.4.4) cho n ta dude: b=y —ax.

Nhu vay a va b cin tim trong bai toan tim dudng thing y = ax + b d& néu &
trén duge viét 8 dang gon hon la:

a= X 7Y boy-ax (2.4.6)
x*-(x)

trong dé: x, ;, x—2, E dude tinh theo (*).

Cong thuc (2.4.6) gidp ta tim a va b nhanh hon céng thite (2.4.5). Tuy nhién,
néu ti miu thuc nghiém (x;, y;) cho trudc c6 thé ddi bién dudc thi viéc tim a va b
thuan 1¢i hon niza.

Dat: ui:Xi—Xo <> X; =Xg +Axy;; vi=u <Y =Y +AYY;
Ax Ay
trong dé: x,, yo, Ax = 0, Ay # 0 1a tuy chon.
Thi: a=WBXY W ax @.4.7)
u »(u) Ax

pe - - - - . - - —-2 - z, I4
trong d6: x =Xy +AxW; y=yg+Ay.vva u, v, u, uv dugc tinh theo céc u;, v

da biét.
Ban doc tu ching minh (2.4.7).
Dua vao mau thyc nghiém (x;, y), 1= Ln, cb tit hé hai dai lugng (x, y) bao gic
n
ta ciing tim duge a va b dé }:(ax-L +b—y-1)2 bé nhit. Nhung chi nén dang xip xi
i=1

y = ax +b khi bigt [R, |~ 1 hote [r, |~ 1.

=
Xy

8- TOANCAOCAP 1 13



V61 a va b vira tim dude tir bai toAn dat ra, dai lugng y dude tinh gan dung
theo ham bac nhat cua dai .Jdgng x béi phuong trinh y = ax + b. Tuy nhién,
chi duge ap dung phuong trivh nay véi nhiing x thuéc khoang réng hon khoang
(min X, max x;) chut it ca vé hai phia.

Vi du 1: Theo dai sy phu thuéc giita chiéu cao X (cm) va cin niang Y (kg) cua
20 hoc sinh nit 9 tubi ¢6 két qua sau:

x,(cm) | 115 | 112 108 [ 1171151112 117|130 114 | 115 | 126 | 113
vikg) | 16 | 19 | 14 [ 21 | 17 ] 17| 2 | 25| 19| 19 | 238 | 20

m, 1 1 2 1 1 2 2 1 3 3 1 2

— 12
Cé m; cap (x;, y»), 1=1,12, n= zmi =920.

i=1

a) Tim hé s6 tuong quan mau Tyye
20

b) Tim phudng trinh y = ax + b sao cho Z(axi +b-y; )2 nhd nhat.
i=1

Giai: Ta c¢6 bang:

1 X, Y: m, m; X; m; ¥; m; x;° m; y;° m; X; ¥,
1 115 16 1 115 16 132256 256 1840
2 112 19 1 112 19 12544 361 2128
3 103 14 2 206 28 21218 392 2884
4 117 21 1 117 21 13689 441 2457
5 115 17 1 115 17 13225 289 1955
6 112 17 2 224 34 25088 578 3808
7 117 20 2 234 40 27378 800 4680
8 130 25 1 130 25 16900 625 3250
9 114 19 3 342 57 38988 1083 6498
10 115 19 3 345 57 396756 1083 6555
11 126 23 1 126 23 15876 529 2898
12 113 20 2 226 40 25538 800 4520
12
Z 20 2292 377 263344 7237 43473
=1
1 12 1 1
— =—Z 114,6 18,85 13167,2 361,85 2173,65
nim 20{3
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2173,65—-114,6x18,85

a)Taco: r=
J13167,2-(114,6)% x /361,85-(18,85)°

= 0,901635 ~ 0,902.

b) Vi ¢6 |r| kha gén 1 nén c6 thé xap xi y = ax + b thod min diéu kién dau bai,
vdl
= 2173,65-114,6x18,85
13167,2 - (114,6)°

= 0,394829612 = 0,395;

b= y—ax =-26,39747356 ~-26,3975.
Dudng thing hay phuong trinh cin tim 13: y = 0,3950x — 26,3975.

Vi du 2: Quan sat lugng sita duge vit ra 3 mbi 14n ctia 8 ba me mét cach ngiu
nhién ta c6 bang s6 liéu sau:

Tudr x 21 24 27 30 33 36 39 42
Lugng sitay (ml) | 105 | 110 105 90 95 90 85 80

a) Tinh hé s8 tudng quan r gifla x va y.

8
b) Tim phuong trinh y = ax + b thoa man Y’ (ax; +b-y;)° nhé nhat.
1=1

Giai:
. —30 ;. —90
bat: u, = X13 & x; = 30 + 3y;; vi:y‘ & y; =90+ bv;.
Ta c6é bang:
i X, v; u v; u’ v? u;v;
1 21 105 -3 3 9 9 -9
2 24 110 -2 4 4 16 -8
3 27 105 -1 3 1 9 -3
4 30 a0 0 0 0 0 0
5 33 95 1 1 1 1 1
6 36 90 2 0 4 0 0
7 39 85 3 -1 9 1 -3
8 42 80 4 -2 16 4 -8
> 4 8 44 40 -30
1 =1Z 0,5 1 5,5 5 -3,75
n B
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-3,75-0,5 .

B = \/55 (0,5)% . \/B 12

b) Vi |r| ~ 1 nén c6 thé tim phudng trinh y = ax + b thoa mén diéu kizn diu bai.

= -0,927.

Cé: x=30+3u=30+3.05=31,5 y=9C+5v=90+51=095.
Vay: a= '3’75"0’52; L E:—1,35; b=95+31,5.1,35=137,53.
5,5~ (0,5) 3

Phuong trinh can tim 1a : y = -1,35x + 137,53.

2.4. Bai toan tim phuong trinh (hay dudng cong) y = ax? + bx + ¢

Bai toan:

Nhd quan sat hé hai dai lugng (x, y) ta c¢6 n cap s6 liéu (x;, y,), tic 12 c6 mau
thuc nghiém:

X X, Xy X3 X; X,

y Y1 Yo Ys . Yi Yn

Tim a, b, ¢ hay tim phudng trinh y = ax? + bx + ¢ sao cho

n
f(a, b, ¢) = Y (ax? +bx; +c-y;)* bé nhat,
i=1

n
Gidi: Xét ham f(a, b, ¢) = 3 (ax? +bx; +¢—y;)*, ham nay c6 cac dao ham riéng
1=1
f'_, £, £, tai moi diém (a, b, ¢) va:

n n
= Z 2(axi2 +bx; +c—yi)xi2; £, = Z 2(axi2 +bx; +c-y;)x;;
i=1 i=1

n
= Z .‘Z(ax;2 +bx; +c~y;).
1=1
Xét hé:

($:x: [23]b+[22] - Sy,

i=1 ) i=1 i=1 i=1
fla =0 n n n
f'. =0 & 413 a+[2x?]b+[2xi]c=2xiyi
f' =0 ] 1=1 1=1 =1
c

M-

e

i b}

ov]

+
o

M=

¢
N—

on

+

=

o

|

M-

=

116



Né&u hé ¢6 nghiém duy nhat (a,, by, ¢) thi nghiém nay 1a toa d6 clia diém té
han duy nhat cia ham f. Dya vao mét sd diéu kién khac niia, ngudi ta ching minh

duge (ay, by, ¢o) 12 diém cuc tiéu ctia ham f(a, b, ¢).

Do d6 (ag, by, ¢g) chinh 1a gi4 tri cAn tim cla (a, b, ¢).

Vidu 1: Cho hai day s6 liéu:

X 1 2

3

4 (%)

y -2 0

4

10 (v

4
Lap ham béc hai y = ax”’+ bx + ¢ thoa man Z(axi2 +bx, +c- Yi)2 bé nhat.

Gidi: (a, b, c) can tim 14 nghiém ctia hé:

i=1

(4 4 4 4
ZX? a+ ina]b+ inz]c = Zx?yi
i=1 i=1 i=1 i=1
4 s, 4 4
AX x| a+] > x| b+ Dox; e = > xyy; *)
i=1 i=1 i=1 i=1
" 4 4 4
ZX% a+ Z}(i b+ 4¢ = Zyi
L i=1 i=1 i=1
Lap bang:
1 X, Y: X X;* Xy, x1-2y-‘
1 1 -2 1 1 1 - -2
2 2 0 4 8 16 0 0
3 3 4 9 27 81 12 36
4 10 16 64 256 40 160
by 10 12 30 100 354 50 194
354 100 30 194 3,64 1 0.3 1,94
Hé(*)e6: A=[100 30 10 50 |—>| 1 03 01 05
30 10 4 12 0,3 0,1 0,04 0,12
1 0,3 01 0,5 1 0,3 0,1 0,5
(354 1 0,3 1,94)—»|0 -0,062 -0,064 0,17 | >
0,3 0,1 0,04 0,12 0O 0,01 0,01 -0,03

17



1 0,3 01 05 1 03 01 05 1 03 01 05
>0 -62 -54 17 |—»|0 1 1 -3[—»|0 1 1 -3
0 1 1 -3 0 62 -54 17 {0 0 8 -16

a=1
(*) c6 nghiém: b =-1
c=-2

Két qua phuong trinh cin tim la:y = x2 - x - 2.

Vi du 2: Cho 5 ciip s6 lidu (x;, y;) ¢6 dude tit hé hai dai ludng (x, y):

X, 0,56 0,84 1,14 2,44 3,16

Vi -0,8 - 0,97 - 0,98 1,07 3,66

5
Lap phuong trinh: y = ax? + bx + ¢ thoa man diéu kién: Z (axi2 +bx; +c—-y; )2
i=1

bé nhat.

5
Gidi: Tim (2, b, ¢) d& f(a, b, ) = Y (ax? +bx; +c—y;)* bé nhat. Suy ra (a, b, c)
1=1

12 nghiém cua hé:

5 5
ZX? a+t ZX?

i
L
N—
o
-+
oD
gl
ol
Ko
~
¢
li
L
ol
=N
B

1=1
5., 5., 5 5
< le a+ le b+ le c = ley1 *)
1=1 1=1 1=1 1=1
5 5 5
dx¥lat| D x| b+ 5c = Yy
[\i=1 i=1 =1
Tinh:
5 5 5 5
> x; =8,14; > x? =18,26; Y xP=4833 > x!=137,44
1=1 1=1 1=1 1=1
5 D 5
>y =1,98; > xy; =11,797 xZy; = 40,71.
i=1 i=1 i=1

Thay vao (*) va giai hé phuong trinh:
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[137,44;3 +48,33b+18,26¢ = 40,71 a~0,98687

48,332 +18,26b + 8,14c =11,797 = b~ -1,95383
18,26a+ 8,14b+ 5¢c = 1,98 c = -0,02721

C6 thé 1ay: y = x% — 2x.

BAI TAP LUONG GIA

Hay chon két qua dung:

1.

Cho ham s6 u = y.f(x? — y?), £ 12 ham kha vi. Tim + o, + 2 .
X y
Két qua:
' ‘ u ‘ 2u

A —ut+—u, =— B. —u+-u,=—

X y y X y vy
c. Ly +ly -2 D. K&t qua khac.

X y y

Cho x =f(xy)+ g[fj ,voif, g tuy ¥ c6 dao ham cap 2.
y
S 2" 2. " N !
Tim: E=x%2,, -y 2y +x 2, -y 2.
K&t qua:

A E=2%g
y

B. E=x2yf"+£g“—xy2f"-xg“+2—xg'
y y

C. E=0

D. K&t qua khac.

Tim cuec tri clia ham s8: z = x> + y° — 3xy.

K&t qua:

A 240008 = Z(0,0) = 0, Zy0 458, = Z2(1, 1) = -1

B, Zeyeude = Z(1, 1) = -1

C. Zeweani =Z(0,00=0

D. Két qua khac.

1

y
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C6 5 ciip s6 lidu quan sat duge (x; y;), i =1, 5 tit hé hai dai lugng (x, y):

(1; 1,25), (1,5; 1,4), (3; 1,5), (4,5; 1,75), (5; 2,25).
Tim hé s6 tuong quan r?

Két qua:
A r=0716 B. r=0912
C. r=0,804 D. K&t qua khac

C6 5 cip s liéu quan sat dmjc X, y), 1= 1,5 tu hé hai dai lugng (x, y):

(1; 1,25), (1,5; 1,4), (3; 1,5), (4,5; 1,75), (5; 2,25).

5
Tim phuong trinh y = ax + b thod mén diéu kién » (ax; +b- y;)? bé nhit.
1=1
K&t qua:
A. y=0,202x + 1,024 B. y=0451x+ 1,882
C. y=0,602x + 4,065 D. K&t qua khac



Chuong III
TICH PHAN

Bai 1
TICH PHAN BAT DINH

MUC TIEU
Hoc xong bai nay sinh vién ¢6 kha ning:

1. Trinh bay duge dinh nghia tich phan bdt dinh, cdc tinh chdt cua tich
phén bdt dinh. '

2. Ap dung dudc edc phuong phdp tinh tich phdn bdt dinh: phuong phdp doi
bién va phuong phdp tich phan titng phdan dé tinh duoc tich phén.

3. Tinh dudec tich phén ciia phén thitc hitu ty, ham luong gide va ham vé ty.

1. NGUYEN HAM VA TiCH PHAN BAT DINH

Trong chuong trude ching ta da biét rang, néu mot ham sé fix) kha vi trong
khodng (a. b) thi ¢6 dao ham trong (a, b) va ¢6 thé tinh dude dao ham f'(x) cta né.
Bay gid ta xét bai toan ngude lal. néu cho truéec mét ham so f(x) xae dinh trong
khoang (a, b), hoi ¢6 tén tai hay khong mdt ham s6 F(x) kha vi trong khoang (a, b)
va c6 dao ham F'(x) = f(x)?

1.1, Dinh nghia nguyén ham

Ham sé F(x) duge goi la nguyén ham ctia ham s6 f(x) trén khoang (a, b) néu véi

¥x € (a, b) ta ¢6: F'(x) = f(x) hay dF(x) = f(x)dx.
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1.2.

Né&u thay cho khoang (a, b) 12 doan [a, b] thi ta phai c6 thém:
F'(a + 0) = f(a) va F'(b - 0) = f(b).
Vidu:

4 1 ” .
DF®=—-x>-Zx21x+5 1a nguyén him cua f(x) = 4x> —x + 1 trén R.

Qo
8]

4 1 5
2) G(x) = §x3 —Exz +x la nguyén ham cla g(x) =4x°> - x + 1 trén R.

1 . .
3) Hx) = _ECOS 2x la nguyén ham cua h(x) = sin2x trén R.

4) R(x) = tgx la nguyén ham cua r(x) = 5

trén R\{E +kn k e z}.
cos“x 2

Dinh ly

Néu F(x) la mét nguyén ham ctiia ham sé6 flx) trén khoang (a, b). Khi dé véi moi

hang s6'C, F(x) + C ciing la mét nguyén ham ctia f(x) trén khodng dé.

Nguoc lai, moi nguyén ham cia ham s6 f(x) trén khodng (a, b) déu cé thé viét

dudi dang F(x) + C, véi C la mot hiing sé.

Né6i khac di: Néu F(x) 12 mét nguyén ham ctia ham f(x) trén khoang (a, b) thi
{F(x) + C, C € R} l1a ho cidc nguyén ham hay 12 tit ca cac nguyén ham cua f(x)

(Ban doc tu chitng minh hodc tham khao chiing minh dinh 1y).

1.3.

Dinh nghia tich phan bat dinh

Tich phan bdt dinh 2ua ham f(x) xac dinh trén khodng (a, b) 14 ho tat ca cac

nguyén ham ctia né trén (a, b) va dudc ky hiéu la jf(x)dx.

_[f(x)dx =Fx) +C,

trong d6: F(x) 12 mét nguyén ham cua f(x) hay F'(x) = f(x);
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C 1a mét hing sé tuy y.
Ky hiéu: [ :d4u tich phan;
X : bién 14y tich phén;
f(x) :ham s& duéi dau tich phan;
f(x)dx : biéu thie dudi dau tich phén.



Trd lai cac vi du trén ta co:

I(4x2 - x+ 1Ddx= §x3—%x2+x+c;

_[sin2xdx = —%COSQX“F C;

J‘d;( =tgx+C.
cos” X

1.4. Tinh chit ctia tich phan bit dinh

1) [jf(x)dx)' = f(x)

2) d( [f(x)dx) = f(x)dx

3) [df(x)=f(x)+C

4) [af(x)dx = a [f(x)dx (a #0)

5) [(fx) + g(x))dx = jf(x)dx + [g(x)dx

6) j f(t)dt = F(t) +C = jf(u(x))u '(x)dx = Flu(x)) + C

Mot van @€ dat ra 1a nhiing ham nao ¢6 nguyén ham?

1.5. Dinh 1y vé sy ton tai cla nguyén ham

Moi ham s6 f(x) lién tuc trén [a, b] déu c6 nguyén ham hay tich phan bdt dinh

trén doan do.

Tir dao ham cac ham s8 so cAp ¢d ban ta suy ra cac tich phén, goi l1a tich phan

7) Icosxdx =sinx+C

co ban.
Bang tich phéan co ban
1) Jde=C 8) J'sinxdx =—-cosx+C
2) [dx=x+C 0 | d); - tex+C
o} 1 o+l COS™ X
3) _[x dx = X7 +C (a#-1) dx
a+l 10)_|'_ 5—=—cotgx+C
2 [ Zmpx+C sin”x
. 11)_[ dx =arctgx+C
5) [e*dx =e* +C T2 oresx
X dx }
6) [a%dx="—+C (0<a=1) 12”—2:"‘“31‘1“0
Ina 1-x
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Vidu 1: j(zxs ~3x2 +x +3)dx = 2jx5dx - 3jx2dx +jxdx +3 jdx

2
=}-x6 —x3 +X—+3x+C.
3 2

Vidu 2: (| cosx - ]dx= cosxdx — dx
J[ sin? x J' jsian
=sinx +cotgx+C.
1 1
Vi du 3: “ " dx + 2dx=—-———+C

Muén tinh tich phan bat dinh cia mét ham sé f(x), ta so sanh tich phin cin
tinh véi cac tich phan ¢o ban d€ thuc hién cac phép bién d8i thich hop, sau dé dua
tich phan cAn tinh d6 vé dang tich phan cd ban rdi 4p dung céng thitc.

2. CAC PHUONG PHAP TINH TiCH PHAN

2.1,

thay ngay dudgc tich phan cin tinh d6 gin véi dang tich phan c¢d ban nio, nhung
néu thue hién mdt s phép déi bién thich hdp ta c6 thé dua né vé dang tich phan

Phuong phap déi bién sé

Trong nhiéu truong hgp, khi tinh _[f(x)dx néu dé bién tich phan la x thi khong

co ban.

2.1.

1. Pé6i bién sé'dang 1: x =¢ (1)

Trong mét 6 trudng hdp, thuc hién phép déi bign x = ¢(t), ta dugce:

JEdx = [fe(t) ¢'(t)dt = [e(tdt

& day biéu thic Jg(t)dt ¢6 dang cla céc tich phan co ban.
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Vidu: Tinh 1= _[\/aQ —x2dx.

Gidi: Vi muén khi cin bac hai ta thuc hién phép d6i bién x = asint.

o . mn T
Ta thay: -a <x<anén - —<t<—;
2 2

. X

a2 - x2 =acost; dx = acostdt;t = arcsin—.

a

I=2a2 Jcosz tdt = a2 _[Mdt = a2 [-;-t +-}Isin2t] +C.



2
, . 1 . f
Ta cé: —z—stt:Easmt acost=%x aZ-x2.

2
Vay J a? - x2dx = %X\/a2 ~x? +%arcsin£ +C.
a
2.12. Déi bién sé dang 2: t =¥ (x)

Ta cé thé thuc hién phép ddi bién t = W(x) thi dt = ¥’ (x)dx va khi d6 tich phan
can tinh trd thanh:

jf(x)dx = [e(P(0) ¥'(0dx = [g(tydt
3 day biéu thite J-g(t)dt c6 dang cia cAc tich phan co ban 43 biét.
Vidu I: Tinh T= [(2x +3)'®dx.
Giai: Dat t = 2x + 3; dt = 2dx.

101 101
I:l‘ﬁ:modtz—t +C=M+C.
2 202

Vidu 2: Tinh 1= [(x® —5) xdx .

Gidi: Diat t =x? - 5; dt = 2xdx.

4 2 4
I=1J‘t3dt=t—+0=u+0.
2 8 8
Vidy 3: TinhI = | d’; .
xln“x
Giai: Dat t=Inx; dt= %
X
I= ﬁ:—l+C=——1—+C
2 Inx
} 1
Vidu 4: Tinh I = j ~dx.
a‘+x

-1 arctg£+C.

2 g a
1+(§]
a

125



Tuong tu ta cling chiing minh dudgc tich phén:

dx . X dx
1= |————=arcsin=+C ti =arcsinx+C.
J.\laz—xz a I 1-x2
Vi dy 5: Tinh 1= [——""—dx.
cos“x+4

Giai: Dat t = cosx; dt = — sinxdx.

I=—J ! dt:—larctg—tiﬁtc =—l arctg COSXj+C.

t? + 4 2 2 2 2

2.2. Phuong phap tich phan titng phan
Gid sd u = f(x) vd v = g(x) 1& hai ham s6 kha vi v c6 dao ham u' =f'(x);
v' = g'(x) 1a hai ham s8 lién tuc. Khi d6, theo quy tic 14y vi phan cna tich ta cé:

d(uv) = vdu + udv hay udv = d(uv) — vdu. Vi nguyén ham caa d(uv) 12 uv nén ta
suy ra:

judv =uv — Jvdu.

Quy téc 14y tich phan tiing phan niy chuyén viéc 18y tich phéan cia biéu thiic
udv =uv’dx vé tich phan ciia vdu = vu'dx ma & dé tich phéan ctia vdu dé tim hon.

Nhiing dang tich phén sau ddy thudng diing quy téc 14y tich phan ting phan:

_[xk In™ xdx, ka sin bxdx, J-xk cos bxdx, jxke“dx,

Vidu 1: Tinh 1= sz Inxdx.

du=§—)E
. u:lnx X
Giai: Dat 9 = 3
dv = x*dx X
v=—
3
Do 44:

3 3
I= Ilenx dx=x—lnx—j-x—ldx
3 3 x

3 3 3
=£—lnx—l Ixzdx = —x—lnx—x—+C.
3 3 3 9
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Vidu 2: Tinh 1 = jx sin 2xdx.

uex du =dx
Giai: Dat i = 1
dv = sin2x dx v=~50052x

Do d6:
] 1 1 1 1 .
1= Ixstxdx =-— —XCOS2X +— Jcoszxdx =— —x cos2x + —sin2x+C.
-2 2 2 4
Vidy 3: Tinh 1= [x%e*dx.
Gidi: Tt nhién & &4y, ¢ thé dst

{u —x2 {du = 2xdx
=

X
dv = e*dx v=e

1= jx2 e¥dx = x2 e¥ —2.{){ex dx.

X

L. JuU=X du=dx
Dat tiép: =
v=e

dv = e*dx
Ta cé:
I, = Jxex dx = xe* - Iex dx=e"(x-1)+C.
Vay I=e*x%-2x+2)+C.
3 vi du nay ta c6 thé viét:
1= '[xz e¥dx = eX(ax? +bx +¢)+ C.
Suy ra:

x2eX

Il

[e"(ax2 +bx+c)+C] =e*(ax? + bx +¢) + eX(2ax + b)
=e* [ax2 +(Ra+b)x+(b+ c)]

Ditng cach can bang hé s6, suy ra:
a=1;b=-2;¢c¢=2

Vay 1I= jx2 eXdx = e*(x% - 2x+2)+ C.
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3. TICH PHAN CAC PHAN THUC HUU TY

3.1. Tich phan phan thitc don gian
D ] A ux
X—a

2)[

3) j Mx + N

( dx , k2 2, nguyén,;
x —a)¥ .

x? +px+q

4) j—Mx—ﬁ— dx, k > 2, nguyén

(x2 + pX + q)k
trong d6: A, M, N, a, p, q 14 cac s8 thuc, p° - 4q < 0.

N6i cach khéc 1a tam thite x> + px + q khéng ¢6 nghiém thuc va ludn dudng véi

mol X.

Xét tting dang tich phan trén ta cé:

. _[ A dx=A1n‘x—a‘+C (3.1.1)

S

dx—A_[(x a)¥dx = k(x—a)l_k+C,k22,nguyén (3.1.2)

(x-a)¥
M M
Mx + N -2—(2x+p)+N—-2—p
) 2——dx:j 3 dx
X +px+q X +px+q

d{x+P
B d(x> +px+q) M ( 2]
- I [N zp].[

27 P2ipx+q oD 2+ q—P-Q-
2 4

N-Mp 1 2X+p

arctg ———
2 J4q-p? J4q-p’
2

-—-%ln(x2 +px+q)+ 2N - Mp rctg 2X+Dp

—_a — e
4q - p? y4q-p?

——-ln(x2+px+q)+2 +C

+C (3.1.3)
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J‘ Mx +N

(x2 + PX + q)k

:MJ (2X+_p)_d +(N_ijj dx
(x> +px+q) 2

dx =

M (x2 + px + q)¥*1 M
_M px+q) [N__pjj
2 k+1 2

Dit:t=x +% va a’ = q —% tich phéan (*) cé dang:

P}

dt
Ik:j(t2+a2)k
2 t2dt
a“ + -
'{(t +a)k 2“.(t +a )k1 2I(t +a)k
_—1 J t2tdt 1, J-td(t2+a)
akl 2(t+a)k 2 o 2(t+a
1

1 2 | .2\1-k
=—% .+ ————|td(t* +a")y .
a® k-t 2a2(k—1)j

Ap dung céng thic tich phan tiing phan véi:
u=t=du=dt; dv= d[(tQ +a2 )1"‘] = v=(t2+a?)k

- _ _ t
Itd(tz + 32)1 k = t(t2 + az)l k - J(tz + 32 )1 kdt = W _Ik—l

=1 —LI + L t -1
ko2 et 2a%(k - 1)| (t? +a%)k! k-1

1 t

) 2a2<k-1)[<t2 g ‘3)11(_1]
t 1 2k-3

) T2 : (3.1.4)
2a%(k - 1)(t* +a%)* ! a® 2k-2

. dt
trong a6 Ik—l = Im .

hoac
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Céng thie tinh T, (3.1.4) dudc goi 1a céng thize truy hoi. S6 di goi la cong thiic
truy héi vi 4p dung céng thic nay tinh I, ta lai dua vé tinh I,_, (thdp hdn 1 bac),
tinh I,_; qua I)_,, ... Do dé =au (k - 1) 14n lién t€p dung céng thic (3.1.4) sé di téi
tich phan quen thuéc I, sau:

dt 1 t
I, = ‘[tz i =-a—arctgg+C. (3.1.5)

Pé trd vé bién x, trong két qua ta thay t =x+ by

Nhu vay, ta da tinh dude tich phan ctia cac phan thiic don gian.
1
5—x

dx.

Vidy I: Tinh 1= |

Gidi: Ta cé:

j 1 dx=—ln|5—x|+C.

5-x

%2

Vidy 2: Tinh I= | dx.

l—l-x2

Giai: Ta cé:

I:Jﬁdx=_|‘[l— ! )dx:Idx—J- dx

1+x2 1+x2 1+x°2
=x —arctgx +C.
Vidu 3: Tinh 1= [ 1 gy
X°+x+2
Giai: Ta cé:
I:l 6x +2 dx=§ 2x +1 dx—lj 5 dx
2% +x+2 2 'x“+x+2 2 % +x+2
3 1 d[x+%]
=—1n(x2+x+2)——_[ 3
2 2 [ 1}2 J7
X+=| +| —
2 2
x+1
3 2 1 2 §
=—1In (x* +x+2)~ =~ —= arctg —==+C
2 2 J7 J7
2
3 9 1 2x +1
=—In (x° +x+2)- — arctg +C.
2 J7 J7
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dt
(t® +a?)?
Gidi: Ap dung céng thic (3.1.4) ta dudc:

1 ¢
I, = 2x2-3)1
> 2a2(2—1)[(t2+a2)2'1+( " )1]

1 t 1 t
=—5| 35— + -arctg— +C
2a° [t +a° a a

= t + 1 arctg£+C
232(t2+32) 223 a ‘
Vidy5:Tinh 1= [ 2X*8 gy
(x“ +2x+10)

Vidu 4: Tinh I, = |

Giai: Ta cé:

1:](X2 2x+2 dx+ 4] ! dx

+2x +10)3 (x% + 2x +10)?
2 -2
=‘[(x2+2X+10)—3d(X2+2X+10)+4 J' d(X+1) 3=(X +2X+10) +4I*
[(x+1)2 +9]
Pat:x+1=t¢
dt
I*= | ——— =1
J‘('(:2+32)3 3

Theo cong thic (3.1.4) ta cé:
_ £ L1 2%k-3
2a2(k —1)(t2 + a2k 1 a2 2k -2 °
6déya:3,k=3tac6:
Iy = t +ixﬂx
. 2x3%x2(t?+3%)? 37 6-2
t 1 t

PN Barctg—t-+C=—2—+—1—arctg£+C
2x3%(t* +3%) 2x3 3 18(t* +9) b4 3

Vay: I v 1[——i— —Larctgz]+C

Iy

I,

mé12=

= +— +
36(t2+9)2 12|18t +9) 54 3

t t t
= 5 -+ 5 + arctg —+C
36(t° +9)* 216(t° +9) 648 3

x+1 x+1 1 x+1
= ; 5+ > + arctg +C.
36(x” +2x +10)° 216(x° +2x+10) 648 3
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Tém lai:

-1 . x+1 x+1 +1

1= 5 5 5 5+ > + au-ctgX +C
2(x” +2x+10)* 9(x“+2x+10)* 54(x* +2x+10) 162 3
2x -7 x+1 1 Xx+1
= 5 =+ 3 ro—--arctg +C.
18(x“ +2x+10)° B4(x” +2x+10) 162 3

3.2. Tich phan cac phan thue hiu ty
3.2.1. Phan thice thuc su va phéan thie don gian
Xét phan thic hiu ty:

P(x) bg+bx+..+b _x™ ! +b x™

n-1

R(x) = véia;,b;eRvaa,,b, #0.

Q(x) ag +aX+...+a, 1X

P(x)

(x)

+a, x"

-~ Néu m < n thi

dude goi 1a phan thuc thuc su.

P(x)

—N&um >n thi ) goi 12 phén thic khong thuc su.
X

P(x)
Q(x)
ta cing c¢6 thé biéu dién néd dusi dang tdng ciia mot da thic va modt phan thite
thuc sy.

Néu ]a phan thie khéng thuc su thi bing cach chia tii cho mau bao gig

Viéc 14y tich phan phan thice hitu ty sé dudc quy vé viéc 1dy tich phin bén
dang phan thitc don gidn di xét ¢ trén nho dinh 1y sau.

3.2.2. Dinh ly
Moi da thic bac n, véi hé s thuc Q(x) = ag+ a;x +... + a,x", a, # 0 déu c6 thé
phén tich thanh tich cic thita s6 la nhi thite bac nhat va tam thitec bac hai khong
¢6 nghiém thue, trong dé cé thé ¢ nhitng thua 8 trang nhau:
Qx)=a (x-a)*(x-bP..(x®> +px+ Q*...(x% +Ix +8)°
a,b,...,p,ql, s el
vt p"2 ~4q<0,..,12-45<0
a+PB+..+2(L+...+v)=n

Khi d6 phan thic thuc sy tudng tng P(x) ¢6 thé phan tich thanh téng cac

phan thiic tdl gian:
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P(x) A A

= + +
Qx) (x-a)* (x-a)*!
Mx + N

+...t

+...+ PX+Q

+
(x* +px+qgM (xz +px+q)“_l X“+px+q

PU—1X+QU—1

(x? +1x+8)°  (x%+Ix+s)’!

bat dinh ma chiing ta sé gidi thiéu qua cac vi du dudi day.

3.2.8. Mt 56 vi du vé tich phan cdc phan thire hitu ty

X2 +lx+s

xtroxd +x2 +2x+1 «

Vidy 1: Tinh 1= | :
x2 1
Giai: Ta cé:

I= J[xz +2x + 21 ]dx = szdx+ J2xdx+ j

x“+1
3
X 3
=—é—+x2 +arctgx +C .

dx

x° — X

Vidy 2: Tinh 1= {—

Glai:

1 d
I=IX2(;:_1):j -

1

Phan tich thanh téng cac phén thic don gian:

)(2()(—1)(x2 +x+1)
1 A

)(2()(—1)()(2 +x+1) x2 X

Quy déng mau thic ta duge:

)(2()(~l)(x2 +x+1).

B
=—+—=+

+ +...+ +
x~a (x-bf (x-b)P-! (x—b)
M, _x+N,

trong dé: A,A;,...,P,_;,Q,_y 12 cAc hing s8 dudc xac dinh theo phuong phap hé s8

1=A(x- 1)()(2 +X+ 1)+ Bx(x—l)(x2 +x+1) + Cx2(x2 +x+1)+(Dx + E)xz(x— 1)

1=B+C+D)x'"+A+C-D+Ex*+(C-E)x*-Bx-A.

Pdng nhat hé sé cac don thic dong dang & hai v& ta ¢6 hé 5 phudng trinh 5 &n:

A=-1

B=0
s<C-E=0

A+C-D+E=0
B+C+D=0
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Nghiém ciia hé phuong trinh trén 13: A=-1,B=0,C= %, D= _1 E= 1

3’ 3
Ta da phan tich ham duéi dgu tich phan thanh tdng cia cic phan thic don gidn
1 _ 1.1 1 1 x-1
x° - x? x? 3 x-1 3 x? +x+1
Vay:
J- dx.  pdx 1 ]-
x> - x2 x2 X — 1 3 2+x+1
= -—hﬂx 1L-Jg§i}—iidx
x“+x+1
=l+lln|x—1\—lln(x2 +x+l)+l.)‘——dx
x 3 6 2 12 3
x+=| +
G
1
X+ 5

=l+lln|x—1]—lln(x2 +x+1)+lx arctg

x 3 6 2" J3 J’
2
=l+—1n|x—1l—lln(x2 +x+l)+-1—arctg 2x+1 +C.

x 3 6 Jg

2
Vidy 3: Tinh I= | X" -2x+9 X
; (x - 1)(x-2)(x-3)

B

x“—-2x+9
(x-1)(x-2)(x-3)

Giai: Phan tich

thanh téng cac phén thitc don gian.
Ta cé:
x*-2x+9 __ A B _C
x-D(x-2)(x-3) x-1 x-2 x-3
Ta c6 thé dung phuong phap hé sé bt dinh dé tinh cac hé s6 A, B, C trong

phén tich trén nhu da lam 8 vi du 2. Tuy nhién, khi da thdc miu tach ra duge la

tich clia céc don thite bac nhat thi ta c6 thé tinh A, B, C nhanh, gon han theo
cach sau:

Vi phén tich trén 14 dong nhit thde, phan thic dé ding véi moi gia tri caa x,
nén dé tinh hé s6 A ching han, ta nhan ca hai v& véi x - 1, duge:

x2 —2%+9 C
D3 Aty U
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Chox = 1, tacoé: M=A:A:4.
(1-2)1-3)

Tuong tiy, mudn tinh B ta nhan ca hai v€ cia dong nhat thite ban dau véi

2
(x — 2), roi cho x = 2 ta dudc: B:M=—9.

(2-1)(2-3)
32-2.3+9

Vacudicing C=————— =
(8-1)(3-2)

x*-2x+9 4 9 6
(x-D(x-2)(x-3) x-1 x-2 x-3

Vay:

x> -2x+9 4 "4I dx 9_[ dx N dx

Nénl= | X = - 6
(x-1)}(x~-2)}(x-3) x-1 Xx-2 x-3

= 4lnlx—1|—91n|x—2l+61nix—3\+c.

xZ +x+3

Vidy 4: Tinh [ = j( 9 )de.
x-2)(x+1

X +x+3

(x—2)(x +1)°

Gidi: D& phan tich thanh téng cuia cic phan thic téi gidn, dung

dinh ly trén ta cé:

X2+x+3 _ A + B + B]. +B2
(x-2)(x+1° x-2 (x+1 (x+1)% x+1

D& y ring, trong vi du nay néu 1am theo cich cia vi du 3 thi chi tinh duge:
2 2,
A=%=1;B=( D" +(=1+3
(2+1) 3 (-1-2)

Do vay, ta cé:

x2+x+3 __ 1 1 N B, +Bz
(x-2)(x+1)® 3(x-2) (x+1)® =+1)? x+1
3x? +3x+9 _ (x+1)° -3(x-2)+3B; (x + 1)(x - 2) + 8By (x - 2)(x + 1)°
3x—2)(x +1)F 3(x - 2)(x + 1)
& 3x% +3x+9 = (1+3By)x> +(8+3B,)x? -3(B; +3B,)x +7-6B; —-6B,

Péng nhit hé sé ta co:

135



1+3B, =0
3+3B, =8

A 1
2
Vay - X“+x+3 1 1 1

(x-2)(x+1)° _B(X—2)_(x+1)3 S 3(x+1)

Nénlzj'iiid)(:lj dx _j dx __l]-dx
(x-2)(x +1) 3°x-2 Yx+1) 37x+1
|x 2‘ 1

v 1) 2 e 12

= -—ln

+C.

Chii y: Trong mét s6 trudng hgp dac biét ta ¢d thé tim dudc tich phan cac phan
thite thuc sy bing cac phép déi bién thich hop.

2
Vidy 5: Tinh [ = j(" d’;5 .
x—-1

Gigi: Dit: x - 1=t=>x=t+ 1= dx =dt.

2 —
I= J‘(Hl) dt _ J't *2tL g J(t"‘3 +2t™ 1t 0)dt

2 2 _g(y_1)—
_ 12_ 23 1 +C:—6t —8t—3+C:—G(X~1) ‘%(x4 1) 3+C
2t 3t att 12t 12(x — 1)

2 _
:_6x 4x+1+C'

12(x—1)4

Vidu6: Tlnhl—j4 ;
+6x2+5
xdx xdx

Gidi: Ta of: J x*+6x%2 45 '[()(2+3)2

Pat t = x? + 3, ta ¢6 dt = 2xdx. Do d6:

I=lj2dt _1 lln
27%t-4 2 4

) 1
Vidu 7: Tinhl= |————dx.
) ‘[x4 ~3x% 4

Gigi: D& tinh tich phan trén ta c6 thé dung phuong phap hé s6 bat dinh dé
phan tich biéu thic dudi ddu tich phan thanh cic phan thiic don gian.
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Ta ¢6 thé bidu dién

1 _ 1 _ 1 _Ax+#B_C D
P o3x7 -4 (P +DP-4) (XZ+D(x-2)(x+2) xP+1 x+2 x-2

réi dung cac cach da gidi thiéu dé tinh A, B, C, D. Tuy nhién, ¢6 thé dang cach
thém bét vao tit s6 dé di dén k&t qua nhanh hon:

1 _(x2+1)—(x2—4)__1_[ 11 ]

-4y R+ -4) BlxP-a xZ+1)
1fx+2-(x-2) 1 ] 1 1 1
5[4(x—2)(x+2) x2+1] 20(x-2) 20(x+2) 5(x%+1)

Ta cod: I = J-_4_19—_dx =_.1._ J‘E.__]'_J‘ dx _l ;ix
x* -8%x° -4 20°x-2 20'x+2 5 X“ +1
(o ¢
=i1nX Z——larctgx+C.
20 |x+2| b

4. TICH PHAN MOT SO HAM LUQNG GIAC

GiA st cAn tinh tich phan I = jR(sin x,cosx)dx, trong dé R(u, v) 1a mdt bidu

thiic hitu ty d61 véi u, v (u = sinx; v = cosx).

4.1. Phuong phap chung dé tinh tich phan jR(sin X, cos x)dx

5 X s
Phuong phap chung dé tinh tich phin nay la dat t = ng vl —T<X<T.

X arctgt = x = 2arctgt = dx = 2dt2
2 1+t
. 2t 1-t> ] 2dt
= _[R(smx, cosx)dx = JR = 5 7
1+t 1+t° )1+t

Day 1a tich phan cia mét ham hitu ty d6i véi t ma ta da xét & trén.
dx

Vidy 1: Tinh I = -[4sinx+3005x+5‘

Giai: Dat tztgg- vll ~m<x <.

I_J dx :J' 2dt
4s5inX+3cosx+5 5 ot 3(1—1:2)
A+t 4dx- g b ey & +5
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dt _ dt
jt2 +4t +4 j(t+2)2

I=I 22 2“21-
8t+3-3t°“+5+5t 2,8t+8

=—t12+C=— ! +C.
+ tg%+2

a2
Vidu2.‘TinhI=lj 1-a de O<a<l1 -1 <x < n).
1-2acosx+a

Gidi: Thyc hién d8i bién t = tg-;— , ta cé:

a2
=122 2 dt=(1-a") [-—— 21t2 7 O
-2a + +
(1+t2) 1- zaﬁ-faﬁ - ated 4 +a
1+t
_a2 d[1+a)
~1-ad)— 4t =2 [ ;’a) )
(1-a)" +(1+a)’t l+va ‘[a+a)t] “+1-a)

2
1—
S arctg l+a t |+ C = arctg 1+a tgE +C.
(1+a)1l-a) 1-a l-a 2

Trong mét s6 trudng hop dac biét, néu ap dung phuong phap chung néi trén cé
thé dua dén tich phéan cda cac ham hitu ty phiec tap. Trong khi d6 ta cé thé di dén
két qua nhanh hon bang cac phép bién déi thich hdp.

Vidu 3: Tinh I = IL.

1+cosx

Giai: Ta cé6:

1+cosx=2c052§=>l=.[ =
2 2 X 2[ ] 2
2c08° = coS —
2 2
. . dx
Vidu 4: Tinh 1 = j —
sin x
Giai:
Ta c¢6: sinx = Zsinicosi, do d6:
2 2
X X
cos d[—] d[tg—]
I:J dx :j 2 12 =I 2 ]}g—|+C
9gin ¥ cos X . X 92X X 2)
sIn _ cos sm - cos” — tg —
2 2 2 2 2
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4.2. Mét s6 trudng hop dic bist
4.2.1. Mét 36 truong hop ddc biét ciia R(sinx, cosx)

Trudng hop 1. Néu R(sinx, cosx) 14 ham chin d8i véi sinx va cosx,

tuc 13 R(—sinx, —cosx) = R(sinx, cosx) thi d4t t = tgx hoic t = cotgx.
Truiong hop 2: Néu R(sinx, cosx) 12 ham 18 d61 véi cosx,

tuc 1a R(sinx, —cosx) = -R(sinx, cosx) thi dit t = sinx.
Truiong hop 3: Néu R(sinx, cosx) 1a ham 18 d6i véi sinx,

tuc 12 R(-sinx, cosx) = —R(sinx, cosx) thi dat t = cosx.
dx

2

sin? x + 2sin X €os X — €082 X

Vidy 1: Tinh 1= |

Giai: Vi ham duéi dau tich phén 1a ham chén d6i véi sinx, cosx nén ta dat

t=tgx => x = arctgt = dx = dt2
1+t
. tgx t 1 1
SmX = = ;  COSX = =
Jf+tg2x V142 Jietg®x  J1+t2
Do dé
dt dt

-] o[ t2 t 1 =jt2+2t—1

1d+t9) 2+2 3~ 5

1+t 1+t 1+t
J- dt B ‘t+1 \/_l tgx+1 f‘
(t+1)% - (¥2)? 2f \t+1+f| tgx+1+f\

Chi: y: Tich phén trén c6 thé tinh duge ddn gian hon néu ta chia ca ti s6 va

miu sd ctia ham dudi dau tich phan cho cos?x, that vay:

dx
I:J‘ cos? x =J‘ d(tgx) |tgx+1 \/—l
tgx +2tgx -1 “(tgx +1)% - (¥2)? 2f |tgx+1+f|

dx

4 2

Vidu 2: Tinh 1= .
sin”~ xcos“ x

Gidi: Vi ham dudi dau tich phan ]a ham chin d8i véi sinx, cosx nén ta dat
t = tgx. Ta cé:

4
dx } t tg4x
d(tgx)=—T;sm4x: gx2 = VR
cos” x \/1+tg e (1+tg“x)
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1 22 2
Nén: I= I(_%)_dt= jt_ﬁﬂd
t

—Idt+2j —-—t—g——l——+C—tgx—-2—— 1,_! +C.
t 33 tgx  3tg°x

J-(cos X + cos® x)

SIn” X + Slfl‘l.4 X

Vidu 3: Tinh 1=

Vi R(sinx, —cosx) = -R(sinx, cosx) nén ham dudi dau tich phan 12 mét ham 18
déi véi cosx. DPit t = sinx = dt = cosxdx.

2 _qe2 44
1= _[COS x(1+cos X)COoS X J-(l t )(2—t )dt: J~2 23t +A)t dt
sin’ x(1+s1n X) ¢2 (1+t ) (1 +t%)
2,02 2 _
=Jt (t +1)2+2(t 2+1) 6t? dt—J-dt+2It dt—6j
t“(1+t%) 14 t2
2 : 2 )
=t-—-6arctgt+ C =sinx -———6Barctg(sinx)+C.
t sinx
. . 3
Vidy 4: Tinh 1= | (sinx+sin"x) 4
cos 2x

Giai:

dx.

I= J‘(sinx +sin® X) dx j(l +sin® x)smx
cos 2x 2cos” x —
Vi R(-sinx, cosx) = ~R(sinx, cosx) nén ham dudé dau tich phan la ham 1é d8i

vol sinx. Pat t = cosx = dt = —sinxdx.

(2-t? 12t —1 VI LI dt
- D L L R a2
ft—

ﬁcosx—l‘

+C.
\/Ecosx+1|

3
+C==cosx - In

2 2./2

2 f

4.2.2. Tich phén dang _[sinm xcos™ xdx

Ta xét ba trudng hdp sau:
Truong hop 1: mlé: dat t = cosx;
n lé: dit t = sinx.

Truong hop 2:  m, n chin va it nhat modt trong hai s& dé 4m thi dat t = tgx.
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Truong hop 3: m, n chin va déu duong thi c6 thé diung cac céng thic sau dé
bién d6i ham duéi dau tich phan:

sin” x = %(1 - c0s 2x), cos? x = %(1 + €08 2X), SINn X COS X = ésin 2X.
Vidy: Tinh1 = [sin® xcos® x dx.
1= L J‘sin2 2x dx = 1 J(l —cos4x)dx
4 8
-1 J-dx 1 Icos4x dx = —1-x~ —1—sin4x +C.
8 8 8 32

4.2.3. Cdc tich phan dgng Icos(ax) cos(bx)dx; Isin(ax)sin(bx)dx;
_[sin(ax)cos(bx)dx

Dung cac céng thuc:

1) cos(ax)cos(bx) = -;»[cos(a +b)x +cos(a - b)x]
2) sin(ax)sin(bx) = %[cos(a —b)x - cos(a + b)x]

3) sin(ax)cos(bx) = —;—[sin(a +b)x +sin(a - b)x]
Vidu 1: Tinh I= Isin 2x cosbx dx.

1= Jlsin(2 +5)x + sin(2 - 5)x] dx = o fsinTxdx - [sin3xdx]

cos 3x _cos 7x
14

= --—cos7x+lcos$3x+C =
14 6

+C.

Vidu 2: Tinh I = J-cos Xcos — cos~ dx.
2 4

I=l I cosi}E +cos.-)£ cos—)E dx = l _[cos % cOs x dx + _[cos X coS X dx
2 2 2 4 2 2 4 2 4

1 7x 5x 3x X
=— cos— + cos— |dx + j cos— +cos— |dx
4 4 4 4 4

=l Icos de+ Icos 5% dx + Icos §-¥- dx + J-cos X dx]=
4 4 4 4 4
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4 . 7Tx 4 . 5x 4 . 3x . X
=—|=s8in —+—sin —+—sin —+ 4s8in — [+C
7 4 5 4 3 4 4

. 1 . 5% 1 . 3x . X
=—sin— + — sin — + — sin — + sin — +C.
4 5 4 4

7

5. TICH PHAN MOT SO HAM VO TY

Khi tinh tich phan cic ham vé ty ta thudng dung phép déi bign thich hop dé
dua tich phan di cho vé dang tich phan ham hitu ty, tde 1a "hitu ty hoa" tich phan
d3 cho. G day ta chi xét mét s6 dang don gian.

m r
5.1. Dang jR(x,x n . x8)dx
R(u, v,..., ®) 12 ham hifu ty cta cac déi s6 u, v,..., ® v m, n,..., r, s 1a nhiing s6
nguyén duong.

DPat x =t véi k = bdi s6 chung nho nhit cha cac miu 86 (n,..., s).

¥x - \/_
x(\/;+1)

Gidi: Dat x = t® = dx = 8t7dt.

Vidu: Tinh 1= j

(t2 - t)8t’ dt _ ot~ 1)dt d(t? +1)
1= -8
Fewan t8(t2 +1) J I t2 +1 Jt2+1
= 41n(t +1)—-8arctgt +C = 4]n(\/; +1) - 8arctg §x + C.
5.2. Dang _[R(x, Vax? + bx +c) dx véia =0;a, b, ¢ 1a hing s&

Xét tam thiic bac hai dudi diu cin, ta cé:

2 b b%-4ac
ax“ +bx+c=al|x+—| ———
2a 4a?

. { 2 bx ¢ 2 2b b2 b®  4ac
via|x*+—+—|=a|lx*+—"x+ - +
a a 2a 4a%® 4a2 4a?

bat u=x+£ = du =dx.
2a
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a) Néu b? - 4ac > 0 thi:

\/ax2+bx+c=\fa— u? -2 khia>0;
vax? +bx + ¢ = J-a vaZ —u? khia<0

2 b? - dac
422

b) Né&u b? - 4ac < 0 thi: \
\/ax2+bx+c=\/§ w2+ khia>0

2 _ b% - 4ac
B 42>
Con khi a < 0 thi tam thic bac hai dudi can luén am (biéu thic vé nghia). Nhu
viy, ta da dua tich phén trén vé mét trong ba dang tich phén sau:

[Ry(uVo? +u?)du, dat u=atgt;

[Ro(u, Vo2 —u2)du, dat u =asint;
[Ra(u,vu® —a?)dy, dat u=
N

X

trong dé: a

trong dé6: o

cost

Vidu 1: Tinh 1= dx.

Giai: Dit x = asint; —-;E <t < g = dx =acostdt;

\/a2 —x2 = \/az(l ~sin? t) = a|cost| =acost (vicost = 0).

2

t 1- t t
I=Ia cos” j( sin” ) Jd dt - a_[smtdt
asint sint sint
=aln tg—+acost+C=aln ‘1 -C?St +acost +C.
2 sint sint
2 .2
Vi sint=£;cost:u nén
a a
ava® -x* 2 .2 2 2
I=aln|2- a Lava =X +C=aln u+\la2—x2+c.
X X a X
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dx
Vidu2: Tinh [ = |———— (a>0).
'[X\}az +x°
Giai: D4t x = atgt, L. (E =>dx = adot ;
2 cos”t

a a

\/a2 +x2 = \/a2(1 + tht) = (vi cost > 0).

|cos t‘  cost

I:J- acostdt ‘1J‘ dt

cos2 t atgt a a “costtgt
t cost
== —‘ C——-l -—+C
alsint a 2] a |sint sint
, X  snt  x sint X
Taco: tgt=== s 2 2
a cost a }1—sin2t a
2
¢ . 9 ¢ ¢ . R D x R X
= azsm“tzxz—xzsm2t = sint=—F— = sint = ——
— z ‘) ()
a” +x 2, x2
5
X a2
=cos t=1- 3 5= 23(;05(;_
a“ +x a‘®+x 2% +x2
2 2
. 1 a“ +x” —a
Vay I=-1 +C.
a X

Ngoai ra, ta c¢6 thé dung phucng phap déi bién sé khac dé tinh cac tich phan
Vo ty.

Vidu 3: Tinh 1=

[rRaen

Gigi: Ta thuc hién phép déi bién Euler: Vx2 +a =t - x, 14y vi phan c4 hai v&
ta dudc:

—)fd—x—‘:dt—dx = {1++}dx:dt
Jx? x% +a

\/ +o + .
X T« x x=dt = tL=dt do \/x“‘+a+x=t
\/x +a 2 +q

=
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Vay 1= I%:ln\thC:ln V2 +a +x[+C.

Vidu 4: Tinh I= |

dx
(x-1)1 —x?

‘o Doy b ar 1
Giai: Dol bién x—1=; = X:—t- — dx =-—

2
V1-x2% = ,{1—[1+1] _ 12
t 2

Vil-x?>0 & ‘x|<1 = x-1<0 = t<0 nén‘t|=—-t.

Vay I=—v-1-2t+C=-| 2% c.

1-x

” ., N D0 g e A T T fe < ”
Tra lai vi du 2, ngoai ciach déi bién x = atgt (—5 <t<—=), véi vi du nay ta c6

thé déi bién cach khac:

dx
Vidu5: Tinh [ = |———— (a>0)
J-xxlaz+x2
dx
2
Gidi: Tacé: 1= [—X— . Dt A dx_ g
a2 1 X xz a
hals
X2
1=- 22 __Llin|esvVee1]+C (theo vidu 3)
a t2+1 a
1 1 9
I=—=In——+C==1In| t-Vvt*+11+C
a t+vtZ +1 a
a
Thay t =—, ta dugc:
X
1 ’\/a2+x2—a\
I==1In +C.

= x
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5.3. Mot s6 tich phan dang vé ty cé thé dung phuong phap d6i bién
theo cac ham hypecbol

TUu dao ham cla cac ham hypecbol da biét & chuong II ta cé:

Jshxdx =chx + C; Jchxdx =sh:- C;
J-d—;(=thx+C; j dzc =-cothx+C.
ch“x shx

Trong mot sd trusng hop, ¢6 thé dung phudng phap ddi bién s6 theo cac ham
hypechol dé tinh céc tich phan dang vb ty.

dx
Vx? +a?

Gidi: Déi bién x = a sht = dx = achtdt.

Vidy I: Tinh 1= j (a > 0).

I:J Adx _ a cht dt =IaChtdt=_[dt=t+C.
\/xz +a2 a\/shzt +1 a cht
t -t 2
- 2 1 -1
Tffsht=£,tadU(§c: x.¢-°¢ :>—X=et——=e
a a 2 a et et
2 2
4
o ae?t —2xet—a=0 o etzx_ X *a
a
b ¢ %% +2a° 1 5 9
Viel>0nént=In|l=+——"= |=In=+In|x+Vx“+a ‘
a a a
Ta ¢é:
I=In|x+Vx%+a? +lnl+C= In| x+vVx?+a? |+C.
a
. p dx
VzduQ:TmhI:J'——\/_Q_—Q (a, x > 0).
x“ —a

Gidi: D61 bién x = acht = dx = ashtdt.

dx ashtdt ashtdt
/x2 _ g2 a /cth—I I asht
N X
T cht = =, ta dugc:
a
et +et 2x ¢ 1 e? +1
— = —=e +—=
2 a e“ e'“
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‘ X
o ae’t —9xet +a =0 et =

| =

Vie'>0,x>0nén t=1n
a a

x2—‘12 1
+22 % l-In=+In (xi xz—aQ).
Ta cé;

a

I=In [Xi\.lx?'—azj+lnl+c = In [xi\/x2—32]+c.
Do tinh duy nhit ctia nguyén ham ham s6 nén ta c6 thé chon

I=In [x+\/x2—-az)+C.

BAI TAP LUQNG GIA
Hay chon két qua dung:

3 &
I, Tinhl= j"—os—"—‘bf
sinx +5
K&t qua:
.2
A 1=5sinx- 22X _ 24In(sinx + 5) + C
B. 1=-5sinx+ "2 * 4 24In(sinx + 5) + C
.2
C. 1= 5sinx- 2 X4 _12 + C
2 sinX +5H
D. Két qua khac.
2. TinhI= _dx .
(x+ x2+1)(x2+1)
Két qua:
[.2
A. I=1n§+—x—+—1 +C B. I=arctgx—ln\/x2+1 +C
X2 +1
[ 2
C. 1:1n§+—23‘—+—1 +C D. Két qua khac.
x“+1
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dx .
3. TinhlI= |————— ! ing phudng phap thém bét.
J(x+3)(x—— 2)2

Két qua:

A I=- 1 +ilnx+3'+C
B(x-2) 25 x-2

B. I= 1 +—1—1n X+3- +C
B(x—-2) 25  |x-2

c. 1=——1 _+ L1220
5(x-2) 25 x+3

D. K&t qua khac.
4, TinhI= Jx\/xg +1 In(y/x2 +1)dx.
Két qua:

A I=

%\/(x2+1)3 [3ln\/x2+1 - 1] +C
B. I=%\I(x2+1)3 l:ln\/x2+1—li| +C
C. 1= 1 JZ+1)8 [3ln\1x2+1 —1] +C

18
D. Két qua khac.
8. Tinhl= J-x (1+x2)arctgx dx.

Két qua:

N

3
\:arctg'x(x2 -&-1)2 - %——x] +C

1 x°
B. I== arctgx(x2+1)2+—+x +C
4| 3

3

arctgx(x'1 +2x%) - —)-{3— ~x+InXZ

X+

1} +C
1

1
4

D. K&t qua khac.
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Bai 2
TICH PHAN XAC PINH

MUC TIEU

Hoc xong bai nay sinh vién c¢6 kha néng:

1. Trinh bay duge dinh nghia tich phdn xdc dinh bdang cdch ldp téng S,
tinh gidi han va ¥y nghia hinh hoc ctua tich phén xdc dinh.

2. Ap dung duoe cdc phuong phdp tinh tich phén xdc dinh: cong thite
Newton — Leibnitz, phuong phdp déi bién va phuong phdp tich phén titng
phan dé tinh tich phén.

3. Tinh gén dung dugc tich phén xdc dinh bang phuong phdp hinh thang
va phuong phdp Simpson.

1. TICH PHAN XAC DINH

1.1. Dién tich hinh thang cong

Cho ham s@ v = f(x), xac dinh va lién tuc trén doan [a, b], ngoai ra gia sit {(x)
khéng aAm trén [a, b]. Xét hinh thang cong AabB la hinh gidi han bai dé thi eta
ham sd {{x) trén [a, b]; cac dudng thing x = a, x = b va truc hoanh Ox (hinh 3.1).

¥

O] a = Nux; Xl NN Nn = h by

Hinh 3.1
Ta chia doan |a, b] thanh n doan nho bdi cic diém chia:

A=Xy <X <Xg<..<X,=bh
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Cac diém chia x, (i = 0. 1,..., n) duge chon tuy ¥, tudn theo thil ty tang dan va
diém dau x, trung véi a, diém cudi x,, tring véi b. Tif cac diém chiax, 1= 1, n—-1)
ta dyung cac duong x = x;, nhu thé ta da chia hinh thang cong AabB thanh n hinh
thang cong nhd P_,x,,x,P; (i = 1, n). Mai hinh thang cong nhd c6 day la
AX; =x; -x%;_, (1= 1, n). Trén mdi doan [xi-1, x,] 14y mot diém tuy y £;; khi d6 tung
dé y; ing v41 hoanh dé £, 1a y, = f(§).

Néu dng véi mdi doan nhé [x;_;, ¥;] ta dung mét hinh chil nhat cé kich thudc 1a
(x; — X;~1) va (&) thi dién tich cta né la: f(£;)(x; - x;-1).

Lap tong S,;:

S = &) (%) — xp) + £(Eg) (k= X) +.oe + () (K — Xpr)
hay S, = if(é_,i)Axi (3.2.1)
i=1

trong d6: Ax; = x; —x;_;; S, chinh la dién tich hinh bac thang (hinh 3.2).

f

v

AT T f
T T
O a=N0 8 NiE Xy Nl &N X, = b X
Hinh 3.2

Dién tich S cia hinh thang cong AabB bing téng dién tich ctia cac hinh thang
cong nhd P_;x;_;x;P; (1= 1, n). Ta thdy ring, dién tich hinh bac thang sai khac véi
dién tich hinh thang cong AabB cing nhd néu n cang 16n va cic Ax; cang nhé. Do
dé ngudi ta dinh nghia dién tich hinh thang cong AabB nhu sau:

Néu téng (3.2.1) din t6i mét gidi han xdc dinh S khi n — o sao cho

max Ax; = 0 thi S dudc goi la dién tich cua hinh thang cong AabB.

1<i<n
Vay dién tich cua hinh thang cong AabB la:
n
S= BLm D f(§)Ax;.

max Ax, ')'0'1:1
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1.2. Dinh nghia tich phan xac dinh

Cho ham f(x) xac dinh trén [a, b]. Chia tuy ¥ doan [a, b] thanh n doan nhé béi
céc diém chia: a =X <X <Xp <...<X, = b

Dat Ax; =x; -x;_; va trén méi doan [x;_;,x;| 1y mét diém &, tuy y (i = 1, n).
R n
Lap tong: I, = Zf(éi YAX;.
i=1

I, dude goi 14 téng tich phén ctia ham f(x) trén doan [a, b}. Cho s& diém chia

tang v6 han (n —» ) sao cho max Ax; - 0. Néu trong qua trinh dé ma I, dan téi
1<i1<n

mot gidl han xac dinh I, khéong phu thudc vao cach chia doan [a, b] va cach 1dy
diém &,. Khi d6 ham f(x) dudc goi 1a kha tich trén doan [a, b], va I dudc goi 1a tich
phan xdc dinh ciia ham f(x) trén doan (a, b] va ky hiéu la:

b n
I= [foodx = lim > f(5)Ax;.

max Axi—u)i_l

O day:  [a,b): doan 4y tich phan; a: can dudi;
b: can trén; x: bién 18y tich phan;
f: ham s6 lay tich phén; f(x)dx: biéu thitc dudi dau tich phan.
b

Chu y 1. Tich phan If(x)dx (néu ¢6) chi phu thude vao ham f(x) dudi dau tich
a

phan va cac can a, b ma khéng phu thude vao bién tich phan.
b b
Tite Ja: (f(dx = [f(e)dt.
a a

Chu y 2. Khi dinh nghia tich phin xac dinh, ta gia thiét a <b.
b a
- Néu b <a ta dinh nghia: [f(x)x=- [f(x)dx.
a b
a
— Néu a = b ta dinh nghia: jf(x)dxz 0.
a
Chii y 3. Néu f(x) lién tuc va khéng Am véi Vx € [a, b] thi dién tich hinh thang
b
cong xac dinh bdi y = f(x), y =0, x = a, x = b bing J.f(x)dx . D6 la ¥ nghia hinh hoc
a

cua tich phan xac dinh.
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1.3. Dau hiéu kha tich cia mét s6 ham quen thuéc

Sau khi dinh nghia vé tich phin x4c dinh, mét van dé dat ra la: Nhitng ham
nao thi kha tich trén doan [a, b]? VAn dé d6 dude khing dinh béi dinh 1y sau:
1.3.1. Pinh 1y 1

Néu flx) lién tuc trén [a, b] thi f(x) khd tich trén [a, b].

Chi y: Dinh 1y trén cho ta mét diéu kién du d& ham f(x) kha tich trén [a, b]. D6
khéng phai 14 mét diéu kién cAn. Mot ham kha tich trén [a, b} thi khéng nhat thiét
lién tuc trén doan d6.

Ngudi ta ciing ching minh duge ring, néu f(x) c6 mét diém gian doan loai I
x = c trén [a, b] thi né kha tich trén doan &y va ta c6:

b ¢ b
[feodx = [f(x)dx + [f(x)dx. Y1

Y nghia hinh hoc ctia ménh dé 13 dién tich
hinh thang cong tng véi ham f(x) ¢6 diém gian
doan loai I tai x = ¢ bing téng dién tich cac
hinh thang cong aAC,c va ¢C,Bb (hinh 3.3).

0

VR |

Ménh dé trén van ding néu f(x) c6 mot s8
hitu han di€m gian doan loai I trén [a, b].

1.3.2. Pinh Iy 2

Hinh 3.3

Néu fix) bi chdn trén [a, b] va c6 mét s6"hizu han diém gidn doan trén [a, b] thi
fix) kha tich trén [a, b].

1.3.3. Dinh Iy 3
Néu fix) bi chdn va don diéu trén [a, b] thi kha tich trén [a, b].
1.4. Tinh chit ctia tich phéin xac dinh

P& khdi phai nhic lai nhiéu 14n, trong cic ménh dé duéi day khi néi dén tich

B
phan j' f(x)dx chung ta déu hiéu la f(x) dudc gia thiét 1a kha tich trén [a, f].
3

Tinh chat 1

b b
ij(x)dx = C [f(x)dx, C la hing s
a a
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b b b

i) £ g(x))dx = [fx)dx £ [g(x)dx.
Tinh chdt 2

b e b

[E(x)dx = [f(x)dx + [f(x)dx, c tuy y.

Tinh chdt 3 (trong tinh chit nay a <b)

: b
a) Néuf(x)>0,x € [a,b] = If(x)dx >0.

a

b b
b) Néu f(x) < g(x), x € [a, b] = If(x)dx < J'g(x)dx.

a
c) Néu f(x) kha tich trén [a, b] = ’f(x)| kha tich trén [a, b] va

b
< [lteo|dx.

a

b
jf(x)dx

b
d  Néums<f(x)<M, x e [a,b] = mb-a) < [f(x)dx <M®b - a).

Tink chdt 4: Dinh ly vé gid tri trung binh

Néu f(x) lién tuc trén doan [a, b] thi trén doan dé ¢6 it nhit mot diém £ sao cho
b
[E()ax = £(E)(b-a).
2

Ching minh: Vi f(x) lién tuc trén [a, b] nén ta c6 m va M 14 céc gia tri bé nhit
va 16n nhit cha ham f(x) trén doan 46.

b
Ta cé: m(b —a) < j f(x)dx <M ~a) (b> a)
a
1 b
hay m < If(x)dxs M.
b—aa

Ciing vi f(x) lién tuc trén [a, b} nén trén doan d6 c6 it nh&t mot diém E sao cho

1 b
f(g) = T, [f(x)dx .
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b
Do dé : [fx)dx = £(E)(b - a).

Chii ¥: Gia st cung AB la dudng biéu dién cua

y A
f(x) 2 O trén [a, b]. ¥ nghia hinh hoc ctia dinh 1y vé b B
gia tri trung binh la: Trén cung AB bao gid ciing ¢é E
it nhat mot diém C c6 hoanh d6 x =& (a < & < b) sao A

cho dién tich hinh chit nhit aDEb diing bang dién
tich hinh thang cong AabB (hinh 3.4).

b
G4 tri ) = 1 jf(x)dx dudge goi la gid tri
b-a . Hinh 3.4

trung binh cua f(x) trén [a, b].

1
Vidu 1: Tinh _[xde theo dinh nghia.
0
Gidi: Vi f(x) = x” lién tuc trén [0, 1] nén nd kha tich trén [0, 1]. Do d6 ta cé:
1 n
[xPdx = Lim 3 ()%Ax,

o max Ax, -0 i1

trong d6 gidi han cia v& phai ton tai khéng phu thudc vao cach chia [0, 1] va cach
1dy diém &,. D& viéc tinh toan duge dé& dang, ta chia [0, 1] thanh n doan nhd bang

nhau va 18y cac diém &, 1a cac ddu miit phai cha mdi doan nhd, khi dé ta cé:
1 .1
Ax, = = 5 =x=1— (1=1,2,...,n)
n n

va max Ax; — 0 tuong dudng vdi n — o,

2 n
Do do: I 2dx = lim Z[l—] l— lim ~1—3Zi2
i=1

0 n—rx n n—% n

9
- lim%(12+22+... + n?)= lim 20 DEn+D 1

n—o n-—.o 6n3 3
Vay [xax = L.
h 3
Vi du 2: Dung tich phin x4c dinh tim gié1 han
n n
1= hm[ + + ...+ }
n—o n2+12 112+22 n2+n2
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n n n

Gidi: Datl, = 3" ge—P ot v gt
C6 thé viét I, dusi dang:
n
[ -—n° _, o' ., _n

1 1 1 1
- +

ot —
n 2 2 2
1+[1-] 1+[2-] 1+[n]

n n n

Xét ham f(x) =

ham s8 nay lién tuc trén [0, 1], do d6 kha tich trén

< y

(1+x%)

[0, 1]; diing phan diém déu Ax, = 1=9 4 chc didm chia:
n

1 .=
Xg=0;, %, =—; ..., x,=—,1 = 0O,n,

1
T
n

=

chon diém &; = x;, ¢6 téng tich phan 1a 1, do dé:

Hm I =I=J X =arctgx|(l)=3.
N 4

2. CONG THUC NEWTON - LEIBNITZ

2.1. Pinh li co ban gii¥a nguyén ham va tich phan x4c dinh

Néu f(x) kha tich trén [a, b], f(x) cling kha tich trong [a, x] vdi x € [a, b]. Do d6

X X
tich phan _[f(t)dt 12 mdt ham cua x (ham cua can trén), Ta dat d(x) = Jf(t)dt.

a a

Dinh ly: Néu flx) lién tuc trén [a, b] thi ham @&x) ¢c6 dao ham trén doan do va

®'(x) = i[[f(t)dt} = f(x) (3.2.2)
dx ;

X
N6i khac di, d(x) = [f(t)dt 1a mot nguyén ham clia ham f(x) trén [a, b].

a
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Ching minh: Liy x € (a, b), cho x mét s6 gia AxX sao cho x + Ax € (a, b). Khi dé
ta cé:

X+ AX X
AD = D(x + Ax) — D(x) = j f(t)dt - J'f(t)dt

X+ Ax X+ AX

- ,]'f(t)dt+ J' f(t)dt ~)]f(t)dt= I f(t)dt

Theo dinh ly v& gia tri trung binh, c6 mét diém £ nam gitia x va X + Ax sao cho

X+ AX
j f(t)dt = f(E)Ax.

X
Do d6 ta c6 AD = f(E)Ax hay -ig ~£(5).
X
Cho Ax — 0, khi d6 £ — x va vi f(x) lién tuc tai x nén f(&) - f(x). Do d6 ta co:

lim 2% lim £¢¢) = £(x)

Ax—0 AX  Eox

Diéu nay chiing t6 rang, ®(x) ¢6 dao ham tai x va ®'(x) = f(x).

Mat khae, tai cac mit x = a, x = b cling chling minh tudng tu nhu trén ta dude:
O'(a + 0) = f(a); ®'(b - 0) = f(b).

Vay tai moi diém x e [a, b] ta déu c6: P'(x) = f(x).

T dinh 1y trén ta suy ra ngay hé qua sau.

Hé quad: Moi ham lién tyc trén [a, b] déu ¢6 nguyén ham trén doan dé.
2.2. Cong thitc Newton — Leibnitz

Dinh ly: Néu f(x) lién tuc trén dogn [a, b] va F(x) la mot nguyén ham cua né
trong doan dé thi

b
jf(x)dx = F(b)- F(a) (3.2.3)

Ding thiic (3.2.3) dudc goi 12 cong thiic Newton — Leibnitz.

Chiing minh: Theo gia thiét, F(x) 1A mét nguyén ham cua f(x) trén [a, b] va
theo hé qua trén thi

D(x) = jf(t)dt

a

cling 12 mdt nguyén ham cua f(x) trén [a, b].
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Do d6 F(x) va ®(x) chi khac nhau mét hing sd cong, tdc 1a: O(x) = F(x) + C.
Dé x4c dinh hang s6 C, cho x = a ta ¢6: ®(a) = F(a) + C.

a
Nhung ®(a) = [f(t)dt =0, do d6 C = -F(a). Vay

D(x) = jf(t)dt =Fx) -TF(a), a<x <b,

Cho x = b, trong bidu thidc trén ta ¢é

b
J'f(t)dt = F(b)-F(a).

b
Vay jf(x)dx = F(b) - F(a).

Ngudi ta thudng ky hiéu F(b) - F(a) bing F(x)|, nhu vy cong thite Newton -
Leibnitz duge viét thanh

b
[f0dx = F(x)]} = F(b) - F(a).

2
Vidy I: Tinh [[1-x|dx.
0
Gidi: Ta cé:
2 1 2
[lt-xjdx = [@—x)dx + [(x-1)dx
0 0 1

S O
2 2

N\
- 0~l +[—1——0]=1.
2) 12

Vi du 2: Gia tri trung binh cia ham f(x) = sin%(x) trén doan [0, 27] bing

o A

2%

127 127 1 1
— J‘sin2 xdx = — I(l—cost)dx=— x——sin2x]
2n 0 4n s a7 2

0
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3. CAC PHUONG PHAP TINH TiCH PHAN XAC DPINH

3.1. Phuong phap déi bién trong tich phan xac dinh

Tuong tu tich phan bit dinh, trong tich phan xac dinh nguai ta ciing dung cac
phép d6i bién thich hgp dé tinh tich phan.

3.1.1. Déi bién s6 dang 1: x = (1)

c

Dinh ly: Xét tich phan [f(x)dx, vdi f lién tuc trong [a, bl. Gid si thuc hién

o]

phép doi bién x = @(t) thod man:
D ¢(t) 6 dao ham lién tuc trong [e, B;
2) o) =a; ) =b;
3) Khi t bién thién trong [a, f] thi x bién thién trong [a,b]
Khi do:

b M
_{f(x)dx = jf [o(t)] (D) dt (3.2.4)

o

Chutng minh: Gia st F(x) 12 mét nguyén ham cua f(x) trong [a, b), khi dé:
b
jf(x)dx = F(b)-F(a) (3.2.5)
a

Mit khac, vi F(x) I3 mot nguyén ham cua f(x) trong [a, b] nén F[g(t)] sé 1a mot
nguyén ham cua flo@] ¢'(t) trong [a, B] va:

p
Jf[w(t)] ¢'(t)dt = Flo(B)] - Flo(a)] = F(b) - F(a) (3.2.6)

61

Tir (3.2.5) va (3.2.6) suy ra ding thiic (3.2.4).

. , 2 dx
VLdl_LI.‘TlnhIZJ 5 X
o X' +4

Dat: x = 2tgt, te[—z;zjk
2 2

Khi x=0=t=0;
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Viy ta ddt x = 2tgt, v810<x<2thi0<t< %

Ta céb:
1 1
= ————— dx = 22 dt = 2(1 + tg?t)dt.
X“+4  4(tg°t+1) cos“t

T 71:
4 . 4

Vay: j 2(1 + tgt)dt = L4 j =T

Ox +4 04(tg t+1) 20 8

Vi du 2: Chiing minh riang, néu f(x) lién tuc trong [-a, a) thi:

0 néu f(x) 12 ham le

a
[feodx =1 3 . . .
. ZIf(x)dx néu f(x)1a ham chan

That vay, theo tinh chit cia tich phan xac dinh ta c6:

j f(x)dx = j £(x)dx +jf(x)dx

—-a —a

0

Trong tich phan thit nhat & vé phai I = [ f(x)dx, d6i bién x = —t ta c6:

—a
0 a a
I, = [f(-t)dt = [f(-t)dt = [f(-x)dx.
a 0 0
Do 4d6:

If(x)dx = J'f( x)dx + If(x)dx = T[f(x)+f(~x)] dx .
Ca 0

a
Vay: néu f(x) 18, tde 1a f(—x) = —f(x) thi j f(x)dx = 0;

—a

né&u f(x) chin, tic 1a f(-x) = f(x) thi jf(x)dx 2jf(x)dx.

—a

3.1.2. Po6i bién s6'dang 2: t = Hx)

b
Dinh ly: Xét tich phéan Jf(x)dx, vdi flx) lién tuc trong [a,b].
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Néu phép déi bién t = Hx) thod mén:
1) Hx) bién thién don diéu trén [a, b] va cé dao ham lién tuc;

2) flx)dx tro thanh g(t)dt, trong dé g(t) la mét ham s6"lién tuc trong khodng
dong ['Ha), Hb)] thi:

b Y(b)
[foodx = [ g(t)dt. (3.2.7)

a ¥(a)

Chitng minh: Gia sit [g(t)dt = G(t)+C, khi d6:

[fxydx = [g(t)dt = G(t)+C = G[w(x)]+ C.

Do dé:
b b R (12
[teodx = G[¥(]| = G[¥D)]-G[¥@)] = Gt)y,, = LP([ )g(t)dt .

Cht y: Khi dung cong thdce (3.2.7) cAn luu ¥ ham s6 t = W(x) phai don diéu trén
[a, b]. Néu khéng don diéu, cé thé xay ra trudng hop W(a) = W(b) véi a # b (ching
han ham sé t = sinx, x € [0, 7]). Khi d6 tich phan & vé& phai (3.2.7) bang khéng, con
tich phan & v& trai lai khac khong. Cang thic (3.2.7) khong ding nita.

4

2 .
Vidy I: Tinh 1= | ——"—dx.
0 1+cos“x

Cre N LA R o ” . n
Giai: D61 bién t = cosx, ham sb t = cosx don diéu trén [0, 5].

Khix=0=t= l,khix::;E =t =0; dt = —sinxdx.

0 1
1
Nén I:—I ! 5 dt:_" 21 dt = arctgt =arctg1—arctg0=£.
{1+t g to+1 0 4
2 2% -1
Vidu 2: Tinh 1 = —2———dx.
1 X -x+3

Gidi: Pat t = x2 — x + 3; dt = (2x -1)dx.
Khix=1=t=3; khix=2=t=5.
5

2 5
Vay: I=j£1—dx= %—:lnltl
1

=ln§.
3
3
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Chii y: Ta c6 thé bién ddi nhu san ma khong cAn phai dua ra bién t:
2

2

2Jd(x2-x+3)
i X -x+3

—ln‘x2—x+3|

=1n—5~.
3
1

3.2. Phuong phap tich phan titng phan

Dinh ly: Gid sz u(x) va v(x) la nhitng ham 56 c6 dao ham lién tuc trén doan
{a, b] thi:
b

b
[utx) v'(x)dx = [u(x) v(x)]

b
- Iv(x)u'(x)dx
a a
b

b
hay ju(x) dv =[u(x) v(x)]

a

b .
- jv(x)du.

Chiing minh:

Ta cé: [u(x) v(x)]' = u'(x)v(x) + u(x)v'(x)

b . b b
= Hu(x) v(x)] dx = Ju'(x)v(x)dx +Ju(x)v’(x)dx

b b
= Iu(x)v'(x)dx =[u(x) v(x)] |: - Iv(x)u’(x)dx.

b
b b
Vi du = u'(x)dx,dv = v'(x)dx nén ta cé: Iudv:uv - Ivdu.
a a
1
Vidy 1: Tinh I= [xe®dx.
Giii: U= x du =dx
tat: DAat: =
" |dv = e3%dx v = 1 e3X
3
1 1
173
1= J-xea"dx— xe¥*| - = _[e Xdx
3
0 0 0
1 st 1| 13 13 1 1,3
=—xe’*| - Ze*| = Ze’—=e’+==—(2e" +1).
o 9 0 3 9 9 9
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€
Vidy 2: Tinh T= [xinxdx

Giai:
1 du:E
Dit qu=mx = X
dv = xdx x2
V=——
2
e 2 e e 2
Izjxlnxd)(:X—lnx ——1-J.X—dx
27 x
1 1 1
2 € 2
=X Inx -—xz‘ =—[21nx—1]|e=e 1
. 1 1 4

4. TINH GAN PUNG TiCH PHAN XAC DINH

b
Chiung ta da biét cAch tinh tich phan xac dinh Jf(x)dx bing dinh nghia, bing
a
céng thitc Newton — Leibnitz va cdc phudng phap d6i bién s6, phuong phap tich
b
phén tiing phan da néu 3 phén trén. Péi khi If(x)dx khéng tinh ding dude, ching
a
han khi ham f(x) khéng ¢6 nguyén ham biéu dién bang ham s6 cap hoidc khi phai
tinh nguyén ham rat phic tap. Vi du cic nguyén ham sau day thyc su tén tai
nhung khong phai 12 mét ham so cap:

sinx

—x2 . 2 2
Je dx, Jsm(x )dx, Jcos(x )dx, j -

dx, Iﬁdx,

b
Khi dé ta phai tinh Jf(x)dx bing phudng phap tinh gin ding.
a
Céc coéng thilc tinh gin ding trong phan nay déu dua vao ¥ nghia hinh hoc cia
tich phan xac dinh.

4.1. Cong thac hinh thang

b
Gid sit phai tinh [f(x)dx, trong d6 f(x) > 0 va lién tuc trén [a, b] (a <b).

a
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Chia doan [a, b] thanh n doan nhd bing nhau bdi cac diém chia:

a=Xy<X; <X9<..<X,=b

b- A .
Pat h = a; X; =Xg+ixh; y; =f(x;) 4=0,1, 2,...,n)
n
y A /
A —
Yo| w1
of xo xi Xn X

Hinh 3.5
Néu thay méi hinh thang nho giéi han bdi cung y = f(x), truc Ox va duong

~% Va hai day 13 y,; = f(x;_),

X = Xj_;, X = X; bdi hinh thang cé chiéu cao h=
n

y; = f(x;) (hinh 3.5).
Ta c6 cong thic gan ding sau diy dudge goi 14 cong thiie hinh thang:

b h h h
I= If(x)dx & E(yo + yl)+§(y1 +Yo)+ .+ E(yn'l +¥Y,) (3.2.8)
a .

Goi biéu thite 3 v& phai (3.2.8) 1a I cé:
I~Iqg :h[WTy“-i-y1+y2+...+yn_1] (3.2.9)

Khi f(x) < 0 va lién tuc trén [a, b} thi cong thiic (3.2.9) van ding.
Ngudi ta da ching minh dugde ring, néu f(x) c¢6 dao haim cap 2 bi chin va néu
b
diing cong thitc (3.2.9) dé tinh gin ding Jf(x)dx thi sai s6 méc phai la:
a
(b-a)*M,
12n2
trong d6: M, = max|f"(x)| véi Vx e[ab].

d(n) =|1- 1| <
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4.2, Cong thite Simpson

b
Gia sl phai tinh [f(x)dx, trong dé f(x) 2 0 va lién tuc trén [a, b] (a < b).

a
Chia doan [a, b} thanh 2n doan bing nhau, 0éi cac diém chia:

a=Xy<¥X <Xp<..<Xg,=b.

; Xp =xg+ixh; y; =f(x;) 1=0, 1, 2,..,, 2n)

Hinh 3.6
Ta thay méi cip hinh thang nhd lién tiép (hinh 3.6), giéi han bdi cung y = f(x),
truc Ox, cAc dudng x = X; _;, X = X;, X = X; , ; bAng hinh thang cong gidi han bdi true
0x, cac dudng X = X,_;, X = X;,; VA cung parabol di qua ba diém M(x;_;, ¥i_1),
N(;, ¥, P(Xi+1, Visq) 6 truc song song v6i Oy (hinh 3.7) va ¢6 phuong trinh

b

y = ax? + bx + ¢. Khi dé ta ¢6 thé xap xi jf(x)dx bdi dién tich cia n hinh thang
a

parabol néi trén.

y a
N
M
P
0 Xj-1 Xj Xi+1 X
Hinh 3.7 Hinh 3.8
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Vi phép tinh tién khéng lam thay déi dién tich ciia mét hinh nén dé viéc tinh
toan dudc Gon gian, ta tinh dién tich S cua hinh parabol gié han bdi cac duong
y=0,x=-h, x =h, y = ax? + bx + ¢ (hinh 3.8) vdi:

V_=¥|x_n =ah® -bh+¢

Yo = y‘x=0 =C

Y+ = ¥|x=n =ah? +bh+c

h \ h
X3 X2
S = I(axz +bx+c)dx =(a— +b—+cx)
A 3 2 N

=§(2ah2 +6¢) :-g[(ahQ —bh+c)+4c +(ah® +bh+c)] = S =%(y_ +4y,+Y,)

Do dé:
b h
I = J.f(x)dx ~ E[(yo + 4y1 + y2) +(y2 + 4y3 + y4)+ N . (yzn_z + 4y2n_1 + y2n):'
a

(3.2.10)
Goi v& phai cia (3.2.10) 1a I ta cé:

h
I~1Ig = g[yo +Von t4(y] + Y3+t Yon1) +2(¥o + Y4+ ..+ Yon_o)] (3.2.11)

Khi f(x) < 0 va lién tuc trén [a, b] thi céng thic (3.2.11) van diing.

Ngusi ta chimg minh dudc ring, néu f(x) cé6 dao ham cdp 4 bi chin thi sai s0
méac phai trong trudng hop nay la:
(b-2)° M,

8(2n) =|1-1q| < ,
(@n) = 11Ty 180 (2n)*

trong d6: My = max‘f(4)(x)| vil Vx e [a,b].

1
Vi du 1. Tinh gin dung tich phan j\/l+ x?dx bing céng thiic hinh thang va
0
cébng thic Simpson.

Gidi: Chia [0, 1] thanh 10 phan bing nhau (n = 10):

h=0,3% =0+ix0,1=0,1xiy; =yl+x> (i=0,1,..,10)
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. Yi= m

X,= 0,0 yo = 1,0000
x;=0,1 y, = 1,0050

%= 0,2 vy, = 1,019803903
X;= 0,3 v, = 1,044030651
x,= 0,4 \ y,=1,0770

X5= 0,5 ys = 1,1180

Xe= 0,6 Ve = 1,1662

x,= 0,7 y, = 1,2207
x=0,8 ys = 1,2806

x,= 0,9 yo = 1,3454

X 0= 1 Vo = 1,4142

Theo cong thuc hinh thang (n = 10):
1

Y1+ xPdx = O,1|:y0+%+y1 + ¥y +...+y9} =0,1x 11,4838 =1,14838.
0

Theo céng thitc Simpson (2n = 10 = n = 5):

1

/ 0,1
-[ 1+x2dxz-3—[y0+y10 +4(y1 +y3 +y5 +y7+y9)+2(y2 +y4 +y6+y8)]
0

4

0,1[1+1,4142 + 4(1,0050 +1,0440 + 1,1180 + 1,2207 + 1,3454)
3 | +2(1,0198 +1,0770 + 1,1662+1,2806)
< Qé—lx [2,4142 + 22,9324 + 9,0872]

~0.1x 34,4338

=0,1x11,47793333 =1,147793333.

Gia tri dung cua tich phan di cho la:

x+\/x2+1

1
I\fl+x2dx = l:gxlxz +1 +%ln

0

-1

-lo

- %ﬁ+%1n|1 + ﬁ‘ =0,707106781 +%1n(2,414213562)
=1,147793574.



3
. 2 .
Vi du 2: Tinh gin diing tich phan je_ *"dx biang cong thic hinh thang.
3

2 . - — 2 N ~ kvt A 2
Giai: Ta thay: f{(x) = e” * 1a ham chan nén ta cé
3 3
2 2
J‘e'x dx=2_{e“x dx .
-3 0

Chia doan [0, 3] thanh 10 phin bang nhau (chon n = 10):

h=03;%=0+ix03=03iy,=e™ (=0,..., 10)

X; I x2

X,= 0,0 yo=1

x,=0,3 y, =0,91393119
x,= 0,6 y, = 0,69767633
x;= 0,9 y, = 0,44485807
x,= 1,2 v, = 0,23692776
x;= 1,5 ys = 0,105639922
x:= 1,8 ys = 0,03916390
x;=2,1 y.=0,01215518
Xg= 2,4 ys = 0,00315111
Xg= 2,7 v, = 0,00068233
X,0= 3 Vo = 0,00012341

Theo c¢ong thite hinh thang (n = 10):
3

— 52 0,3
J.e X dxz?[(yo +y10)+2(y1+}’2 ++y9)]
0

=~ 0,15(1,00012341 +2x 2,45394509)
~ (,15x5,90801368 = 0,886202038

3
= Ie' x’ dx = 2x0,886202052 =1,772404076.
-3
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Vi du 3: Ap dung céng thic Simpson dé tinh gin ding tich phan

N A

_[cos xdx véi sai s6 nhé hon 0,00001.
0

Giagi: Trudc hét ta phai xét xem muén thod min yéu cAu cua bai toan thi phai

chia doan [0,—121 thanh bao nhiéu doan nhé?

Le a2 ca . -5 (b_a)5M4 -5
Véi gia thiét cua bai toan 8(2n) < 0,00001 =10 ————— <1075,
180(2n)
Ta cé:
|y(4)(x)‘ = |cosx| <1 vé1 Vx.
Vay lay M, =1;a=0; b=g
n° 70 x10°

= x1<107% = (2n)? > = ©@n)* > 5% x1? x—
2% x 180 x (2n)4 2% % 180 36

= 2n > 57 x 4,/1 ~ 8,5.
36

Chon 2n = 10. Vay ta sé chia doan l: 2] thanh 10 phan bang nhau.

Tuong tu vi du trén, danh cho ban doc hoan thanh.

BAI TAP LUQNG GIA
Haéy chon két qud diung:

5
1. Tinhl j
X+ 2x —
K&t qua:
1 1
A I=2In2- = B. I=2In2+ =
2 2
C. I1=2In3- % D. Két qua khac.
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T/

4
TinhI= [—2X
: o 1+2sin“x

Két qua:
A I= 1 B. I= n

3V3 43
C. 1= 31 D. Két qua khac.

3

dx

Tinh 1= [——

o (x%+9)3
K&t qua:

2 —

A I= _‘/_2+_1 B. I= %L

(V2 +2) 9(e” +1)
. 1= Y21 D. K&t qua khac.

2+2)

. N . . N ! dX S . R e
Tinh gan dudng tich phan I = J bang phuong phap hinh thang véi
0 \/1 +x4
n=10.
Két qua:
A. 1=0,92644745 B. 1=0,89858792
C. =1,0118028 D. K&t qua khac.
L dx
Tinh gin dung tich phan I = J‘ bing phucng phap Simpson véi
oyl+ x4

2n = 10.
Két qua:
A 1=0,9270397 B. 1=0,8985879
C. 1=0,868952 D. K&t qua khac.
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Bai 3
TICH PHAN SUY RONG

MUC TIEU

Hoc xong bai nay sinh vién c¢6 kha ning:

1. Trinh bay duge dinh nghia tich phdn suy ring trong hai trudng hop:
khodng ldy tich phan la vé han va ham dudi ddu tich phén cé diém gidn
doan vé cuc trong khoang ldy tich phén.

2. Biét cdach ldy tich phén suy réng trong hai truong hop: khodng ldy tich
phén la vé han va ham dudi ddu tich phén cé diém gidn doan vé cuc
trong khodng ldy tich phén.

Ta da xét khai niém tich phan xac dinh vdi gia thiét;
- Khoang lay tich phan [a, b] 1a hitu han.

— Ham duéi dau tich phén lién tue hay chi cé mét s6 diém gian doan loai [ trén
[a, b].

Biy gi md réng dinh nghia tich phan xac dinh trong hai trudng hgp:
- Khoang lay tich phan la vo han,

— Ham dudi dau tich phan c6 diém gian doan vé cuc trong khoang 14y tich phén.

1. KHOANG LAY TiCH PHAN LA VO HAN
1.1. Khoang lay tich phan la [a, +«)

Gia st ham f(x) xac dinh trén [a, +») va kha tich trén moi doan hiu han
b
a<x<bh<+x_ Xéttich phan jf(x)dx. tich phan ay ton tai vdl mot b > a.

a

Ta goi gisi han (htiu han hay la vé cung)

h— a0

b
lim jf(x)dx (3.3.1)
a
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14 tich phéan suy rong cla f(x) trong [a, + «) va ky hiéu la:

+0

j f(x)dx (3.3.2)

a
Trong trudng hgp gidi han (3.3.1) hiiu han, ta néi tich phén suy réng (3.3.2)
héi tu va gidi han (3.3.1) la gia tri cha né va viét

+oC b
[feodx = Tim [f(x)dx (3.3.3)
a ‘ b—o+ooa
Né&u gid han (3.3.1) 1a vé cung va
hay khéng tén tai, ta néi ring tich
phén suy réng (3.3.2) phdn ky. A
Vé phuong dién hinh hoc, né&u
f(x) > 0 vé1 Vx > a va tich phan suy
+o0
réng ]f(x)dx héi tu vé I thilla dién
a / .
tich hinh thang cong v6 han (hinh 3.9). of a b X
Hinh 3.9
1.2. Khoang lay tich phin 14 (-, a]
Tuong tu nhu trén ta dinh nghia tich phan suy réng
a a
[ fedx = lim jf(x)dx (-w<c<a) (3.3.4)
e c—)—uoc

a
Néu f(x) > 0 véi Vx < a thi tich phan suy réng If(x) dx la dién tich hinh

thang cong v6 han (hinh 3.10).

Y4

L 4
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1.3. Khoang 13y tich phéan 13 (~w, +)

Ta chia khoang dé thanh (~«, a], {a, +©) va viét

+a0 a +3

[feodx = [feodx+ [ f0odx (3.3.5)

— —0 a

D61 véi ddng thite (3.3.5) tich phan suy réng _[ f(x)dx chi héi tu khi va chi khi

—a

ca hai tich phan ¢ v& phai héi tu.

+x
Hinh anh hinh hoc cua tich phan J f(x)dx 12 (hinh 3.11):

—a0

A

EA

Hinh 3.11
Vidu I: Tinh j dx
2 i x- 2
Giai: Ta co:
f ‘f d 15‘(1 1}1,(
2+x ) (x “2)(x - 1) b—)+a03 x-1 x+2
b
- lim S1n 22 - lm 2 lnE~lnlj= im 112D 1) 2400
b+ 3 X+22 b—o+w 3 b+2 b+ 3 b+2 3 3

430
Vi du 2: Xét tinh héi tu cua tich phan j d_;( (a>0).
X

Giai: Ldy b > a.

b
b
sVéia=1: Id—:zln|x| = lnb-1na;
a a
+0 b
J d— = lim dx = lim (Inb-1na) = +w.
a b— +w0 . X b—+x
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e ' ‘ 1 - . +a0 khia <1
I—(; = lim _[——= lim [b % -a a]: l-a
a

b+ bo+x 1~

khia>1

+a0
Vay jd—i‘ (a > 0) hdi tu khi o > 1; phan ky khi a < 1.
X

Vidu 3: Tinh j

1+x

Hiﬁh 3.12
+0 dx 0 +c
Gigi: | 9 -, d
o 1+X - LI+ X2 o 1+ X2
0 0
. J' dx = lim J dx = lim arctgc= - (—E} =1
- 1+x2 eo-w : 1+%2 co—w 2) 2
+oo b
. J' dx2 = lim J' dx2 = lim arctgb=E
N 1+x b—o+x 1+x bh—+x 2
+
Vay dx _ = + Zon
1+x> 2 2
, , , T T odx
Vidy 4: Tinh tich phan 1= | —.
o 1+x
1 ~dt
Giai: Thuc hién phép bién ddi: x = " = dx = — -
t

Khix - 0thit — +w; khix - +o thit > 0.
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Ta co:

+o 0 Yoo 2 +0 2
d dt
e P Al P S P
o 1+x +m[1+i4]t2 1+t* o 1+x
t

Do d6 c6 thé vist

dx 2 x? 1+ x>
i .[ dx = J 7 dx

+a0

o1= |

o 1+x 01+x4 o0 I+x
1
+oc o 1+
% _[ l _l- le dx.
0 +X 2 0 X2+ 2
X

Lai thyc hién phép di biéh z = x — — ta dudc:
X

17 dz
I== — arctg
2 ‘[ 7> +92 2\/_

Vi du 5: Chitng minh rang:
2

+a0
L

+@© X
I= X e 2dx=0.
%
Gidi: Dit — =t = dx=+2dt va x =2t
J2
1 0 _-)_(2_ +o _ﬁ 1 0 2 +a0 )
== [xe 2dx+ [xe 2 dx T [ V2te® V2dt+ [V2te™ J2dt
n —oC 0 Tl - 0
: of +4(t2) _O[o d2) | | e’ D"
=—— |e + | e s=—1|-e —-e
\/ﬂ o 0 \/ﬁ - 0
1 0 —0 —x 0 1
=m[—e +e —e +e ]=E[—1+O—O+l]=0.

2. HAM DUOI DAU TiCH PHAN CO PIEM GIAN DPOAN VO CUC
TRONG KHOANG LAY TiCH PHAN

Gia st ham f(x) kha tich trén moi doan [a, b — €] v8i € > 0 bé tuy y va khong
gi61 nd1 khi x - b — 0. Ta goi gid1 han (hdu han hay vé cliing)
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b-¢
lim j f(x) dx (3.3.6)

€—0
a

la tich phén suy réng cua f(x) trén [a, b) va ky hidu la:
b
j f(x) dx (3.3.7)
a

Trong trudng hogp gidi han (3.3.6) 12 hitu han, ta néi tich phin suy réng (3.3.7)
hoi ty va giéi han (3.3.6) 14 gia tri ciia né:
b b-¢
[£(x) dx = lim [ 00 dx (3.3.8)
£—0"
a a
Néu giéi han (3.3.6) 1a v cliing hay
khéng tén tai, ta néi tich phan suy réng
(3.3.7) phan ky.

)’T

Vé phudng dién hinh hoc, tich phan y = f(x)
b
suy réng _[f(x) dx véi f(x) 2 0 trén [a, b] p
a
A

va hoi tu vé T thi I 1a biéu thi dién tich
hinh thang cong vé6 han (hinh 3.13).

Tudng tu, ta dinh nghia tich phin suy 0| a b-g b X
rong cua ham f(x) kha tich trén moi doan
[a + g, b} va khong gi6i nd1 khix — a + 0:

Hinh 3.13

b b
ffeoax = lim [ fx)dx (3.3.9)
a € a+¢
Néu ham f(¥) khong giéi ndi khi x - x; véi x4 € (a, b), ta chia doan [a, b] thanh
hai khoang [a, x), (Xg, b] va viét:

b X0 b
_[f(x) dx = | f(x) dx+ | f(x)dx (3.3.10)

X0

b
Trong ding thie (3.3.10), tich phan suy réng If(x) dx hai tu khi va chi khi ca
a
hai tich phan suy rong ¢ vé& phai héi tu.
b
Vé phuong dién hinh hoc, tich phin suy réng J- f(x)dx biéu thi dién tich hinh
a

thang cong vé han (hinh 3.14).
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Hinh 3.14

Trong trudng hdp f(x) c6 diém gian doan vé cuc tai x = a (hoac x = b), néu ta da
biét F(x) 12 ham lién tuc trén [a, b] va la nguyén ham cua f(x) trén (a, b] (hoic
b
[a, b)) thi tich phén suy rong [f(x)dx 6 thé dugc viét 1a:

a

b
_[f(x) dx = F(b) - F(a). (3.3.11)

a

Céng thite (3.3.11) vin ding trong trudng hgp f(x) c6 mét s6 hitu han diém

gian doan vé cuc trén [a, b} néu nguyén ham F(x) cua né lién tuc trén [a, b).

1

Vidu 1: Tinh | :

-1 1- X2

Giai: Ta ¢6 him duéi d4u tich phin khéng gidi néi khix > -1+0vax—>1-0.
1 1 1-e

I dx I dx = hm I ——— + lim dx

+
-1 1—)(2 I\/l x 0 \/l—x 1+ V1- e—0" 0 \/1—}(2

= lim [arcsin 0 —arcsin(-1+g)]+ lim [arcsin(l — €) —arcsin 0}
e—0" g0

= lim [-arcsin(-1+¢)]+ lim aresin(1 - e)="+T_q.
g->0" £—0* 2 2

Vi du 2: Xét sut hoi tu caa tich phan suy réng
kj dx

am (b>a;a>0).

Gidi: Ta ¢6 ham duéi diu tich phin khong giéi n6éi khix - b - 0.
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e Vil a = 1:

b-¢
d 1 o |PE _ _
xu=_ (b_x)lu :—l—slu—;(b—a)la
. (b-x%) 1-a a a-1 a—-1
b b—E _ 1-o
j—_dx = lim | dx _G-ay ", lim s'™@
a (b—x)a £0" a (b—){)ﬁt l1-ao a-1¢50°
+0 néul-a<0<soa>1
= b_ 1-a . i
(—la)-_ nétul-a>0c=axl
-a
e Vé1a=1:
b dx b—C
| = lim {-In|b-x|}| =In|b-a|- lim In|e|
a (b —x) £ 0% a £—>0*
=ln|b—a|+ Ihm In|=|=4oo.
£—0" €
b
Do dé: j(b - hdi tu néu 0 < o < 1; phan ky néu a > 1.
-X
a
° dx
Tuong tu ﬁ héi tu néu 0 < a < 1; phin ky néu o > 1.
J(x—a

dx
T

Giai: Ham duéi dau tich phan khéng giéi ndi khi x — 0; nhung nguyén ham
2

1
Vi du 3: Tinh j
-1

2 s B3 pia A A .
cua né la §x3 lién tuc trén doan (-1, 1] nén ta cé:

BAI TAP LUQNG GIA
Haéy chon két qua ding:

0
dx

1. Tinh I = .
. (‘){ x4 +1

Két qua:
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n
A 1= -——"_
22
C. I=0
Tinh I= _[———~C(?S de,
2, sinx+1
/2
Két qua:
A I=2
C. 1I=1
b
Tinh I = j—dx——.
a(x—a)(b—x)
Két qua:
A I=n=n
C. I=-n

arctg x

Tinh I = T — = dx.

0 (1+x2)%

Két qua:
A 1=
2
c. 1=-2_1
2
0
Tinh I = j—fx—
A (x—1)"(x+1)
Két qua:
A I=-o
C. [=+w

o

Ql

I= 2n

o

K&t qua khac.

I=0
Két qua khac.

e
i
o Nl=a

K&t qua khac.

n

I=—+1
2

Két qua khac.

I=

DO | -

Két qua khac.



Chuong IV
PHUONG TRINH VI PHAN
PHUONG TRINH VI PHAN UNG DUNG

KHAI NIEM MO DAU

1. BAI TOAN PUA PEN PHUONG TRINH VI PHAN

Trong nhiéu bai toan ctia khoa hoc, ky thuat, y, sinh hoc, khi cAn méi lién hé
giita hai dai luong x, y ta khéng tim dude ngay méi lién hé Ay, ma chi tim duge mot
hé thdc gifa x, y va cac dao ham cua y theo x. Hé thiic d6 dudc goi 1a phuong trinh
vi phdn. Viéc tim md1 lién hé gitia y va x ti hé thic d6 duge goi la gidi phuong
trinh vi phén.

Vi du 1: Biét van tdc phan huy cia radium ty 1& véi khéi lugng ctua né tai thoi
diém t. Goi M 1a khéi lugng cua radium tai thoi diém t, khi @6 phudng trinh mé ta
téc d6 phan huy cta né 1a

M _ M
dt
trong d6: k 1a hé s8 ty 18 (k > 0). Khi thdi gian ting thi khéi lugng cua radium
giam, do d6 M <0.
dt

Vi du 2: Biét t8c do phat trién ctia vi khuan tai thdi diém t ty 1& véi sinh khéi,
hosic mat dd t& bao vi khuan (trong céng nghé sinh hoc thudng danh gia qua sinh
khai). Goi x (x > 0) 1a sinh khéi clia vi khudn (don vi: nghin, triéu t& bio vi khudn),
t 12 thdi gian (don vi: gi8, ngay,...). Khi d6 phuong trinh mé ta t6c d6 phat trién cla
vi khuan theo thai gian 1a:

x' =kx
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trong d6: k 1a hé s8 phat trién (k > 0). Khi thd. gian tang thi sinh khéi ca vi

khuin ting, do d6 %)tE > 0.

2. DINH NGHIA PHUONG TRINH VI PHAN

Phuong trinh vi phén la phuong trinh biéu dién méi lién hé gita bién déc lap
(hay cac bién déc lap) v4i ham chua biét va cdc dao ham hoac vi phan cia né. Néu
ham chua biét 12 ham cta mét bién déc lap thi phudng trinh dude goi 1a phuong
trinh vi phdn thuong. Trong cudn sach nay chi xét cic phudng trinh vi phin
thudng. D& cho gon, goi tat cac phuong trinh vi phan thudng la cac phuong trinh
vi phan.

Dang tdng quat ctia phuong trinh vi phan 1a
F(X’ y)y'5y”""’y(n)) = 0

trong d6: x 14 bién ddc 1ap; y = y(x) 1 ham s6 phai tim; v, y"...., y™ 14 cac dao ham
cua né.

Cép cua phuong trinh vi phdn 3 cap cao nhat ctia dao ham hotéc vi phan c6
mit trong phuong trinh.

, 1 N . e A
Vidu: y' + —y =0 la phudng trinh vi phéan cip 1;
X

V4 yx = x2 1a phuong trinh vi phén cdp 1;
y"+y'x +y =2 la phudng trinh vi phan cip 2.

Nghiém ciia phuong trinh vi phén 12 moi ham thoa man phudng trinh iy, tuc
12 moi ham sao cho khi th& né va cac dao ham ca né vao phuong trinh ta duge
mot dong nhat thiec.

Chang han y =g, trong d6 C 12 hing s6 bit ky, 1a nghiém cua phudng trinh vi
X

phan cap 1: y' + -1—y =0 vi khi thé né va dao ham cua né vao phudng trinh ta
X

\ . . 1 g o .
duge dong nhat thide —%+—.9=0. Cho C nhiing gia tri khac nhau ta dudge
X X X

nhitng nghiém khac nhau cia phudng trinh, vay phudng trinh d6 c¢é v6 s& nghiém.
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Bail
PHUONG TRiNH VI PHAN CAP 1

MUC TIEU

Hoc xong bai nay sinh vién ¢6 kha nang:

1. Trinh bay duge dinh nghia, nghiém téng qudt, nghiém riéng, dinh ly vé
su ton tai va duy nhdt nghiém ctia phuong trinh vi phén cép 1.

2. Trinh bay duge dinh nghia bén dang phuong trinh vi phan cap 1 thuong
gap: phuong trinh c6 bién phén ly, phitong trinh ding cdp, phuong trinh
tuyén tinh, phuong trinh Becnuli.

3. Giai duge bén dang phutong trinh vi phan cdp 1 néu trén.

1. TONG QUAT VE PHUONG TRINH VI PHAN CAP 1

1.1. Pinh nghia

Phuang trinh vi phan edp 1 1a phudng trinh c6 dang téng quat
Flx,y.y)=0 (4.1-21)
trong dé: F 1a ham cla ba bién x, y, y'.

Néu giai dude phudng trinh dé déi véi y' thi phuong trinh vi phéan cap 1 ¢6 dang
y'=f(x,y) hay % =1{z.%) (4.1.2)
X

trong dé: f 12 ham caa hai bién x, v.

Vi du: 3yvy'+ 41x% =0, _vzdx +xdy =0, y'=xv+ x* 1 nhiing phuong trinh vi
phéin cap 1.
1.2. Pinh 1y vé su ton tai va duy nhit nghiém

Cho phuong trinh vi phin cap 1 v'=1(x, y). Gia s fix, y) lién tuc trong mot
mién D cua mdt phing Oxy va gid st (xg ¥o) & mdt diém thude D. Khi do trong
mét lan can nao dé cua diém x = x,, ton tal it nhat mét nghiém y = y(x) cua phicong
trinh (4.1.2), lay gia tri y, khi x = x,.
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C: . of _ . 2 . : ) »
Ngoai ra, néu g(x, y) ciing lién tuc trong mién D thi nghiém dy la duy nhdt.

Ta thtta nhan dinh ly nay.
Diéu kién ham y = y(x) 13y gia tri y, khi x = x, dudc goi 12 diéu kién ban dau
va thudng dude viét

y X:XU :yO'

1.3. Nghiém téng quat, nghiém riéng, tich phin téng quat, tich phan riéng
Ta goi nghiém téng qudt cha phuong trinh vi phan c&p 113 ham
y = ¢(x,C) (4.1.3)
trong d6 C 142 mét hiang sd tuy ¥, thod man phudng trinh vi phan cép 1 da cho.
Ta goi nghiém riéng cua phuong trinh vi phén c4p 1 12 méi nghiém y = ¢(x,C;)
ma ta nhan duge tit nghiém téng quat bdng cich cho hing s6 tuy y C mot gia tri cu

thé C, thoa man diéu kién ban diu y x=x, = Y0

Vi du 1: Tim nghiém tdng quat cia phuong trinh y'+X =0 va nghiém riéng
X

thoa man diéu kién y|,., =3.
- A A P - N N BN C
Nghiém téng quat cua phuong trinh nay la y=—.
X

: i . N . s 6
Nghiém riéng duge xac dinh tir d1éu kién trén la y=—.
X

Déi khi giai phuong trinh (4.1.1) hoic (4.1.2) ta khéng dude nghiém téng quat
dudi dang tuong minh y = ¢(x,C) ma duge mdt hé thitc ¢6 dang ®(x,y,C)=0, nd
x4c dinh nghiém téng quat dusi dang an. Hé thic ay dudc goi la tich phédn téng
qudt cua phuong trinh.

Khi d6 hé thitc ®d(x,y,Cy) =0 6 dude bing cach cho C trong tich phan téng
quat 14y gia tri C, thoa man diéu kién ban dau va dude goi 1a tich phén riéng cua
phuong trinh.

2

A -1 . i
Vi du 2: Phudng trinh vi phan ;{ N dx + §+1 dy=0 (x #1, y # -1) ¢6 nghiém
X —

téng quat dudi dang an la:

éln|x3 —1i+y—2in\y+1\ =C
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Hé thuc trén dude goi la tich phan téng qudt cha phucng trinh da cho.

Phuodng trinh (4.1.2) ¢6 thé c6 mét s6 nghiém khéng ndm trong ho nghiém téng
quat, nhiing nghiém Ay dugce goi 14 nghiém ky di.
Sau day ta xét mét s6 dang phuong trinh vi phén cip 1.

2. PHUONG TRINH KHUYET

2.1. Phuong trinh khuyét y
Dinh nghia: Phuong trinh khuyét y 13 phuong trinh ¢6 dang: F(x, y') = 0.

Néu phuong trinh giai ra duge doéi véi y' ¢6 dang y' = f(x), chi viéc 1ay tich phan
hai vé, ta dugc:

y = Jf(x)dx =F(x)+C,

trong dé: F(x) 1a nguyén ham cua f(x).
Vi du: Gial phuong trinh y'—cosx =0.

Giai: Tacd: y' —cosx =0

=>d—y=cosx = Idyz_[cosxdx = y=sinx+C.
X

2.2. Phuong trinh khuyét x

Dinh nghia: Phuong trinh khuyét x 1a phucng trinh ¢6 dang: F(y, y') = 0.

Néu phudng trinh ¢6 dang y' = f(y) = ?— =f(y)=>dx = % LAy tich phan hai
x y

/ k] 1
vé ta dude x = F(y) + C, F(y) 1a nguyén ham cua m
y

Vi du: Giai phuong trinh y' = y2 (y #0).

’. d 1
Giai: Ta co: é-}i = y2 = I——?;— = J‘dx = x=—=+C,
dx y“ y

3. PHUGNG TRINH VI PHAN CO BIEN PHAN LY

3.1. Dinh nghia

Phuodng trinh vi phan c6 bién phén ly 12 phudng trinh c6 dang:
f,(x)dx + f5(y)dy =0 4.1.4)

trong dé: f,(x) 12 ham ctia bién ddc 14p x, f,(y) 12 ham clia bién déc lap y.

183



X2

. 2 >
Vidu: 3 dx + 5 Y dy = 0 la phuong trinh ¢6 bién phan ly.
1+x yve+2

3.2. Cach giai
T (4.1.4) ta c6:
f, (x)dx = —f5(y)dy .
Liy tich phan hai vé&, ta dude:
_[fl(x)dx = - Ifz(y)dy
hay F(x)+F,(y)=C. (4.1.5)

trong d6: F,(x) 12 nguyén ham cua f,(x), Fy(y) |2 nguyén ham cua fy(y).

Vi du: Giai phudng trinh X _dx+ 2y dy =0.

1+x2 y2 +2
Giai: Ta ¢6:
xzdx-—-— 22y dy.
1+x yo+2

LAy tich phan hai v&, ta dugc:

X _ 2y
'[1+)r;2 dx = J‘y2+2

= InV1+x? :—ln(yz +2)+ln|C|<:> 1+x% =

dy = éln(1+ 2) = —In(y? +2)+C

C
y2+2

Chii y: Xét mot phuong trinh vi phén c6 thé dua vé dang phuong trinh c6 bién
phan ly sau day:

M, (x)N; (y)dx + My(x)N,(y)dy =0. (4.1.6)
Néu Ms(x) = 0 va Ny (y) = 0, chia hai v& cia (4.1.6) cho My(x).N,(y), ta dude:
M) x4 D20 gy g,

My(x)  Ni(y)
Khi d6 tich phéin tdng quat cua (4.1.6) sé 13

[ gy, NaO)gy
M, (x) Ni(y)

Néu My(x) = 0 tai x = a hosic Ny(y) = 0 tai y = b thi biing cach thii truc ti€p vio
(4.1.6) ta thay x = a (y tuy y) hodc y = b (x tuy y) ciing 12 nghiém ctia (4.1.6).
(Khéng xét trudng hgp x = a déng thdi y = b vi phudng trinh (4.1.6) bi suy bién)
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Vi du: Giai phuong trinh
x(y + Ddx + (x2 -1)y-1)dy=0.
Gidi: Néu y+1#0,x% -1= 0 thi phuong trinh da cho ¢6 thé viét lai:

2X dx+y_1dy=0.
x“ -1 y+1

Do d6 tich phan téng quat ctia phudng trinh da cho la

Ix2x_1dx+ j

y_ldy:C
y+1
L. .2
hay §1n|x —1|+y—2ln‘y+1[=C.
Néu x>~1=0 = x=+1,y+1=0 = y=-1: biing cach thi tryc tiép, ta thiy
X =+1, y tuy y; hodc y = -1, x tuy y cling 12 nghiém cua phuong trinh da cho.

4. PHUONG TRINH DANG CAP CAP 1

4.1. Pinh nghia

Phuong trinh ddng cdp cAp 1 1a phudng trinh ¢6 dang:
y'=1(xy) (4.1.7)

N
trong d6: f(x, y) c6 thé bidu dién dude thanh ham cia ty s hai bién s8 [f(x, y) = (p[l j .
X,

Vi du: Phuong trinh (xy—y2)dx—(x2 -2xy)dy =0 14 phuong trinh ding cap

cdp 1 vi véi x = 0 ta c6 thé viét

2
) z_(x]
dy xy—y hay y'=X X/
dx x2—2xy 1-9Y
X

4.2, Cach giai

Phuong trinh ddng cip cap 1 (4.1.7) viét dude dudi dang
dy _ (p[X] . (4.1.8)

dx X
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bat Y_u hay y = ux, trong d6 u la mét ham mdi caa x. Khi d6 ta c¢é:
X

T

dx dx
Thay vao (4.1.8) ta dudc:

u+x—q~"l:(p(u) hay xd—uzq)(u)ﬂ.l‘ (4.1.9)

dx dx

— Néu @(u)-u = O thi ti (4.1.9) ta cé:

E 3 du

X ou-u

la phuong trinh ¢6 bién phén ly. LAy tich phan hai vé& phudng trinh, ta dude:

In|x| = jmd)%lw = o(u) +In|C]|,

trong do: $(u) 1a mdt nguyén ham cia ——.
p(u)—u

Vay nghiém téng quat ciia phuong trinh (4.1.8) 1a x = Ce®V/%)
- Néu p(u)—u=0 < ¢(u) =u, (4.1.8) trd thanh:
dy y

dx x
Ta thay y = 0 1a nghiém ctia phudng trinh.
y , d d d

Véiy =0 cé: 5 _[ J—X
= lnly‘ = 1n|x|+C < y=Cx.

Vay nghiém tong quat cha phudng trinh 1a y = Cx.

- Né&u @(u)-u=0 taiu=uy, bing cach thit tryc tiép, ta thdy ham y=ugx
cling 12 nghiém cua phuong trinh da cho (4.1.8).

Vi du: Gidi phuong trinh (xy - y?)dx — (x* - 2xy)dy = 0.

Giai: Nhan thiay x = 0 1a nghiém ctua phuong trinh da cho. Véi x 20 thi y=%

khéng phai 12 nghiém, nén ¢é phuodng trinh

2

y_ YJ
£1_}:_x X
dx ;1 oV
X
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Pat Y -u véi dieu kién x # 0, ta ¢é:

X
du u-u?® du u?
u+x-—-= f— _— .
dx 1-2u dx 1-2u
—Néuu=z0
d 1-2 d
= Qudu. = J-§= d_u_J-_dZu u+C
X u X 1.12 l.12
1 X
= ln‘xl=———lnu2+C: ‘x‘= : = erY:Cx.
u )
eu u2

- Né&u u = 0 & y = 0, thé truc tiép vao phuong trinh ta thay y = 0 la nghiém
cia phuong trinh.

Dt biét x = 0 ciing 1a nghiém cua phuong trinh d3 cho.
Tém lai, nghiém cua phudng trinh 13
x=0
X
Cx =y2%eY véi Ctuy y
Chu y: Phuong trinh dang: P(x, y)dx + Q(x, y)dy = 0, trong dé P(x, y) va Q(x, y)

C s o N Mo s - . . > o o P
la hai ham s6 thuan nhat cling bic, cing 14 phudng trinh dang cip, vi ty s6 — ¢6
thé biéu dién duéi dang f(X]. Chang han, cac phuong trinh:

X

(3xy — TyHdx + (5y* — 2xy)dy = 0;
y(x* - 3yHdx — (x* + 6x%y)dy = 0

14 nhitng phuong trinh vi phan cap 1 thuan nhat.

5. PHUONG TRINH VI PHAN TUYEN TiNH CAP 1

5.2. Dinh nghia

Phuong trinh vi phdn tuyén tinh cip 1 1a phuong trinh c6 dang
y'+p(x)y = q(x) (4.1.10)

trong dé: p(x), q(x) 1a cdc ham lién tuc cia x.
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Né1 cach khae, dé6 1a mdt phudng trinh bac nhit dé1 véi ham phai tim va dao
ham cua né. Néu q(x) =0 thi (4.1.10) dudc goi 1a phuong trinh vi phdan tuyén tinh
thudn nhdt. Néu q(x) # O thi (4.1.10) dude goi 1a phuong trinh tuyén tinh khong
thuan nhat.

. 5 } . . .
Vidu: y'+ 2—){ y = 0 la phuong trinh vi phan tuyén tinh thuan nhat.
x“+1

y'+ 4xy = (x2 +1)3%* 12 phuong trinh vi phan tuyén tinh khong thuan nhat.
5.2, Cach giai

Trudc tién ta xét phucng trinh vi phin tuyén tinh thuin nhat tuong ing cia
(5.1.10)

y'+p(x)y =0. (4.1.11)
Vdiy =0t (4.1.11) ta c6 thé viét:

d_y = —p(x)dx.
y

LAy tich phan hai vé& ta duge:
ln‘y‘ = —Jp(x)dx + ln‘C‘ = y= Ce_Jp(x)dx (4.1.12)

P6 12 nghidm téng quat cua phudng trinh (4.1.11). Ngoai ra, bang cach thu
true tiép, ta thidy y = O cling 1a nghiém cta phudng trinh tuyén tinh thuan nhat
(4.1.11) va 12 m6t nghiém riéng tng vdi C = 0.

Bay gid xem C khéng phai 12 hing s6 ma 13 mét ham cua x, hay tim C(x) dé
cho (4.1.12) tré thanh nghiém cia phudng trinh vi phan tuyén tinh khéng thuan
nhat (4.1.11). Mudn vay, 18y dao ham hai vé& cua (4.1.12) ta dudc:

y' = C'(x)e PO | oxyp(x)e 1P (4.1.13)
Thay (4.1.12) va (4.1.13) vao (4.1.10) ta dudc:

C(e TP _ cap(oe PP 4 ciopioe P = g0
hay dC = q(x)efp(x)dxdx.
Do dé: C(x) = JAq(x)eI p(x)dx dx+ K
trong dé: K 12 mot hang s tuy y.
Vay: y= Ke_Ip(x)dx + e_IpO()dx Iq(x)ejp(x)dxdx (4.1.14)
la nghiém téng quat cta phuong trinh (4.1.10).
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Phuong phap gidi trén goi la phuong phap bién thién hdng s6. Ta nhén xét
réing, s6 hang thit hai trong vé& phai cua (4.1.14) 13 mét nghiém riéng cia phuong
trinh (4.1.10) ting véi K = 0; con s6 hang tht nhat 1a nghiém téng quat cda
(4.1.11). Ngudi ta c6 thé chitng minh mét cach téng quat rang: Nghiém téng quat
ctia phudng trinh vi phan tuyén tinh khéng thuin nhat bang nghiém téng quat
cua phuong trinh thuin nhit tucng Gng cong véi mdt nghidm riéng nao 46 cua
phuong trinh khéng thuan nhat.

Vidu 1: Tim nghiém téng quat cia phuong trinh
1
y'+—y=23x
X
va mét nghiém riéng thod man diéu kién y|,_, =1.

Giai: Trude hét gidi phuong trinh tuyén tinh thuin nhat tuong ng

1
y'+—y=0.
X
Ta thay y = 0 12 mét nghiém cla phudng trinh tuy&n tinh thuan nhat.
Véry = 0:
gz:—ly hay j.d—y=— £'{1+C
dx X y X
C
= Inly|=-Injx|+In|C] = y==.
X

Nghiém tong quat ciia phuodng trinh tuyén tinh thuin nhatla y =— (*).
X

Bay gid coi C = C(x) va ldy dao ham hai v& caa (*) ta dugc:

dy 1dC C
dx xdx 2

Lt —=3x > dC=38x%dx = C=x3+K
x dx x2 xz

Vay nghiém t6éng quat ctia phudng trinh da cho 1a:

y:x2+5.
X

Véi didu kién y|,_; =1 ta c6 K =0, do dé nghiém riéng ctia phudng trinh thoa

miin didu kién da cho la y = x°.
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Vi du 2: Giai phudng trinh
e¥dx + (xe¥ —1)dy = 0.
Gidi: Néu xem y la ham s6 phai tim ctia bién s6 x va viét phuong trinh duéi
dang (xe¥ -1)y'+e¥ =0 thi phuong trinh 4y khong thudc nhitng dang da xét. Néu

xem x l4 him s6 phai tim cta y, ta duge phudng trinh

, 1
X'+ X =—
oY

d _ . . M aiLs o A
trong dé: x'= d—x . D6 1a mét phuong trinh vi phin tuyén tinh cip 1 dé1 v4i ham s6 x(y).
y

Giai phuodng trinh thuan nhat tudng ting ta duge

dodé x=Ce™.

Cho hing s6 C bién thién dé tim nghiém téng quit cia phuodng trinh khéng
thudn nhat, ta cé

x'=C'(y)e™ —C(y)e™.
Thay vao phudng trinh ban dau:

C(y)e™ -C(y)e™ +C(y)e ¥ =™ = %—q =1
y

= C=y+K
Vay nghiém téng quat la:

x=(y+K)e™ hay x=Ke™ +ye™.

6. PHUONG TRINH BECNULI
6.1. Dinh nghia
Phuong trinh Becenuli la phudng trinh ¢é dang:

v+ p(x)y = q(x)y” - (4.1.15)

trong dé: p(x), q(x) 12 nhitng ham s6 lién tuc, a. 12 mét sd thuc.
6.2. Cach giai

Phudng trinh (4.1.15) trd thanh phudng trinh vi phén tuyén tinh khi o = 0 hay
a = 1. Vivay, gia thiét a # 0 va a # 1. Véi y # 0, chia hai vé ca (4.1.15) cho y“, ta duge
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y 'y p(x)y T = q(x).
Patz=y'™® tacé z' = (1-a)y %y, phudng trinh trén trd thanh
z'+ (1 - a)p(x)z = (1 - 0)q(x),
142 phuong trinh vi phan tuyén tinh cap 1 d61 véi z.
Vi du: Gial phuong trinh

y+(x+2) y2 =0.

y'+ :
X+2
Gidi: Néu y # 0, chia hai v& ctia phuong trinh cho y?, ta duge
—2,

y y+iy_1+(x+2)3 =0.
X+2

bat z = y'l, tacé z'= —y'zy' , phuong trinh trén trd thanh

1 3
z'— z=(x+2),
2 ( )

. -, " 1
12 mdt phudng trinh vi phin tuyén tinh, véi p(x) = T o q(x) =(x+ 2)3 .
X+

Nghiém cua phudng trinh la:

7z = Ko X+2 4 g’ x+2 I(X +2)3e “x+2dx = Keln|x+2| +eln|x+2| J‘(x . 2)3e_1n|x+2ldx
3
~Kx+2+fx -2 [EED gy
x +2|
4
= K(x +2)+(x+2)I(X+2)2dx - K(X+2);(x+2)
3
= y= -
K(x+2)+(x+2)

Khiy = 0, né ciing 14 mét nghiém cta phuong trinh, dé la nghiém ky di.
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BAI TAP LUONG GIA
Hay chon két qua dung:

1. Giii phuong trinh vi phéan: y’=1nX+1.
Iny+1
Két qua:
A, xInx=ylny+C - B. x+lnx=y+lny+C
C. xlnx+x=ylny+y+C D. Két qua khac.

2.  Giéi phuong trinh vi phan: (3x2 +y2)y +(y® - x2)xy’ = 0.

Két qua:
[y =0, X tuy ¥ y=0, xtuyy
A. ’ 2 2 2y B. 2 4 v
| x(x“ +y°)-C7y=0 y(yc+x")=Cx

[y=0, xtuyy .,
C. 5 o 0 D. Két qua khac.
| (x“ +y“)" =Cxy

3. Giai phuong trinh vi phan: y' - 2y 0; y‘xz o =2.
X

1
Két qua:
A y=2x+1)2 B. y=2J(x+1)
C. y=2(x+1) D. Két qua khac.

4.  Gial phudng trinh vi phan: y’ —ﬂi =(x+1)%.
X+

Két qua:
B 2 6
. 1 (x+1)
A y=&+1)YC+4x B. y= C+
| 2 (x+ 1)2 6
2_ (x +1)6 - ) P
C. y=xx+1°C+ A D. Két qua khac.
L

5. Giai phuong trinh vi phén: 2ydx + (y ~ x)dy = 0.
Két qua:

X =0 ) R .
A x=Ky+ ylnly\ vy #0va {y buv 12 nghiém cua phudng trinh
X tuy y
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r\.":(]

v )
B x=—+% viiy+0va+y la nghiém cua phuong trinh
y 2 L x tuy y
N . [y=0 L \
C. x=Ky+ voiy # 0 va g __langhiém cua phudng trinh
ln‘_\-‘ | X tuy ¥

D. Két qua khac.

Bai 2
PHUONG TRIiNH VI PHAN CAP 2

MUC TIEU

Hoc xong bai nay sinh vién c6 kha ning:

1. Trinh bay duge dinh nghia, nghiém téng qudt, nghiém riéng, dinh ly vé
s ton tai va duy nhdt nghiém ctia phuong trinh vi phrm cdp 2. .;_;;,;.

2. Trinh bay duoc dinh nghia ba phuong trinh vi phén cdp 2 thuong gap:
phuwong trinh tuyén tinh thudn nhdt, phitong trinh tuyén tinh khong
thuén nhdt, phuong trinh tuyén tinh cé hé s6 khong doi.

3. Giai duoc ba dang phudng trinh vi phén cdp 2 néu trén.

1. TONG QUAT VE PHUONG TRINH VI PHAN CAP 2
1.1. Pinh nghia

Phuomg trinh vi phdn cdp 2 1a phudng trinh ¢6 dang
Fix,y,y'.¥y" =0 (4.2.1)
trong dé: F la ham ena cac bién x, y, v', v".
Néu gidi duge phuong trinh (4.2.1) di v6i y , né ¢ dang
=f(x,y,¥"

trong dé: f 12 ham caa cac bién x, y, y'.
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Vidu: y"-y'y+xy=0, y"-2xy=xe" i nhiing phudng trinh vi phén cip 2.
1.2. Dinh 1y vé su ton tai va duy nhat nghiém
Cho phuong trinh: "= f(x,y,y). (4.2.2)

Néu f(x,y,y") lién tuc trong mét mién D nao dé trong R va néu (xq, yp v'y) la

mét diém thudc D, thi trong mét lan cdn nao do cua diém x = x, tén tai it nhit mot
nghiém y = y(x) cia phuong'trinh (4.2.2) thod man cdc diéu kién

y|x=x() :yO > yl X=X, = yIO (423)

Neéu %(x, V., %(x, y.9") ciing lién tuc thi nghism &y la duy nhat.

Ta thirta nhan dinh ly nay.
1.3. Nghiém téng quat, nghiém riéng

Ngudi ta goi nghiém téng qudt cha phucng trinh (4.2.2) 124 ham sé
y = ¢(x,C,,Cs), trong d6 C;,C5 1a nhiing hing s& tuy ¥, thod man phuong trinh.

Véi moi (xg,¥0,Y'p) 8 d6 cac diéu kién cta dinh Iy tén tai va duy nhat nghiém
dudc thoa min, ¢6 thé tim dudge cac gia tri xac dinh Cy = c? Co = Cg sao cho ham

58 y = ¢(x,0¢,CY) thod min didu kién y x=x, =Y0 ¥ |x=x, =Y'0-

Ngudi ta goi nghiém riéng cua phuong trinh (4.2.2) 1a ham s6 y = ¢(x, C?\Cg)
ma ta c6 dude bang cach cho C,,Cy trong nghiém téng quat cac gia tri CY | Cg
thoa man didu kién (4.2.3).

P6i khi ta khéng tim dude nghiém téng quat ctia phudng trinh (4.2.2) duéi
dang tuong minh y = ¢(x,C;,Cs) ma tim duge mét hé thice cé dang d(x,y,Cy,C9)=0
thoa man phuodng trinh da cho.

Hé thitc ®(x,y,C;,C5) =0 x4c dinh nghiém tong quat ctia phudng trinh (4.2.2)
duéi dang an dudc goi 1a tich phdn téng qudt ciia nob.

Khi d6, ®(x,y,C?,C)) = 0 x4c dinh nghiém riéng cia phuong trinh va h¢ thic
d6 duge goi la tich phan riéng, trong d6 CY va CJ thoa man diéu kién ban diu

1

Yy X=X = yOs y X=Xq = y.O
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2. PHUONG TRINH VI PHAN TUYEN TiNH CAP 2
2.1. Pinh nghia
Phudng trinh vi phan tuyén tinh cadp 2 1a phuong trinh vi phéan cé dang
y"+ p(x)y "+ a(x)y = f(x) (4.2.9)
trong dé: p(x), q(x), f(x) la nhiing ham sé lién tuc.
Phudng trinh dude goi 1A thudn nhdt néu f(x) =0, 12 khéng thuian nhét néu
f(x) # 0.

Vidu 1: y"+(2x+1)y'+(x2+l)y=x—5.

Vidu2: y"+(©2x+1)y'+ (x>+1)y=0 la phuong trinh vi phén tuyén tinh thuin
nhit tuong Uing cua phuong trinh trén.
2.2. Phuong trinh vi phan tuyén tinh cip 2 thuin nhat

Phuong trinh vi phéan tuyén tinh cAp 2 thuin nhat c¢é dang

y'+ plx)y'+q(x)y =0. (4.2.5)

2.2.1. Dinh Iy 1

Néu yy(x) va vs(x) la hai nghiém cua phuong trinh (4.2.5) thi C,y,(x)+ Cyys(x),
trong dé C, va Cy la hai hing s6, ciing la nghiém ciia phuong trinh do.

Chitng minh: Vi y;(x) va yo(x) 12 nghiém cta phudng trinh (4.2.5) nén

vy +p(X)y'y +ag(x)y; =0
v+ p(x)y'2+ q(x)y; =0

Nhan phuong trinh trén véi C,, nhan phuong trinh dudi véi C, réi cong lai
ta dudc

(Ciy1 +Cays) "+ p(x)(Cryy + Caya)'+a(x)(Cyyg + Coyg) =0
Vay: C,y; + Cyy, 1a nghiém cua phuong trinh (4.2.5).
2.2.2. Pinh nghia
Hai ham s8 y,(x), yo(x) dudc goi la ddc ldp tuyén tinh trén doan [a,b] néu ty

. X
<8 YQ( )

= khac hing sé trén doan dé. Trong trudng hgp trai lai, hai ham s& dy dugce
YilX

goi 14 phu thuée tuyén tinh.
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Vi du: Hai ham s6 sinx v* cosx déc lap tuyén tinh trén R vi:

sin x . s O
= tgx khéac hang s6 teén R.
COS X
Y . . v . 2% 2
Hai ham s6 2e* va 7e* phu thuéc tuyén tiv.n vi: X~
7e

2.2.3. Dinh ly 2

Néu y,(x) va yo(x) la hai nghiém déc lip tuyén tinh ctia phuong trinh vi
phén tuyén tinh thuén nhdt (4.2.5) thi y=Cy,(x)+Cyys(x), trong do C;,Cs la
hai hdng s6'tuy y, la nghiém téng qudt cta phuong trinh éy.

Ta khéng chiing minh dinh 1y nay.

Vi du: Phuong trinh y" +y =0 c6 hai nghiém riéng y; =cosx, yy =sinx fa hai
nghiém déc [3p tuyén tinh, vay nghiém téng quat ctia phuong trinh la

y = Cy cosx + Cy sinx
véi Cq, C, la hai hing 86 tuy y.

Chi y: Néu y;(x) va yo(x) 1a hai nghiém phu thuge tuyén tinh ctia phuong
trinh (4.2.5), ta c6 y;(x) = Ky, (x), véi K 1a mét hing s6 nao dé. Do dé biéu thie
y = Cyy;(x) + Cyyy(x), Cy va C, 12 hai hiing s6 tuy ¥, ¢6 thé viét y = (C;K + Cy)yq(x),

né thuc su chi phu thude mot hang sé tuy y, nén khong la nghiém téng quat cla
phuong trinh (4.2.5).

Dinh 1y sau diy cho ta cach tim nghiém téng quat cita phudng trinh tuyén tinh
thuin nhat véi hé s§ bién thién néu biét mot nghiém riéng khac khéng cua né.

2.24. Dinh Iy 8
Néu da biét mot nghiém riéng y,(x) #0 cua phuong trinh vi phén tuyén tinh
thudn nhét (4.2.5), ta c6 thé tim dudc mot nghiém riéng yq(x) ctia phuong trinh
do, déc lap tuyén tinh v6i y;(x), c6 dang yqo(x) = y;(x).u(x).
Chitng minh: Dat y = y;(x).u(x). Ta can tim u(x) sao cho y thod man phucng
trinh (4.2.5). Ta ¢é:
y'=y'ju+yu’
y'=y" 1 u+2y'y u'+y;u”.
Thé vao phuong trinh (4.2.5), ta dude

yiu"+ 2y +pypu'+(y" +py' +aypu=0.
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Nhung y";+py'y+qy; =0, viy, 1A mot nghiém cua (4.2.5).
Vay ta duge phuong trinh cap 2 d6i véi u, khuyét u:
yiu"+(2y'1+pypu'=0.
Dat u' = v, ta duge phuodng trinh cdp 1 d61 véi v
yiv'+(2y' +py)v=0
hay d_v = —[%4- p]dx‘
v Vi
Lay tich phan hai vé ta dudc:

In ‘vl = —2lr1|y1 | - Ip(x)dx = -2 ln|y1 | + p(x) + ln‘C1|

e®(x) a®)
=>v=_C 5= Cig(x), véi gx)= 3
Yi Y1
Do do: u=_C, Jg(x)dx =C,G(x)+Cy

trong d6: G(x) 12 mdt nguyén ham cua g(x).

Vay: y =[C1G(x)+C2]y1 =Cyy1G(x) + Cyy;.

Chon C, =0, C, =1, ta dugc y, =y;G(x), d6 1a mot nghiém cua (4.2.5), déc lap

tuyén tinh véi y,, vi

’

p(x)
(ﬁ] =G0 =g(x) =5 #0.
yl yl

Vi du: Tim nghiém téng quat ctia phudng trinh
(1-x%)y"+ 2xy'- 2y = 0.
Gigi: D& thay ring, y, = x 12 mét nghiém riéng. Ta tim mét nghiém riéng khac,
cé dang y, =x.u(x). Ta cé:
y'o =u+xu’;
y"s =2u'+ xu'".
Thé vao phuong trinh d3 cho, ta duge:
1- x2)(2u'+ xu")+2x(u+xu)-2xu=0 hay u"x(1- x2)+ 2u'=0.

Pat u'=v, tacé:
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v'x(l—x2)+2v=0 = EX:—LX,.
v x(1 —x2)
LAy tich phan hai vé, ta dugc:
av_ ~2j(l+ X ]dx
v

X 1-x°

2
= lnlv‘=—21n]xi+lq‘l—x2|+ln|Kl‘ = v=K11_; =K, [iz—l]
X X

trong dé: K; 1a hing s tuy y.

Chon K, = -1 ta dugc v=1——12—, do d6:
. X

E:l—i‘) = u=x+l+K2.
dx X~ X

1
Chon K, = 0, ta duge u =x+—, vay y2=xu=x2+1.
X

Hai nghiém y, =x, y, =x?+1 la doc 1ap tuyén tinh, nén nghiém téng quat
cla phuong trinh la:
y = Cx + Cy(x? +1)

trong dé: C,, C, 14 hai hing s8 tuy y.

2.3. Phuong trinh vi phan tuyé&n tinh c¢ip 2 khéng thuin nhat
Phuong trinh vi phan tuyén tinh c4p 2 khong thuan nhat c6 dang
y"+p(x)y'+a(x)y = {(x). (4.2.6)
2.3.1. Dinh Iy 1
Nghiém téng qudt cua phuong trinh khong thudn nhdt (4.2.6) bang téng ctia

nghiém téng qudt ciia phuong trinh thudn nhét tuong itng (4.2.6) véi mét nghiém
riéng nao do cia phuong trinh khéng thuan nhdt.

Chiing minh: That vay, goi ¥ la nghiém tong quat cua phudng trinh (4.2.5),
Y 142 mét nghiém riéng nao dé cua phudng trinh (4.2.6).
Dat y=9+Y.Tacé y'=y+Y', y"=3"+Y". Thé vao phuodng trinh (4.2.6) ta
dugce:
y"+p(x)y +ax)y ="+ Y"+p(x)(F'+ Y )+ q(x)}(¥ + Y)

= [¥"+ p(x)7 + (¥ ]+ [Y "+ p()Y '+ q(x)Y]
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Theo gia thiét:
¥+ p(x)y'+a(x)y = 0;
Y"+p(x)Y '+ q(x)Y = f(x)
do d6: y"+ p(x)y'+q(x)y = f(x).

Vay y=9y+Y ciing 1A nghiém cua phuodng trinh (4.2.6). Vi ¥ phu thudc hai
hing s6 tuy ¥y nén y =y+ Y ciing phu thudc hai hing s tuy ¥, do d6 né 1a nghiém
téng quat cua phudng trinh (4.2.6).

2.8.2. Pinh ly 2 (Nguyén ly chong chét nghiém)

Cho phuong trinh: y"+ p(x)y'+ q(x)y = fi(x) + fo(x). Néu y,(x) la mot nghiém
riéng cua phuong trinh y"+ p(x)y'+ q(x)y = f1(x); yo(x) la mot nghiém riéng cua
phuong trinh y"+ p(x)y'+ q(x)y = fo(x) thi y =y (x)+y5(x) la mot nghiém riéng
cua phuong trinh da cho.

Chitng minh: That vay ta c6:

y"+p(x)y'+a(x)y = (v +y2)"+ p(x)(yy + Yo) '+ a(x)(y; +¥3)
= [y "1+ p(X)y 'L+ q(X)yl} + [y"2+ p(x)y'p+ Q(X)Y2:|
=1, (x) + f5(x).

Vay y =y, (%) + y5(x) 12 mot nghiém ciia phudng trinh di cho.

3. PHUONG TRINH VI PHAN TUYEN TINH CAP 2 cO HE SO
KHONG POI

3.1. Phuong trinh thuan nhat
3.1.1. Dinh nghia

Phuong trinh vi phan tuyén tinh cidp 2 c6 hé sé khdong déi thuin nhat la
phuong trinh ¢6 dang:
y"+py'+qy=0 (4.2.7)
trong dé: p, q Ia hai hé sé hing sb.
3.1.2. Céch gidi
Ta biét ring, mudn tim nghidm téng quat cua né chi cin tim hai nghiém riéng
déc 1ap tuyén tinh. Ta sé tim nghiém riéng cua né duéi dang

y = ekx (4.2.8)

trong d6 k 14 mét hang s6 nio d6 ma ta sé tim.
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Ta c6: y' = ke, y" = k%e¥* | thé vao phudng trinh (4.2.7) dude
e (k2 +pk+q)=0.
Vie %0, tacé k2 +pk+q=0. (4.2.9)

Vay, néu k thoa man phudng trinh (4.2.9) thi ham s6 y = ekx 13 mét nghiém

riéng cua phuong trinh (4.2.7). Phudng trinh (4.2.9) dudc goi 14 phuong trinh dédc
trung cia phudng trinh vi phan (4.2.7).

Xét hai trusng hgp sau:
— Truong hop 1: Phuong trinh dac trung (4.2.9) ¢6 hai nghiém thuc phan biét
k, va k ,, khi &y phuong trinh (4.2.7) cé hai nghiém

kqyx k4x
y]_:el) y2=ez'

e
Ya

Hai nghiém nay doc lap tuyén tinh vi = e®17k2)X Lhac hing s6. Do dé

nghiém téng quat ctia phuong trinh (4.2.7) la y = Clele + CQeKQ", trong d6 C,, C,
12 hai hiing s6 tuy y.
Vi du: Tim nghiém cua phudng trinh y"+2y'-3y =0 thoa man cac diéu kién

y x=0:0’ y"x=0=1'

Phuong trinh dic trung cda phudng trinh di cho 1a k% +2k-3=0, c6 hai
nghiém phan biét k, =1, k, =-3.

Vay nghiém téng quat ciia phuong trinh di cho la
y = Ce* +Cue 5%,

Do d6 y'=Cje¥ —3Cqe %,

N P . [N 'Y . Cl + C'2 - O
Tu cac diéu kién ban dau, ta cé:
Cl —302 = 1
.. a ~ 1 1 A . A "~ LY N N
Giai hé trén ta duge: C, = 7 C, = 7 vay nghiém riéng phai tim la
1 x 1 _3y
=—e ——e ",
y 4 4

—Truong hop 2: Phudng trinh dic trung (3.2.9) ¢6 hai nghiém thuyc trung nhau
k, =k,. Ta da c6 mdt nghiém riéng cha phuong trinh (4.2.7)1a y; = efix.
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Ta sé tim nghiém riéng y, doc 1ap tuyén tinh véi y, dudi dang
Yo =yq-u(x) = u(x)efr*,
Ta cé:

kyx kix,

y's =u'e’” +kjue

" klx

2
y'9 =u'e +2k1u'ek1x +kfuek1x.

Thé vao phuong trinh (4:2.7), ta dudc
ekix [u"+ (2k; + plu'+ (k‘;z +pk; +q)u J =0.
Vi k, 14 nghiém kép cua phuong trinh dic trung, nén ta c6
2 _ —P
ki +pk; +q=0 , ky = hay 2k, +p=0.

Do d6 eX¥u" =0 hay u"=0. Suy ra u = Ax + B, trong d6 A, B la nhing hang
s6 tuy y. Chon A = 1, B =0 ta dudc u = x, vay yo(x) = xe*1¥.
Nhu vay, hai nghiém doc 1ap tuyén tinh cua (4.2.7) la
y1(x) = eM*, yo(x) = xekrX,
Vay nghiém téng quat cia (4.2.7) 1a: y = eX1*(C, + Cyx).
Vi du: Giai phuong trinh: y"+2y'+4y =0.
Gidi: Phuong trinh dic trung cua né 1a k* + 2k + 4 = 0, ¢6 nghiém kép k = -2,

vay nghiém téng quat 1a: y = e 2*(C; + Cyx); C,, C, 12 hai hiing s§ tuy y.

3.2. Phuong trinh khéong thuin nhat
3.2.1. Dinh nghia

Phuong trinh vi phan tuyén tinh cip 2 c¢6 hé s khéng d6i khéong thuan nhat la
phudng trinh ¢6 dang: y'"+py'+qy = f(x) (4.2.10)
trong d6: p, q 1a nhitng hé s6 hdng sd.
3.2.2. Cich giai

Nghiém tdng quat ctia (4.2.10) bang nghiém téng quat clia phudng trinh thuin
nhit tudng dng (4.2.7) c¢bng vdi nghiém riéng cia (4.2.10).

Trong phan nay ta chi nghién ciu cach tim nghiém riéng cta phuong trinh
(4.2.10) trong truong hap:
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f(x) = e™P, (x) (4.2.11)
trong dé: P,(x) 12 m6t da thitc bac n cha x va a 13 mét hang s8.
Tim mot nghiém riéng cua (4.2.10) dudi dang:
y =e™*Q, (x) (4.2.12)
trong dé: Q,(x) 1a da thiic cing bac véi P, (x) va c6 (n + 1) hé s6 chua biét.
XAc dinh cac hé s6 dé nhu sau:

Lay dao ham hai vé& cua (4.2.12) ta c6:

y'=aQ, (x)e” +Q' (x)e™;
y" = a2 Q, (x)e® +2aQ", (x)e™* +Q", (x)e™~.

Thé vy, v', y" vao (4.2.10) va rit gon lai ta duge
QQQn(x)eux +2aQ|n(X)eux +Q"n(x)em‘+paQn(x)e“x+pQ'n(x)e”x+qe“xQn(x)
= e(lXPn(X)

— UX [Q"n(x) + (20 +p)Q', (%) + (a® + pa + Q)Qn(x):l =e™ P (%)

= Q",(x)+(2a +p)Q', (x)+(a? + po + )R, (x)= P, (x). (4.2.13)
Néu o khong phai la nghiém ctia phuong trinh dac trung (bao gém ca trudng
hgp phudng trinh dac trung vé nghiém) thi o +pa+q=0, do d6 vé& trai cla
(4.2.13) ciing 1a mét da thite bac n cling véi da thiic 6 vé& phai.
Poéng nhat cac hé s6 ctia luy thita cung bic clia x d hai v& caa (4.2.13) ta tim
dudc cac hé sé ctia da thite Q,(x) ((n + 1) hé 56 tir (n + 1) phuong trinh).

Phuong phap xac dinh hé s cia Q,(x) nhu trén dudce goi 1a phrong phap hé sé
bdat dinh.

— Néu a 1a mét nghiém don cita phuong trinh dic trung thi
a? +pa+q=0 va 20+p=0.
Trong truong hop nay da thiic 6 vé trai khéng con 1a bac n nita ma 1a bac (n - 1).
— Néu a la nghiém kép cua phuong trinh dic trung thi
o2 +po+q=0 va 20+p=0.
Trong trudng hgp nay da thite d vé trai khéng con 1A bac n nita ma la bac (n - 2).
Muén cho ham & dang (4.2.12) nghiém ding phudng trinh (4.2.10) thi ta phai
nang bac cia da thic Q. (x) 1én mét hay hai bac tuy theo a la nghiém don hay
nghiém kép cta phudng trinh dic trung.
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+ Truong hop 1: Néu o 1a nghiém don cta phuong trinh déc trung thi nghiém
riéng phai tim cta (4.2.10) c¢6 dang:

y = xe?*Q,(x).

+ Truong hop 2: Néu o 14 nghiém kép cia phudng trinh dic trung thi nghiém
riéng cua (4.2.10) cb dang:

y = x%e™*Q, (x)

trong d6 Q,(x) 1a da thic bac n ma cac hé s8 clia né ta ¢6 thé tim bing phuong
phap hé s6 bat dinh § trén.

Vi du 1: Hiay tim mét nghiém riéng ciia phuong trinh
y"-2y'+y=1+2x.
Gidi: Phuong trinh dic trung ¢6 dang: k* -2k + 1 =0,

Trong truong hgp nay o = 0 khéng phai 1a nghiém cta phudng trinh dic trung
nén mét nghiém riéng cua phuong trinh da cho ¢6 dang:

y=e""(Ax+B)=Ax+B.
Thé y, y', y" vao phuong trinh di cho, ta dudc:
Ax+ B-2A=2x+1

A=2 A=2
(=
B-2A-1 B=5

Vay nghiém riéng cua phuong trinh da cho la y = 2x + 5.
Vi du 2: Tim nghiém téng quat ciia phuong trinh: y"-3y'+ 2y = e*(4 + 3x).
Gidi: Phuong trinh dic trung tuong ting c6 dang: k? - 3k + 2= 0.
Giai phuong trinh dic trung ta dude k; = 1, ky = 2. Do d6 nghiém téng quat
cliia phuong trinh thuan nhat tudng dng cua phuong trinh da cho la:
y = Cre® + Cpe*.
Mat khae, a = 1 14 nghiém don cua phudng trinh dic trung nén mét nghiém
riéng cua phuong trinh da cho c6 dang
y = xe*(Ax + B) = e* (Ax2 + Bx)
= y'=e*(Ax? + Bx) +e*(2Ax + B)
= y"=e*(Ax® + Bx) + 2¢*(2Ax + B) + " 2A.
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Thé vao phudng trinh da cho va nit gon ta dudc:
e [Ax‘2 +(B+4A)x+2(B+ A)} —3e* [Ax2 +(B+2A) +B} +2e* (Ax? + Bx) = ¢* (4 + 3x)
= Ax® +(B+4A)x +2(B +A)-3Ax% —3(B+2A)x — 3B + 2(Ax? + Bx) = 4+ 3x
= (Ax%+2Ax" ~3Ax%)+ (B+4A -3B-6A +2B)x + 2B+ 2A - 3B = 4 + 3X
= —2Ax+(2A-B)=4+3x

{—2A=3 (A=—
Ly

3
A-B 2
2A-B=4 ;

B=—

VAay nghiém riéng ciia phuong trinh khéng thudn nhat 1a: y = e* (_%)(2 - 7x].
N

Nghiém téng quat ciia phuong trinh da cho la:

y = Cie* + Cye™ —[%x2 + 7x]e".

BA! TAP LUONG GIA
Hay chon két qua dung:
1. Giai phuong trinh: y" -2y’ -8y =0.

K&t qua:
A, y=Ce ™™+ Cpe B. y=Ce*+Cqe™*
C. y=e*(C, +Cxe’) D. K&t qua khic.

2.  Giai phuong trinh: y" -8y’ +16y =0.
Két qua:
A y=e™(C; +Cox) B. y=Ce"™+Coe™
C. y=e"C, +Cyx D. K&t qua khac.

3. Giai phuong trinh: y"+2y' +y =e*(1+3x).

Két qua:
e* e*

A y=—1(8x-2) B y=-—-08x+2)
4 4

C. y=e"(8x-2) D. K&t qua khac.
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Giai phuong trinh: y" +y' -6y = e?*(1 +x).

Két qua:

A y=Ce®* +Coe® 4 %er"‘ B. y=C e*+e¥) +%xe2"
5 5

C. y= B-SX(Q + Cyx) +%x02x D. K&t qua khac.

Giai phuong trinh: y*"+ 2y’ +y=e"* + 3x.

Két qua:

A y=(C,+Cux)e ¥+ %e"+ 3x -6
B. y:(C]+C2X)€x+%ex+3X—6

C. y=C,e"+Cyxe ™+ %e"+3x—6

D. Keét qua khac.
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Bai 3
PHUONG TRINH VI PHAN UNG DUNG

MUC TIEU

Hoc xong bai nay sinh vién ¢6 kha nang:

1. Trinh bay duoc bon dang phuong trinh vi phén ng dung thuong gap
trong y sinh hoc: phwong trinh phdt trién té bao, phuong trinh phdt trién
dich, phuong trinh phdt trién dén sé cia qudn thé biét lap hodc khéng
biét lap.

2. Tim duoe nghiém téng qudt va nghiém riéng cia bén dang phuong trinh
néw tren.

3. Bién ludn va du bdo dwde s6 phén ti mde dich, dan si ctia qudn thé
nghién cuu.

1. PHUONG TRINH PHAT TRIEN VI KHUAN (HOAC TE BAO)

1.1. Xay dung phuong trinh
Goi:  x la sinh khéi etia vi khudn (don vi: nghin, triéu vi khuan). xem x = x(t)
la ham lién tuc:
t la thoi gian (don vi: gid, ngay):
k 12 hé s& phat trién cta vi khuan (k > D).
Khi nuéi vi khuan ngusi ta nhan thay: tai thai diém t téc d6 phat trién vi
khuan ty 1é vdi hé s6, véi sinh khéi ctia vi khudn, dan dén phudng trinh:
x', = kx (4.3.1)
1.2. Giai phuong trinh

dx:kx — d—X:kdt =1 E

== = jkdt = fn’x! = kt+C
dt X X

—=x = Ce*' 13 nghiém téng quat cia phudng trinh (4.3.1).
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Vi x 12 sinh khéi ciia vi khuin nén x >0, C > 0.
Gia st luc bat dau nghién citu ta cé sinh khéi eda vi khudn la x,, khi d6 col
t=0tacé: xo=Ce"=C.

Vay nghiém riéng cua phudng trinh (4.3.1) tng véi diéu kién da cho la

X = Xoekt.

Tém lai: x' = kx; x‘tzo =Xy, k>0 = x =% e (phuong trinh phat trién vi
khuan).
1.3. Khao sat nghiém

Xét ham: x = xge** (k> 0).

— Tap xac dinh: Vt € R.

- x' = xokekt, ta co: x' > 0.

— Tiém cAn ngang x =0 vi lim x(t)=0.

t——0
— Bang bién thién
t - 0 o
x' + +

—~ D6 thi

Nhién xét: Sinh khéi cia vi khuan ting theo quy luat ham s8 mii tudng Ung véi
thai gian va k 12 hé sé phat trién.
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2. PHUONG TRINH PHAT TRIEN DICH
Diéu kién bai todn:
- Dich khong chita dude, quan thé cin cach ly véi xung quanh.

- Bénh dich truyén ti nguoi mac bénh sang ngudi chua mic bénh.
— Thoi gian méc bénh dai hon thdi gian truyén bénh.

2.1. Xay dung phuong trinh
Goi: t1a thoi gian (don vi: ngay)

x 13 s6 phan ti bi nhiém dich (don vi: 1, tram, nghin...), xem x = x(t)
la ham lién tuc.

y 12 s6 phan tl chua bi nhiém dich (don vi: 1, tram, nghin...), xem y = y(t)
la ham lién tuc.

Gia st luc phat hién dich (khi t = 0) c6 s6 bi nhiém dich x = a va s8 chua bi
nhiém dich lay = b.

Quén thé bi dich s& dudgce ¢b lap (cich ly véi méi trudng xung quanh) khi d6 ta
ludn cé:

x+y=a+b,

Tai thoi diém t tée d6 phat trién dich ty 1& véi hé s& phat trién cla dich, ty lé
véi su t1ép xdc gitia phan t bi nhiém dich va phin ti chua bi nhiém dich, din dén
phudng trinh sau:

X, =oxy =ox(a+b - x) (4.3.2)
véi o 1 hé s6 phat trién dich (a > 0).
Tai théi diém t phuong trinh gidm s6 phan ti chua bi dich ty 1& véi hé s6 giam

cua sd phan tit chua bi dich, ty 1& véi su tiép xic gita phan t bi dich va phan tit
chua bi dich, din dén phudng trinh sau:

yi =-PBxy=-By(a+b-y) (4.3.3)
vdi B 12 hé s& giam sb chwua bi dich (B > 0).

2.2. Giai phuong trinh

Trudc h&t xét phuong trinh (4.3.2):

dx

i ax(a+b-x); x| _,=a
_i_zadt
x(a+b-x)
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j‘ dx = Jadt

x(a+b-x)
- 1 Ja+b_x+xdx _ ajdt
a+b “x(a+b-x)
1 dx dx
— — | = dt
- a+b[ X * ja+b—x] aJ'
= Inlx| - Inla+b-x| = aa+b)t + C
= In = a(a+b)t + C
a+b-x
X _ Cea(a+b)t
at+b-x '

Vi x la s6 phan tu bi dich (x > 0), y = a + b — x 13 s6 phan t chua bj dich
(y > 0). Nén ta cé:

X

- Ceu(a+b)t
a+b-x
= x = (a+b-x)Ce @Mt - x(l + Cea(“b)t) = (a+b)Ce @D
a(a+b)t
- x = (atb)Ce hay  x = a+b

1 + Ce®@+bt 14 C e

goi 12 nghiém téng quat ctia phuong trinh (4.3.2).

o

Khit=0tacé:x=a;y=bvéc=% hay C; =—.
a
Vay nghiém riéng ctia phuong trinh (4.3.2) thoa min diéu kién x |t=0 =a la

a+b
X =

(dang ham ¢(t)).
1 4+ b e—a(a+b)t

a

2.3. Khao sat nghiém

— Xét ham: x = a+b .
1 + P e—-a(a+b)t
a
- Tap xac dinh: Vt € R.

a(a+b)2 b e—a(a+b)t
X' = a

[1 + be—a(a+b)t
a

5~ >0 véi Vt = ham s6 luén dong bién.

149 TOANCAOCAP
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aZ(a+b)? [P g (@bt _ 1} b g~ rb)t
x" = a a
= b =
[1 i e—u(a+b)t]
a

: b _
Khi x"=0 = —e-2(+b}t _4
a

Sealatbt 2 bt =In2
b b
ﬁtz——l—ln-—— u; :a+b_—: u
a(a+b) a 2
— Tiém can ngang: x=0v1 lim ¢(t)=0;
t—>-w
x=a+bvi im @(t)=a+b.
to+0
— Bang bién thién
t —o0 ty +o0
x'(t) + +
x'(t) + 0 —
a+b
x(t) ///
0
- Db thi
X
o at+b
x . atb
T2
a
0 1, {

Nhén xét: Khi thoi gian ting, s6 bi dich cing téng (ham luén dong bién). Tu

lic cong b ¢6 dich dén thoi diém t = t, dich phat trién mdi ngay ting mét nhanh

hon, sau thoi gian d6 dich phét
thoi diém dich phat trién nhanh
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Tuong tu phudng trinh (4.3.2), giai phuong trinh (4.3.3) ta ¢6 nghiém:
a+b

a  fla+b)t

~ e

b

y:
1+

Ban doc ty khdo sat nghiém cia ham trén.
_ Db thi:

|y “a*fhb

EER—

Y, (& + b)/2

Q t. 1

3. PHUONG TRINH PHAT TRIEN DAN SO CUA QUAN THE BIET LAP

Theo dbi s6 dan, s sinh, s§ chét cia mdt quin thé trong 5 nam lién, ngudi ta
thu duge két qua sau:

Nam So'dén S6'sinh So6'chét
1996 171447 4220 903
1997 177363 3970 841
1998 179376 3325 843
1999 182011 3084 827
2000 189621 3264 849

Ty 1& sinh thé (ty suit sinh thé) la ty 18 giita s6 tré sinh ra séng va dan s
trung binh trong nam, goi tit 1a TLS.

Ty 1& chét thé (ty sudt chét thé) la ty 1é giita s6 ngudi chét va dan sé trung
binh trong nam, goi tat 1a TLC.

Bing bai toin phuong phap binh phuong bé nhat (Bai 4, chuong II) ta ¢6 thé -
tim duge phuong trinh tuyén tinh gita s6 dan (x) véi TLS (8); s6 dan (x) véi TLC (c).

3.1. Xay dung phuong trinh

Goi:  x 12 s dan (don vi: 1, tram, nghin...), xem x = x(t) 14 ham lién tuc;
t 1a thai gian (don vi: nam).
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V&i quAn thé biét lap, trong khoang thdi gian At (tit thoi diém t, dén t, + At)
v6i At du bé, s8 dan ting Ax phu thudc vao sb ca thé mdi sinh Ax, va s8 ca thé
chét Ax,.

Tac la: AX = Ax, — AXy = (5 — C)XAt (4.3.4)

trong d6: s 12 ty 18 sinh (don vi: 1, %, Yyp)

c la ty 1& chét (don vi: 1, %, Yy

Biét rang ty 1& sinh va ty 1& chét luén phu thuéc vao s8 dan theo ham tudng

quan tuyén tinh bac nhat.
Truong hop 11 s=1¢,- g;x
c=cy— X
Truong hgp 2: s =5, - sx
c=c¢gtcex

Trudng hgp 3: s =5, +s;x
C=cy— X

Trudng hop 4: s =g, + 5,

c=cytex

TLS tudng quan nghich bién
TLC tudng quan nghich bién
TLS tudng quan nghich bién
TLC tuong quan déng bién
TLS tudng quan dong bién
TLC tudng quan nghich bién

TLS tuong quan déng bién
TLC tudng quan dong bién

9
O day: s, sy, ¢, €1 > 0.

Quy luat théng thudng dan s& chia nude ta hién tai dang phat trién theo trudng
hop 1:

Vi vay thay s, ¢ vao (4.3.4) ta din dén phuong trinh:

. Ax
Iim —=(s-e)x
AL (s—o)

At—0

= % =(s - ¢)X

& %% = ((sp — 81x) — {¢y — ;X)X
< 3—): = (8¢ — Co)X — (s, — ¢ )x>

bat: e=s,~-cq

h=s,-¢, trongdée, h>0.
Ta ¢6 phuong trinh:

dx

m = ex — hx? (phudng trinh Verhunt). (4.3.5)
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3.2. Giai phuwong trinh
dx

—=ex — hx®, diéu kién X/, _o = X0+

dt =

Ta cé:

Lzhdt = — |/
3 £ £

x| - —x ‘ X\, —X
(o )

2}54-] dx :ajdt = ln‘x|— In

X .
= In =gt+C = |2 = Ce®t.
€

X )
tacé C= 0 thay vao (*) ta cé
Xe —Xp

X = Xe dangham ¢(t).

Xe X0 et
X0

1 +

- £
-~ Néu x >—:
h
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Khit = 0 tacé C=-—0_ thay vao (*) ta cé

X = dang ham y(t).
1 - 20 e e—ct

3.3. Khao sat nghiém

Xe

3.3.1. Khdo sét nghiém x=

dang ham o(t)
1+ Xe —Xp e—at

Xp
- Tap xac dinh: Vt e R.
X, —-Xy _
gx, -¢ 0 e7tt
X . N P ~ N P
- @'(t) = 0 5 > 0 v61 Vt = Ham s6 ludén dong bién.
1+ Xe %0 st
X0
X, —Xn - X, — Xy -
€2XC c 0 Ft[ c 20 et _1]
" Xp Xo
o"(t) = 3
[1 4 Xe X0 -et]
Xo
X, —X . _ X 1 X, —-X
(P"=0: C OeLt:]. :e?t= 0 :>t:_1 [ 0=tu
Xq X, —Xg € Xp

Tait =t,, ¢" d6i dau tit (+) sang (-) nén t, 12 hoanh d6 diém uén.
— Tiém can:

lim o(t)=0 = x =0 la tiém cin ngang;
t—-x

lim o(t) = x, = x =x, 12 t1ém can ngang.
t—+c

- Bang bién thién:

t -0 tu + o
x'(t) + +
x"(t) + 0 -

x (t) 0/°
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~ Do thi:

Lo

X

t. o t

Nhén xét: Khi thoi gian tang, s6 din cia quin thé cling tang (ham ludn déng
bién). Th¥i diém t = t, 12 thdi diém dan s6 cia quin thé phat trién nhanh nhit. x,
12 dan s& t6i da ma quin thé dat téi, hay con goi 12 dan 8 ctia quan thé khi cin
bing én dinh.

Xc

Xn — X e
1__0 ___CeLt

Xp

3.3.2. Khdo sdt nghiém x = dangham wy(t)

_ Tap xac dinh: vt > L1n X0"%¢ (i x> 0).
€ XO

XO __)(9_ e_{ t
X0

2
1~ X0~ Xc et
X0

—E£X,.

- y'(t) = <0
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IR : . 1 -
Ham s6 ludn nghich bién véi vVt > = In Xo "X
& Xo
w" (t)> 0.
— Tiém can:

Xo — X < 0

3

: e 5 an 1
Iim y(t) =0 =t =t, la tiém can didng, 6 diy t5 = — In
tot, € Xo

Im y(t)=x, = x= xck la tiém can ngang.
t->

- Bang bién thién:

t 1o + o
vy || -
+ oo
y(t) \
x(i

- D6 thi:

. 0 1
A . € 1. 44 " 1n ~ N 2 . o ) - . ~ %
Nhgn xét: x. = ™ 12 d4n sé lic ciin bang 6n dinh. Néu ¢6 nhitng tac dong ngau

nhién lam cho x(t) chéch khadi x, thi sau mot thdi gian né lai trd vé cin bing 6n dinh.

X, X, Xg

Tacé: x=o(t) = = —
1 + X, —Xp e—Ct Xq +(XC—X0)8—L

X0

i
|

(N ~ a A7 s <4 ~ 4 g ™ » x . "
Thoi ky ddu dan s6 mdéi bit ddu phat trién x, rat bé = =2 ~ 0, khi d6
t

X .
X:(p(t)=-_%=XOeL .
e
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Ta nhan thav dan s8 phat trién theo quy luat ham mi. Ngudi ta goi la quy
lugt Mantuyt,

4. PHUONG TRINH PHAT TRIEN DAN SO CUA QUAN THE KHONG
BIET LAP

4.1. Xay dung phuong trinh
Gol:  x 1a s6 din (don vi:-1, tram, nghin...), xem x = x(t) 1a ham lién tuc;
t 1a thol gian (ddn vi: nam).
V6i quan thé khong bidt 1ap phuong trinh phat trién dan s6 ¢6 dang:
X _ex—hx? 4+ D, - D, (4.3.6)
trong dé: D, 14 s8 dan dén quin thé, D; 12 s6 dan di khéi quan thé.
Nhag théng ké ngusi ta thuong thay D, — D; 14 him bac hai cua x:
D, - D; =ny+ nyx + nyx”
Thay vao phuong trinh (4.3.6) ta cé:

dx

—= =ng +(my +£)x - (h —ny)x*

dt

dx 2

T =—-ax” +bx+c¢ 4.3.7)

vil:a = h—1ny; b=n; +¢ c=ng = 0.

Néu ny =0, a>0, b > 0 ta c6 phuong trinh dang (4.3.5) nhu & trudng hop quin
thé biét 1ap da biét.

Sau day xét phudng trinh: % = —ax” + bx +c- véi a > 0, phudng trinh bac 2 4
vé phai luén c6 hai nghiém phan biét x,, x, va it nhat mét nghiém dudng.
4.2, Giai phuong trinh

i—:z—ax2+bx+c, a>0, xltzo =Xg. (4.3.8)

4.2.1. Truong hop ca hai nghiém duong (0 < x; < xp)

% =-a(x-%)(x~Xg) = a(x =% )Xz —x)
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dx
= J'(x~x1)(x2 g = _[adt

1 J‘de= aJ-dt

Xg ~ X1 * (X—%1)(Xg —X%)

1 dx dx
Sl e R

(In[x - x|~ Injx, -x|) = at+C; C tay ¥

X9 —X)

1 .

= In
Xo =Xy

X—-X
1| =at+C
X9 —X

X—‘xl

= In

- —x\: (xg —x)at+C

X‘—Xl

= = Cel®2™2%,C50.

X2_X

- Néu 0 <x<x{<xy

Xy —X _ Ce(x2—x1)at

Xg —X

= X;-X = (x5 -x)Ce2 ¥)ac

— X(Ce(x2—xl)at _ 1) _ XZCe(XZ_xl)at - x,

che(xg—xl)at - x

= X= Ce(xQ—ant -1

(xg —x;)Ce (xe7X)AE X9 —Xq

X= + =X; +
= X1 Ce(Xo—xat _ 1

C
. Xy —X
Khit=0tacé C=-2 "9,
X2—X0
Thay vao (**) ta cé:
XZ—XI

X =X + dang x; + y,(t).
1 1 - *27X0 o-(xp-xpat b

X1 —Xp

~ Néu x; <x < xy

x—xl = Ce(XQ—Xl)at

X9 — X

1 — 1 e—(xz—xl)at

™



=  x-%; = (xy-x)Cel27x)at
= x(Ce("2‘x1)“+ 1) = xg Ce®em™)at 4y,

x, Ce (Xe=XDat g

CeXa—xpat 4

= X

(Xxo—xy)at
Xo —X,)Ce 271
L (p-x)

X0 7 Xy
Ce(xﬁ_—xl)at +1

N

:X1+

(**)
Khit =0 tacé C=-0_"X

Xp —Xp
Thay vao (**) ta cé:

X0 - Xy

dang x; + o¢(t).
1+ X9 — Xq o~ (Xa—x1)at

- Néux; <x,<x:

X_X]. - Ce(XQ—Xl)ﬂt

X — Xg
— X — _ C (x9—%y)at
Xl = (X—XQ) e
= X(Ce(xr"‘)“ - 1) = Xg Ce e—x)at _ X1

_ X2Ce(x2—x1)at - x;

Ce(x2—x,)at -1

(Xz—XI)CE(XQ_xl)at Xo

- xl +
Ce(sz—xl)at _ 1

(***)

1 ~(Xg—Xy)at
1 - e 2 M
C
Khi t = 0 tacé:

c=20"%
X0 ~ X2
Thay vao (***) ta cé:

Xy —X

dang x; + wo(t).
1 - Xp —Xg e~(x2-xl)at : ?

X0 —X1
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4.2.2. Truong hop c6 mét nghiém am va mét nghiém duong (x;< 0 < xy)
Giai tuong tu nhu trén:
— Néu x; <0 < x < x, thi nghiém la:

Xn —X
X=X1+ 2 1

dang x; + o(t)
1 + X2 ~ X0 e~ (Xa-xp)at

Xo —Xq
- Néu x; < 0 < x, < x thi nghiém la:

X9 — X

dang x; + w(t)
1 - X0 =X2 -(xp-xpat

Xpg =Xy

4.3. Khao sat nghiém ctia trudng hop ca hai nghiém duong 0 < x, < x,
4.3.1. Khao sdt nghiém x = x, + y,(t)

L e 1 Xy — X
- Tap x&c dinh: Vt <t t,= In=2—=0
a(xy —X;) ¥ —Xg

_(x2 _x1)2 iz_—xQ ae—(XQ_Xl)ﬂt

Xy —X
— x'= 1 0 5 <0
{1 _ X9~ Xy e—(x2~x1)at]
X; —Xp

= ham sd ludn nghich bién véi moi t thude tap xac dinh.
- Tiém can:

hm (%) +y(t)) = ~0 =t = tyla tiém can ding
t—ty

2 a 1 Xog =X
o day: t,= Int2 -0,
a(xqg —X;) X —Xg

hm (x; +y;(t)) =x; = x = x, la t1ém can ngang.
t—o-x0

Bang bién thién

t - to
x'(t) - |
xw | T T B
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~ D6 thi ham s&

4.3.3. Khéo sit nghiém x = x, +o(t)

— Tap xac dinh: Vt € R.

Xo — X iy
(X2—X1)2 2740 ae (X, xl)at
Xn — X
1 + X_Z_:_}EO e‘(x'r"l)at
Xop =X
Xo =X —(xa— Xo =Xy  —(xo—
(X2*X1)3 32 2—__0 e (X2 Xl)ﬂt [__2____0 e (X2 Xl)ﬂt _
X" = X0~ %1 Xp — X
3
(1 + X277 X% e'(xz—xﬂat]
Xp — X1
Xo — X0 —(xs— Xo —X
x"=0 =5 —2 70 ~tumxdat g ot n2_ 70

X0 —X1

- a(x2 —XI)

Qua t = t, ham x" d4i ddu tir (+) sang (-) nén tai t = t, ham s6 ¢6 diém

o Xo + X
uon XU = % .
- Tiém can:

lim (x; + @(t)) = X; = x =X, 12 tiém can ngang;

t—o-x

Iim (%; +@(t)) = X9 = x = X5 la tiém c4n ngang.

t >+

— Bang bién thién:

t —0 to
x'(t) + +
xu(t) + 0 _

x(t) - *2
X4
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~ Db thi

— 0 7
4.3.3. Khdo sdt nghiém x = x; +ys(t)

- Tap xac dinh: Vt > —l—lnu .
a(X2 _xl) XO —Xl
_(x2 _x1)2 _XO —__)C—z a e_(XZ—xl)at
Xg — X . . e
- x'= 0 i 57— <0 = ham s8 nghich bién.
[1 _ Xo~X2 e""‘z"‘l)“J
Xo =Xy

~ Tiém cén:

him (x; +yy(t)) =0 = t =1t3]a tiém can dung,

toty

o A 1 XO —X2

d day: tg In <0,

a(X2 — Xl) XO - Xl
lim(x; + y5(t)) = x9 = X =X, la tiém cAn ngang.
tsw

- Bang bién thién

t ty 4o
) || -
400
x(t) T
2
- D6 thi
X
xu
X,
t. 0 t
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Tuong tu, ban doc hiy khao sat nghiém cta trudng hop cé6 mot nghiém am va
moét nghiém dudng (x; < 0 < x,).

D6 thi ham s6 x = x, + ¢(t)

D6 thi ham s6 x = x4 + ¥(t)

5. CAC VI DU

Vi du I: O mét quan thé sinh vat gdm 5 nghin phin ti phat sinh mét bénh -
dich. Khi phat hién ra dich thi da c6 200 phén ti bi nhiém. Vi bénh dich chua biét,
nén ngudi ta tidn hanh cb lap quan thé dé lai. Sau 5 ngay theo déi c6 thém 50
phén tit bi nhiéni. Hay du bao s6 phan tl bi nhiém sau 15 ngay.
Giai:
Goi: n lasd phan tit cla quan thé (don vi: nghin);
x Ia s6 phén t bi nhiém dich (ddn vi: nghin);
y 12 56 phén ti chua bi nhiém (don vi: nghin);
t 1a thoi gian (don vi: ngay).

Khi d6 do quin thé bi ¢6 1ap nén ta cé:
X+y=n=5vax,-0 =02 y4-0 =48

Téc dd phat trién dich theo thdi gian tuén theo phudng trinh vi phan sau:

x', = kxy = kx(5 - x) 1)
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Giai phuong trinh (1) ta dude nghiém la:

e B
1 + Ce 5kt
trong d6: C= 5-0,2 =24.
0,2
Mé.t khéc: X(I, = 5) = 0,25
A . B ) - - 25k _
nén ta co: 0,25 = — s ¢ =0,791667.
1+24e”
Khi dé: 5 5 . .
1d6: Xyo15) = = = 0,387. (don vi: nghin),

1+ 24e75Kx15 ) | 04(e"25k)3
titc 14 c6 387 phan tit bi nhiém dich.
Vi du 2: Su phat trién dén s6 cia mét nude (quan thé biét 1ap) co ty 18 sinh (s)
va ty 1& chét (c) tuin theo quy luat :
s = 49,095970 -~ 0,0003446x
c=9,310417 — 0,0000397x
trong dé: x 12 s& dan (don vi: nghin);
s, ¢ (don vi: Yy).
Hiy du bao din sé nim 2000. Cho biét dan s6 khi cAn bang én dinh. Biét rang
nam 1990 din sb 1a 65,215 triéu nguai.
Giai: Xét hidu s — ¢ = 39,785553 - 0,0003049x.
Phuong trinh dén 6 clla quan thé biét 1ap la:
dx
dt
vol: £ = 39,785553; h = 0,0003049.

= (s—C)X = €X - hx? (2)

Khi dé: x,, = % =130487,2 (ddn vi: nghin) 1a dan s8 lic cn bing én dinh.

Chon ndm 1990 ing vdéi t = 0, do d6 x, = 65,215 (don vi: triéu).
= Xy = 65215 (don vi: nghin).
Do x. > x; > 0 nén phuong trinh (2) ¢6 nghiém thoa mén x; = o = %o, ham phat
trién dan sé c6 dang
X, 130487,2

Xe ~Xg et 1 + 1,0009 o-0,039785553 t
X0

¢ day: e = 0,039785553 vi £ da dugdc ddi vé don vi 1.

dang ¢(t)
1+ ’
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Du bao nam 2000 ang vdi t = 10:
130487,2
1 +1 OOOge—0,039785553 x 10

X@ =10y = = 78025,6 (don vi: nghin).

Vi du 3: Nghién citu sy bign ddi d4n s6 d mét dia phuong ngudi ta thay sy phat
trién ctia dan s6 biéu dién bdi phuong trinh:
x'(t) = 323,7x 1078 (-x2 + 123,885 x + 124, 885)
trong dé: x 13 s6 dan (don v1::\ trim nghin);
t 1a thoi gian (don vi: nam).
Giai phuong trinh tim ham s8 x = @(t) quan hé giita s6 dan va thdi gian, biét
ring nam 1990 s6 dan la 6380000 ngudi.
Gigi: Pat k = 323,7x 1078

= % = k(x+1)(124,885 - x)

dx

= dt
k (x +1) (124,885 - x)
G ST N &0 S RS
125,885 124,885 - x|
x+1 _ ok x 125,885t
124,885 — x

A Chon nam 1990 ung véi t = 0, do dé x, = 6380000 ngusi = x, = 63,8 (ddn vi:
tram nghin).
Do x,, < X, = 124,885 nén ham phat trién dan s6 ¢6 dang:

125,885

x = -1+ 1+ Co & * 125,885 ¢ dang x =-1+¢(t)
véi C = 124,885-63,8 _ 0,94267.
63,8+1

Du bao ndm 2000 tuong ung vdi t = 10:

125,885
0 —8
1 + Ce™323.7 x 107" x 125,885 x 10

x(t=10) = —1 “+

=76,36411 (don vi: tram nghin).
Vi du 4: Theo d6i din s6 cua mdt quan thé trong 5 nim ngudi ta thu duge két

qua sau:
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Nam Sé'dan (nghin) TLGT (%)
1995 72557 1,679
1996 73770 1,636
1997 74970 1,593
1998 76158 1,550
1999 77331 1,508

Ty 1& gia tang din s6 = ty 1é sinh — ty 1é chét.
Hiy cho bidt dan s8 ctia quan thé khi cin bing 6n dinh. Dy bio dan sb clia
quin thé nam 2005. Cho ring quan thé 1a biét lap.
Giai:
Goi: x 12 8 dan (ddn vi: nghin);
y 14 ty 1é gia tang (don vi: %).
Phuong trinh tuong quan tuyén tinh bac nhat la:
y = 4,280965 — 0,035857.10 %
Phuong trinh vi phan dién ta sy phat trién dan s6 cia quin thé theo thdi gian
t la:
x', = 4,280965x — 0,035857.10 "x*
Dan s6 ctia quan thé khi cin bing 8n dinh 13: 119389,938 (ddn vi: nghin).
Du b4o din s6 nam 2005: X - ) = 84037,273 (don vi: nghin).

BAI TAP LUONG GIA
Hay chon két quad dung:

1. Theo ddi su phét trién t& bao ngudi ta thdy sy phat trién dé tuin theo
phudng trinh saw:

x't =kx
trong dé: x la s& lugng té& bao (ddn vi: mudi nghin);
t 12 thoi gian (don vi: gig).

Du bao s8 ludgng t& bao sau 5 gid, biét ring ldc bit ddu theo dai c6 52 nghin
phan ti, sau 1 gid theo d6i ¢6 thém 5 nghin phén tu.
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Két qua:

A.  8,22926 (don vi: mudi nghin) B. 82,2926 (don vi: muoi nghin)

C. 5,44426 (don vi: mudi nghin) D. K&t qua khac.

Theo dbi sy phat trién dan s6 va ty 1& gia ting din s6 cia mot quan thé biét
lap trong 5 nim, ngudi ta thu duge két qua:

x (don vi: nghin) 171 177 179 182 189

‘ (s —c)(donvi: %) | 1,95 1,84 1,65 1,58 1,38

Cho biét dan s8 ctia quan thé khi can bing én dinh.

Két qua:
A. x.=230,529 (don vi: nghin) B. x.=228,298 (don vi: nghin)
C. x.=230529 (ddn vi: nghin) D. K&t qua khac.

Theo dt su phéat trién dich cia mét quin thé duge cach ly véi xung quanh
thay tuin theo phudng trinh sau:

x, = 0,00052x(8,5 ~ x)
trong dé: x la s6 dan méc dich (don vi: nghin);
t 1a thoi gian (don vi: ngay).
Hay gidi phudng trinh trén biét rang khi cong bs dich thi da cé 550 phan tu
bi dich.
Két qua:
8,5 ' 8,5

A x = B. x =
YTy 414, 4570004428 7 140,0692¢ 000412t

C. x, = 8.5

= _ D. K&t qua khac.
b ] 4+14,45¢ 0.00052¢

Su phat trién dan s6 ctia quin thé biét 1ap tudn theo phuong trinh sau:
x, = 0,0352x — 0,000315x>
trong d6: x 12 s6 din (don vi: nghin);
t 14 thei gian (ddn vi: nim).

Hay cho biét dan s6 cua quin thé sau 5 nam biét ring tai thoi diém nghién
citu dan s6 cia quan thé 1a 82500 ngudi.
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Két qua:
A, x, -5 = 86138 (ngudi) B.  x( -5 = 86000 (nguoi)
C. xq-5 = 88558 (nguoi) D. K&t qui khac.
Theo doi sy phat trién déan sb, ty 18 gia ting din s6 va ty 1& dén — di ciia mét
quin thé khong biét 1ap trong 5 nam ngudi ta thu dude k&t qua:
s — ¢ = 0,076035 - 0,3299.107%x
b.-b,= 6,255 - 6,0704x +0,1980.1073x?

Hay x4y dung phuong trinh phat trién d4n s6 cia quain thé d6. Biét ring x 1a
86 dan (don vi: nghin).

Két qua:
A. X, = 6,259 + 75,9646x — 0,329702x>
B. x, =6,259 - 0,005635x — 0,1319x>

C. x, =-6,259 + 0,146435x — 0,5279x>
D. K&t qua khac. -



BAI TAP

Chuong I. MA TRAN - DINH THUC
HE PHUONG TRINH TUYEN TINH

1. MA TRAN
-2 3 40 1 0 -1 4
1.1. Cho A= va B =
5 -1 2 3 2 -1 0 0
Tim AB + (AB)".
1.2. Tinh
1)\:1 1]“ 2 \:c?sw ——sin(p]n
01 sing  cOSQ
2. PINH THUC
1.8. Giai cac phuong trinh:
1 x x2 x* x?
1
b1 1 1 a4 a% a'% af
x 2 3 4 5 2 3 4_g
a =0 1 a, &5 a3 a,|=
) 14 9 16 ) 2
1
3 8 27 64 % 83 23 %3
1 a, a% ai aﬁ
1 x x? x2 1
1 a a? all
© |1 a, a% .. a7t|=0
1 an_l ai_l ag:%
1.4. Ching minh:
b+c c+a a+b a b c
b'+¢' c¢'+a' a'+b'|=2|a" b' ¢
b!l+c" cll+all al|+b|| a" bll cll
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1.5. Tinh dinh thiec:

1 0 -1 -1|
0 - 1 - 1 1 ! > P . R , -’ A ” o N
a) . b bing cach khai trién né theo ciac phan tu cua hang 3.
c

-1 -1 1 0

2 11 x
b) 1 f ; Z bing cach khai trién né theo cac phan tit cia cot bén.
111 t
1.6. Tinh cac dinh thic sau:
0111
a) 1 0ab b) § x}; y ’ :{y
1 a 0 ¢
1bec O Xy Y
1.7. Ching minh cac ddng thic sau:
(b+c)2 b2 c?
a) a2 (a+ c)2 2 = 2abe(a+ b+ c)3
a’ b2 (a+b)?
a x x b
by [ 2 P Xl ab)a+b)?-ax?]
X b a x
b x x a

1.8. Tinh cac dinh thic sau:

210 0 0 5 3 0 0
1 21 00 2 5 3 0
a)|0 1 2 00 b)[0 2 5 0
000 .. .1 2 0 0 0. . .5
a;+X; Aag 4ag ... a, apb, -1 0 .. .0
~-X x5 0 .. 0 ay x -1
c) 0 -X9 Xj 0 djay 0 x 0
0 0 0 Xy, ap,_; 0 O X
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10 0 O 1
1 a, 0 O 0
1 1 212 0 0
e)
10 0 0. . . a,,
1.9. Tinh cac dinh thitc sau: '
1 2 3 n 1 xg x X}
1 22 gd n® 1 %% x3
ay |1 25 3% . .. nd w123, X8
1 22n-1 32n—1 n2n—1 1 x2 XS <"
* ‘ ' n n n

1.10. Day Fibonacci 1a day s6 1, 2, 3, 5, 8, 13,..., trong d6 mdi s6 hang 1a téng cua
hai s6 hang diing lién trudc va hai s6 dau tién la 1, 2.
Chung té ring s6 hang thd n cia day Fibonacci bing dinh thic cdp n sau:

1 1.00...00
-1 1 10...00
6 -1 1 1...00
0O 0 00...-11

3. HE PHUONG TRINH TUYEN TiNH

1.11. Tim hang cua cAc ma tran sau:

4 3 -5 2 3]

2 -1 3 -2 4 8 8 -74 2

a) A=|4 -2 5 1 7 b) A=[4 3 -8 2 7
2 -1 1 8 2 43 12 -5

8 6 -1 4 -6

1.12. Ap dung dinh Iy Cramer giai cc hé sau:

Xy +2Xg +3x3 —2%x4 =6
ZXI_X()_XB =4
= 2X1—X2—2X3—3X4 =8
a) <3xy +4x, —2x3 =11

3X1 +2X2 —X3 +2X4 =4
3%y — 2%y +4x5 =11

2)(1 —3}(2 +ZX3 +X4 =—8
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(xg —3Xg +4x, = -5
X) —2Xg +3x4 = -4
2 3%y +2x9 -5xy =12
4%, +3xg —dXgq =5
1.138. Ap dung phuong phap Gauss giai hé sau:
Xq ~Xo +Xg—X4 =2
X1 —Xg+2%, =0
—X1 +2X%, - 2x3 +Txy =7
2%y — X9 —X3 =3
1.14. a) V3i cac gia tri ndo cua a thi hé sau day khdng ¢6 nghiém duy nhat
Jx -y+22=3
2x+ay+3z=1
B3x+3y+z=4
b) Xac dinh a d& hé sau ¢6 nghiém khéng tAm thudsng
(ax -3y +z=0
12x+y+z=0
3x+2y-22=0
1.15. Giai cac hé phuong trinh sau:

X] +4%9 —2x3 — 4%, =15

2X) — X9 +Xg +X,4 =1
3%, + 8%y —Xg —25x, =17 1 T2 T T

a) b) 1X; +2x9 —Xg +4x, =2
2x; +10x5 —3x53 -19x4 =30
Xy + 7%y —4x3 +11x, =5

5x; +19x5 - 7x3 ~32x, =61

A* =

Chuong I. HAM SO, PAO HAM,
VI PHAN - UNG DUNG
1. HAM SO

2.1. Tim him ngudc ca cac ham s sau:

X veix<0 9X
Y=y, b y=—r7rm
x“ véix>0 1+2
. : -1
c) y=4arcsin 1-x? d y=1+2sin X

x+1
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2.2,

Ching mirh cac cong thic:

. n i
d4)  arcsinX + arccosx = 5 b)  arctgx +arccotgx = 5

) - _ 1
C) arccos \/1 —x? = aresinx d) arccotg— = arctgx
X

PAO HAM VA VI PHAN

2.3.

24.

2.5.

Tinh dao ham cip 2 cac ham sé sau:

a) y=x.e" b) y=(@1+x%arctgx
1 p
0 y=— d  y=va®-x*
1+x .
e) y:ln(x+\/1+x2) g) y=e‘/;

h) y-= 1 1) y=\/1—x2.arcsinx
a+vJx

Tinh dao him c4p cao ctia c4c ham sau:

X

a) y=—,tinhy"" b) y=ax ™ tinh y('?
X
x2 P .
Q) y= x tinh y® d) y=x% tinh y*O
X —

e) y=xshx, tinh y!

Tinh dao ham cAp n cAc ham sd sau:

a) y=e" b) y =sinax + cosbx
¢) y=sin’x d) y=x.e*
e) y=xlInx . g) y=lIn(ax+b)
B y=— Doy —
x“ -1 x“-3x+2
k) y= sin”x D y= sin'x + cos'x

2. MOT SO TINH CHAT CUA HAM KHA VI

2.6.

Khai trién Maclaurin dén bac n cac ham s6 sau:

a) y=e b) y=-cosx
¢) y=sinx d) y=In(1+x)
e) y=(Q1+x" g) y = arctgx
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2.7.

2.8.

2.9.

2.10.

234

. - a2 . , N d
Khai trién Maclaurin cidc him sé sau:

(1 + x)100

f =
a0 (1-2x)%0(1 + 2x)8°

dén s8 hang x*

b) f(x)=e2**" d&n s5 hang x°

¢) f(x) = Incosx dé&n s6 hang x5.

Khai trién Taylor bac 3 cic ham s6 saw:

a) y:ﬁ tai xo=2 b) y=arcsinxtaix,;=0
1 . .
c) y=$talx0=1 d) y =2x% - 3x2+Bx + 1 theo (x + 1)

e) y=x'+4x*-x+3taixo=1.

Tim gi6i han cic ham s6 sau bang phuong phap L/Hospital:

. Incosax . et -e ¥ -2x
a) lim ———— b) lm——m——
x—0 Incosbx x=»0 X-sInx
X -X 3x
. — : -3x-1
c) limo —¢ d) hme—g—x
x—=0In(1 + x) x>0 sIn“bx
1
3 4.2 _ 1
o) lim X —AX +5x-2 g lim x2eX
x-1x3 —5x% +7x -3 x-30
; . ; ] 1
h) lim x.sin2 ) lim(— - ——
X—aC X x-=1Inx Inx
. } 1
k) lim (m-2x)°%* ) lim (1+—2)xk
x—)E—O X—© X

Khao sat cAc ham s sau:

_ )

1 20‘2 4 ~ N A
a) f(x)= e trong dé: u va ¢ la tham s6; 6 > 0.
o221

b) x=——2¢ _ dang g(t) véix,, A, & cic tham s6 dudng di biét.
1+A et

¢) x= % dang W(t) véi x,, A, € cac tham sé dudng di biét.
1-Ae

d y= Lm véiy, A, B cac tham s6 dudng da biét.
1+ Ae



2.11.

Khao sat cac ham sd sau:
117.049,5
1+ 0.91148e0-043940384¢

a) x=

< 126,885+ 1,138283¢0,040749¢

b)
1+1,138283e 0-040749¢

< = 1 24, 885 — 1, 0686—0,04074%

c)
1+1,068e 0:04074%¢

, vaix > 0.

4. HAM HAI BIEN VA PHUONG PHAP BINH PHUGNG BE NHAT

2,12,

2.13.

Tim cyc tri cia caec ham sé sau:
a) Z=(x-1)7%+2y°

b) Z=x*+xy+y?-2x-y

O Z=1-@x2+y)¥s

&) Z=(Ery2)e )

e) Z=x’y}%6-y-x

Lap phuong trinh thuc nghiém:

a) Tinh hé s6 tuong quan va }ap phuong trinh y = ax + b tif cac s6 liéu sau:

X; 4670 4860 5050 5170 5470

Y; 0,0411 0,0397 0,0352 0,0375 0,0336
b) Lap phuong trinh y = ax” + b tir s8 liéu sau:

X, 1 2 3 4 5

v, 0,1 3 8,1 149 | 23,9
¢) Lap phuong trinh y = ax? + bx + ¢ tit s6 lidu sau:

x; 1 2 3 4 5

v 2,9 8,9 1913 | 332 50,8
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Chuong 1. TICH PHAN

1. TICH PHAN BAT DINH

3.1. Tinh céc tich phén cia ham hiu ty:

)Ix +8

9 [

dx
b
) ‘[x(1+x)(1+x+x2)

d J 3x2 +2x -1

————dx
x* +x% +1 (x-1)"(x+2)
25x -13 - dx .
(x* —B5x+6)
3.2. Khéng st dung phuong phap hé sé bit dinh tinh:
dx
a) by |————
jx4+ax ‘[x4—4x2+3
x? —x dx
c) d)
'[(x+1)9 ‘[>c4—:a4
e)
J x(x + 1)2
3.3. Tinh tich phan cac ham higng giac:
a) _[sin3 x dx b) Jcos7 xdx
dx dx
) |————— d) | =
Isin4 xcos> X Jsin3 xcos® X
d
o | — > ;
sin”x + 8sinxcosx +12cos’ x
8.4. Tinh tich phan cac ham vé ty sau:
2) J~ dx b) J~ Ox+a-1
BG+x)Vl+x (x+a)(1+\jx+a)

0 j“‘2‘1 dx B X

x? ‘[\)(XQ +1)°
e) f\/(x2 ~1)3dx.

dx
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2. TICH PHAN XAC DINH

3.5.

3.6.

3.7.

3.8.

Biang phudng phap d6i bién tinh cac tich phin sau:

6 sht
dx [
- b 1d
» {[1+\/3x—2 ) j K1 ds

In8 12
n dx T dx

lnIS feX 41 \ D JB+2cosx

1
dx
e) 3-92x —x2 dx g (—
_J; i{x+\/2x—1
In6 x ’e _2 ) 1 ex
h) _[——dx ) j-————dx
ng € *2 0 ve¥ +e7¥
n/4
k) J‘cos7(2x) dx
0

2 :
. sin x cos x
b [

o a cos? x + b? sin? x

¢)

dx, trong d6 a®=0; b* = 0.

Tinh cac tich phan sau theo phuong phap tich phan timg phan:

n/3
arcsmx
) ‘[\/1+X ) ﬂ;l‘Gcos X
e n/4
c) j‘ln2 xdx d) J e sin 4xdx
1
e) jxarctgxdx.
0
1
a) Chitng minh rang: 1 J e Xdx = -~ +nIn ,- Tinh 1.
0

1
b) Tinh tich phén: pr(l ~x)dx , véi p, g nguyén duong.
0

Tinh gan ding tich phan bing phudng phap Simpson véi 2n = 8:

2 2

' dx 1 - 1%
a) | — " b) e 2dx ¢) | ——e 2dx.
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3.9. Tinh gin ding tich phan béng phudng phap hinh thang:
IJ- dx
ovl+ x°

3.10. Tinh gan diing tich phan bang phuong phap hinh thang chinh xac dén 107*.

véln = 10.

2
b) [ 1+x2dx
0

3. TICH PHAN SUY RONG
3.11. Tinh tich phan suy rong:

a) je_a" cos bx dx b) Iarctgx dx
0 1 X

a

c)J

d -
01+x )_;[)()(2+1)2

v

e)J

S+ 1)

3.12. Cho J'e—x2dx :_\EE J‘Sll‘lx
2 0

X
Tinh:
b) JSlnaxcosbx dx (a>b> 0)
5 X
oo x? * sin’x
0) [x%™ dx dy | == dx
0 x
_x? oy - (x-w)?
e) j—e 2 dx ) j Jz_e 26 dx (c>0)
o, oV2m
38.13. Chitng minh rang:
XZ _ X‘Z_ . +® _ (x—p)?
a) _[Ee 2 dx=1 b) J \,)/{2_6 26" dx=p (c>0)
o oV2n
(x-u)?
+20 2 - .
(x—p) 952 2
c) e 6" dx=06“ (c>0)
J o2n
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Chuong IV. PHUONG TRINH VI PHAN
PHUONG TRINH VI PHAN UNG DUNG

1. PHUONG TRIiNH VI PHAN CAP 1

4.1. Tim nghiém téng quat cla cac phuong trinh sau:

a) (xy2+x)dx+(y—x2y)dy¥0 b) xyy'zl—x2
1-2x '

c) yy'= d) y'tgx-y=a

e) y'+sinx+y=sinx;y g) y'=10*"Y

4.2, Giai cac phuong trinh sau:

By =y b) xy'-y = yx +y?

X
v/
¢) v +x%y' = xyy' d y'=ex+Y
X
e) xy's= ylnl g) (3y2 + 3xy + xz)dx = (x2 + 2xy)dy
x 3
)
y© +2xy —x x=1
2
. d
1) y[—y +2xg—y=0, Y|xo =5
dx dx
4.3. Tim nghiém ctia cic phudng trinh sau:
2
a) y'+2xy =xe " b) (1+x2)y'-2xy = (1+x2)?
c) 2ydx+(y2 -6x)dy =0 d) y'= 1 5
2x -y

)y =3I —— g x(y'-y) =(1+x%)e*

2ylny+y-—-x
h) Xy'——-—y =X,y =0

1+x x=1
i) t(1+t%)dx = (x +xt® —t?)dt; x| _ :%,
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2. PHUONG TRINH VI PHAN CAP 2

4.4. Giai cac phuong trinh vi phin tuyén tinh cip 2 ¢6 hé s6 khéng doi

a)

b)
c)
d)
e)

£)

4,5. Gial cac phudng trinh vi phan tuyén tinh cip 2 sau:

a)
b)
c)
d)
e)
g)
h)
1)

yn_ 2yv_ y - O
4y"-20y'+25y =0

y'—dy'=-12x% —6x -4

y'—4y'+ 3y = &%, yklxzo =3, ¥'x=0 =9

y"+6y'+ 9y = xe™*: a 1a hang s6.

y"—(m+1)y'+my =e*(x+1); m 12 hing sb

yu_ yl = e2X(3x+ 5)

y"-5y'+ By = e3X(2x - 1)

y.._zy'+y zeX(x?) _1)’ y‘x=0 = _1, yllx;—o = 2

y"+3y'+2y = ox? —4x-17

y'"-7y'+10y = x2

y|I_y| =e

2X L x+1

y'+2y'+y =3e X (x+1)+(2x + 3)

3. PHUGNG TRINH VI PHAN UNG DUNG

4.6. Theo d6i ddn s6 mot quan, thu dude sd liéu sau:

Nam Sé dan (nguoi) | Ty lé sinh (don vi: 1) | Ty 1é chét (don vi: 1)
1983 171.000 0,0240 0,00512
1984 175.300 0,0217 0,00499
1985 179.600 0,0194 0,00486
1986 183.900 0,0171 0,00473
1987 188.200 0,0148 0,00460

Hay du bao dan s6 nam 1990, nam 2005.
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4.7. Theo dbdi ddn s6 mét x4a, thu dudc s6 lidu sau:

Nim S& dan (nguoi) | Ty 1é sinh (don vi: 1) | Ty 1é chét (don vi: 1)
1980 4.670 0,0411 0,0099
1981 4.860 0,0397 0,0074
1982 5.050 0,0352 0,0099
1983 5.170 ‘ 0,0375 0,0064
1984 5.470 0,0336 0,0059

Hiy du bao dan s6 ndm 1985, nam 2005.

4.8. Theo déi dAn sé modt nude, thu duge sé lidu sau:

4.9.

Nam | 88 dén (nghin ngudi) | Ty 1é sinh (Y/go) Ty 16 chét (Yy)
1981 54.927 30,02 6,98
1982 56.713 29,80 7,10
1983 57.442 29,30 7,08
1984 58.669 28,40 7,03
1985 59.872 28,44 6,94

Hay du bao din s6 nam 1989, 1999, 2004.

Nghién citu su phat trién dan s6 & mdt nudc, ngudi ta thay sy phat trién dé
duge biéu dién bdi phuong trinh vi phén:

x'(t) =328,7 x 10"%-x*+ 127,885x —126,885),

trong dé: x 1a sé dan (don vi: tridu), t 12 thai gian (don vi: nam).
a) Giai phuong trinh tim ham s6 x = f(t) quan hé giita sé dan va thdi gian, vai
diéu kién:

a;) Khi bat dau nghién ciiu, s6 dan lic dé 1a 59,872 triéu ngudi.

a,) Khi bit ddu nghién ciu, s6 dan Iic dé 1a 0,5 triéu ngudi.

Cho biét nam ma dan s6 khéng con.

a,) Khi bAt dau nghién ciu, s6 dan lic d6 1a 150 triéu ngudi.

b) V& dang d thi clia qua trinh phat trién dan sd trong ba trudng hgp trén.
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¢) Gia sit nam 1985 1a nim bit ddu nghién ciu, hay du bao dan s§ nim 2004
tudng lng vaéi ba truong hop trén. Qua dé cho nhan xét.

4.10. & mdt quin thé sinh vat cé s phin ti 1 100000 bi nhidm mét bénh dich.

Khi phat hién ra dich da ¢6 5000 phan t& bi nhidm bénh. Vi chua cé thuée
chita, ngudi ta thuc hién viéc cach ly quan thé d6 v8i méi trudng xung quanh.
a) Hay lap va gial phuong trinh phat trién cua dich dé6 dé xac dinh quan hé
gita s6 phan ti mac bénh (don vi: nam nghin) véi thai gian t (ddn vi: ngay).
Vé dang dé thi cia nghiém.

b) Hay lap va giai phuong trinh phat trién cia dich d6 d€ xac dinh quan hé
gita s6 phan ti chua mic bénh (don vi: nam nghin) véi thai gian t (don vi:
ngay). Vé dang d6 thi cha nghiém.

4.11. Nghién ciu su bién d6i dan s6 & mot dia phuong, ngudi ta thay su phat trién
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ciia d4n s6 duge bidu din bdi phuong trinh:
x'(t) = 323,7 x 10 8(—x2+ 123,885x + 124,885),
trong dé: x 14 s6 dén (don vi: tram nghin), t 1a thei gian (don vi: ndm).
a) Giai phudng trinh tim ham s8 x = f(t) quan hé giila s6 dan va thdi gian, véi
diéu kién: /
a;) S6 ddn nam 1985 14 5.987.200 nguoi.
a,) S8 dan nam 1985 1a 15.000.000 nguai.

b) Tinh s6 d4n nam 2004 va vé dang db thi cha nghiém tuong vng hai truong
hdp trén.
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